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Chapter 1 Complex Numbers 
Overview 


Get ready for a treat. You're about to begin studying some of the most beautiful ideas in 
mathematics. They are ideas with surprises. They evolved over several centuries, yet they greatly 
simplify extremely difficult computations, making some as easy as sliding a hot knife through butter. 
They also have applications in a variety of areas, ranging from fluid flow, to electric circuits, to the 
mysterious quantum world. Generally, they are described as belonging to the area of mathematics 
known as complex analysis. 


Section 1.1 The Origin of Complex Numbers 


Complex analysis can roughly be thought of as the subject that applies the theory of calculus 
to imaginary numbers. But what exactly are imaginary numbers? Usually, students learn about 
them in high school with introductory remarks from their teachers along the following lines: "We can't 
take the square root of a negative number. But let's pretend we can and begin by using the symbol 
i = V-1." Rules are then learned for doing arithmetic with these numbers. At some level the rules 
make sense. If i = \/-1, it stands to reason that i2 = -1. However, it is not uncommon for stu- 
dents to wonder whether they are really doing magic rather than mathematics. 


If you ever felt that way, congratulate yourself! You're in the company of some of the great 
mathematicians from the sixteenth through the nineteenth centuries. They, too, were perplexed by 
the notion of roots of negative numbers. Our purpose in this section is to highlight some of the 
episodes in the very colorful history of how thinking about imaginary numbers developed. We 
intend to show you that, contrary to popular belief, there is really nothing imaginary about "imaginary 
numbers." They are just as real as "real numbers." 


Our story begins in 1545. In that year the Italian mathematician Girolamo Cardano published 
Ars Magna (The Great Art), a 40-chapter masterpiece in which he gave for the first time an alge- 
braic solution to the general cubic equation 


Z24+ a) Z274+a,Z + ag = @. 
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Cardano did not have at his disposal the power of today's algebraic notation, and he tended 
to think of cubes or squares as geometric objects rather than algebraic quantities. Essentially, 
however, his solution began with the substiution z = x - > a2. This move transforms 


Z3 +a) Z*+a1,Z + ag = @ into the cubic equation x?+bx + c = @ without a squared term, which 
is called a depressed cubic and can be written as 


¥4+bx+ ce = @. 


You need not worry about the computational details, but the coefficients are b = a, - : aS and 


1 
ai a2 + 
3 142 


C = ag 2 a3. 


1 
27 
Exploration. 


To illustrate, begin with z?+9z*+24z+2@ = @ and substitute 
1 9 


Z ar Re x — 3. The equation then becomes 


(x -3)34+9 (x-3)2+4+24 (x-3) +20 = @, whichsimplifies to x?-3x+2 = @. 


Exploration. 


If Cardano could get any value of x that solved a depressed cubic, he could easily get a 
corresponding solution to z? + a2 z* +a; Z + ag = @ from the identity z = x- 5 a2. Happily, Car- 


dano knew how to solve a depressed cubic. The technique had been communicated to him by 
Niccolo Fontana who, unfortunately, came to be known as Tartaglia (the stammerer) due to a 
speaking disorder. The procedure was also independently discovered some 30 years earlier by 
Scipione del Ferro of Bologna. Ferro and Tartaglia showed that one of the solutions to the 
depressed cubic equation is 


Although Cardano would not have reasoned in the following way, today we can take this 
value for x and use it to factor the depressed cubic into a linear and quadratic term. The remaining 
roots can then be found with the quadratic formula. 


For example, to solve z7+9z2+24z+20 = @, use the substitution z = x —-3 to get 
x3 3x+2 = @, whichis a depressed cubic equation. Next, apply the "Ferro-Tartaglia" formula 
with b = -3 and c = 2 to get 


2, 2 (38, 2 2? (33)? 1/3 , 1/3 i = i 
{> 4 ee tal =5 7 (-1) + (-1) = -2. Since x= -2 isa 


root, x+2 must bea factor of x?-3x+2. Dividing x+2 into x?-3x+2 gives x*-2x+1, 
which yields the remaining (duplicate) roots of x = 1. The solutions to z7+9z?+24z+20 = @ 
are obtained by recalling z = x - 3, which yields the three roots z; = -2-3 = -5 and 

Z2 = Z3=1-3=-2. 
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Exploration. 


So, by using Tartaglia's work and a clever transformation technique, Cardano was able to 
crack what had seemed to be the impossible task of solving the general cubic equation. Surpris- 
ingly, this development played a significant role in helping to establish the legitimacy of imaginary 
numbers. Roots of negative numbers, of course, had come up earlier in the simplest of quadratic 
equations, such as x2 +1 = @. The solutions we know today as x = +-\/-1 , however, were easy 
for mathematicians to ignore. In Cardano's time, negative numbers were still being treated with 
some suspicion, as it was difficult to conceive of any physical reality corresponding to them. Taking 
square roots of such quantities was surely all the more ludicrous. Nevertheless, Cardano made 
some genuine attempts to deal with /-1 . Unfortunately, his geometric thinking made it hard to 
make much headway. At one point he commented that the process of arithmetic that deals with 
quantities such as \/-1 "involves mental tortures and is truly sophisticated." At another point he 
concluded that the process is "as refined as it is useless." Many mathematicians held this view, but 
finally there was a breakthrough. 


In his 1572 treatise L'Algebra, Rafael Bombelli showed that roots of negative numbers have 
great utility indeed. Consider the depressed cubic x? - 15 x - 4 = @. Using b = -15 andc = -4in 
the "Ferro-Tartaglia" formula for the depressed cubic, we compute 


X= 2 +V¥-121 + 2 -121 , or in a somewhat different form, 
x=02411)-4 elo ch oe 
Simplifying this expression would have been very difficult if Bombelli had not come up with 


what he called a "wild thought." He suspected that if the original depressed cubic had real solu- 
tions, then the two parts of x in the preceding equation could be written as u+v~+~-1 and 


u-v+-1 for some real numbers u and v. That is, Bombeli believed 

u+vv =\f/2+11V-1 and u-vyv = ./2-11-+/-1 , which would mean 

(u rva-1 \ =2+11+/-1 and (u vvV-1 \" = 2-11-+/-1. Then, using the well-known 
algebraic identity (a+b)? = a2 +3a*b+3ab*+b?, and (letting a - uandb =v V-1), and assum- 
ing that roots of negative numbers obey the rules of algebra, he obtained 


(u+vV-1)°> = u3+3u2 (v vv-1)+ u) (vV¥-1)°+(vv-a)° 

= u3+3 (u) (v ya. +3u2 (vV-1)+ (vv-1)° 
= (u3-3uv?) + (3u2v-v3) V-1 
= u (u2-3 v2) +v (3u2-v2) V-1 
=2+11V-1. 

By equating like parts, Bombelli reasoned that u (u2 - 3 v7) = 2 and v (3u2-v?) = 11. 
Perhaps thinking even more wildly, Bombelli then supposed that u and v were integers. The only 
integer factors of 2 are 2 and 1, so the equation u (u2 -3.v*) = 2 led Bombelli to conclude that 
u=2 and u*-3 v2 =1. From this conclusion it follows that v* = 1, or v = +1. Amazingly, u = 2 
and v = 1 solve the second equation v (3 u2 - v*) = 11, so Bombelli declared the values for u and 
v tobe u=2andv =1, respectively. 


Since (2 pf-1 )? = 2+11-+/-1, weclearly have 2+-/-1 =\/2+11~V-1 . Similarly, 
Bombelli showed that 2--/-1 =./2-11-+/-1 . Butthis means that 
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2441-1 we 11V-1 = (2+V-1)+(2-V-1) =4, 


which was a proverbial bombshell. Prior to Bombelli, mathematicians could easily scoff at imaginary 
numbers when they arose as solutions to quadratic equations. With cubic equations, they no longer 
had this luxury. That x = 4 was a correct solution to the equation x? - 15 x - 4 = ® was indis- 
putable, as it could be checked easily. However, to arrive at this very real solution, mathematicians 
had to take a detour through the uncharted territory of "imaginary numbers." Thus, whatever else 
might have been said about these numbers (which, today, we call complex numbers), their utility 
could no longer be ignored. 


Exploration. 


Prior to Bombelli, mathematicians could easily scoff at imaginary numbers when they arose as 
solutions to quadratic equations. With cubic equations, they no longer had this cavalier attitude. 
That x = 4 was acorrect solution to the equation x? - 15 x -4 = @ was indisputable. However, to 
arrive at this very real solution, mathematicians had to take a detour through the uncharted territory 
of "imaginary numbers." Thus, whatever else might have been said about these numbers (which, 
today, we call complex numbers), their utility could no longer be ignored. This was the dawning of a 
new era in mathematics, the "Age of complex numbers." 


John Wallis leads the way to embed the real numbers in the plane. 


Geometric Progress of John Wallis 

As significant as Bombelli's work was his results left many issues unresolved. For example, his tech- 
nique applied only to a few specialized cases. Could it be extended? Even if it could be extended a larger 
question remained: what possible physical representation could complex numbers have? 

The last question remained unanswered for more than two centuries; University of New Hampshire 
professor Paul J. Nahin describes the progress as occurring in several stages (see ""An Imaginary tale: the 
Story of ~-1", by Paul J Nahin, Princeton University Press, 2007, pages 48-55). 


A preliminary step came in 1685 when the English mathematician John Wallis published "4 treatise of 
Algebra, both Historical and Practical." Among the many contributions in that book two are particularly 
noteworthy for our purposes. They are displayed in Wallis' analysis of a problem from classical geometry 
that, at first glance, seems completely unrelated to complex numbers. 


Problem 1.1. Construct a triangle determined by two sides and an angle not included between those sides. 


We will get to Wallis' contributions in a moment. First, observe that Figure 1.1 illustrates the standard 
solution to Problem 1.1. Given side length a (represented by segment AB), angle a (determined by seg- 
ments AB and BC), and side length b, draw an arc of a circle of radius b whose center is at point A. If the 
arc intersects segment BC at points E and F, then the resulting triangles ABE and ABF each satisfy the 


problem requirement. 
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Figure 1.1 The Standard solution to Wallis' geometrical problem. 


A Geometric Representation of Real Numbers 


The representation of \/ b?- c?_ when b > c. 


Wallis’ first contribution allowed him to associate (real) numbers with the points E and F of Figure 1.1. 
The association came by way of a construct that may sound completely trivial to us, but that is only because 
we have been raised knowing about Wallis! idea: "the real number line." By choosing an arbitrary point to 
represent the number zero on a given line, Wallis declared that positive numbers could be viewed as corre- 
sponding distances to the right of zero, and negative numbers as corresponding (positive) distances to the /eft 
of zero. 


To complete the association refer to Figure 1.2 (a) and think of segment BC as lying on a portion of the 
x-axis. Then draw a perpendicular segment AD to BC, and designate the origin to be at D. Ifthe length of 


AD is c, then the Pythagorean theorem gives \b?-c? for the length of segments ED and DF. Combin- 
ing this result with Wallis' number real line results in points E and F representing the real numbers: 


E = @-vVb*-c*, and F = 04+~Vb*-c?. 
A 


a 
wo 
ge 
ag. — 
~ 
= OT Se es ay oe ae + 


Figure 1.2 (a) Wallis' geometric depiction of "real numbers." 


For example, if b = 5 and c = 4, the points E and F would represent -3 and + 3, respectively, 
because 
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E = -/52-42 =-3, and F = +V52-42 = 43, 


as shown below in the Figure 1.2 (b). 


Figure 1.2 (b) Wallis' geometric depiction of the "real numbers," 


E = -3 and F =3. 


From both an algebraic and geometric viewpoint this procedure only makes sense if the stipulated length 
b is greater than or equal to c. If b were less than c then the algebraic expressions for points 
E =-vVb*-c? and F = +Vb*-c? would be meaningless, as the quantity b? - c* inside the square root 
would be negative. Viewed geometrically, if b were less than c then the arc of radius b that is centered at 
A would not be able to intersect the segment BC. In other words, if b were less than c Problem 1.1 would 


appear to have no solution. 


A Geometric Representation of Complex Numbers 


The representation of \J b?- c?_ when b <c. 


Appearances, of course, can be deceiving, and Wallis reinforced the truth of that ancient proverb when 
he came up with his second contribution. It was a solution to Problem 1.1 in the case when b is less than c. 
Figure 1.3 (a) illustrates how he did it. From the midpoint of AD Wallis drew a circle with diameter AD. 
Then, with A as acenter he drew an arc of radius b. Because b is less than c the arc will intersect the 
circle at two points, say E and F, which now lie above the "real number line." 
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Figure 1.3 (a). Wallis' geometric depiction of the "complex numbers," 
E and F. 


Again we get two triangles: ABE and ABF. Wallis claimed that these triangles each satisfy the require- 
ment of Problem 1.1. You might object to this construction on the grounds that angle qa is not part of either 
triangle. However, if you read the problem statement carefully, you will notice that it never states that the 
angle a had to be part of any triangle, only that it determine a triangle. From this perspective Wallis com- 
pletely satisfied the requirement. 

Notice that the points E and F are no longer on the x-axis as they were when b was greater than c, 
(and + /b2 - c? are real numbers). They are now located somewhere above the x-axis, and it is not unreason- 
able to conclude that points E and F give, respectively, the geometric representations of the expressions 


E =-Vb?-c? and F = +Vb*-c? whenb islessthan c, (and +-V b? - c? are complex numbers). 


Although Wallis only hinted at such a conclusion, he nevertheless helped set the stage for thinking of real 
numbers as being embedded in a larger set of complex numbers, and that these numbers could be represented 
geometrically as vertical displacements from the x-axis. Unfortunately, if we tried to apply Wallis' method to 


construct complex numbers we would find it had some critical defects. 


Wallis' depiction of +~/-1 


Figure 1.3 (b). An interpretation of Wallis' geometric depiction of "E =--~-1" and 
"Fo+V/-1", 


Suppose that we choose b = @ and c = 1, then Wallis' expression + b* - c* becomes +-/-1, and 
points E and F now coincide at point A, as shown above in Figure 1.3 (b). For certain, we can say that 
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the value "F = +./-1" is the proper choice we use today. So in some sense, Wallis was the first 
person to place the point ++/-1. in it's proper location in the upper half-plane. But we surely would 
not want to equate the points "E = -/-1" and "F =+-+/-1." The reason for this anomaly was that 
the entire complex plane had not yet been invented. Thus, even with Wallis' work the jigsaw of getting 
the proper picture of complex numbers remained. It would be another century before someone put most of the 
pieces together. 

Wallis's method has the undesirable consequence that --/-1 is represented by the same 
point as is \/-1. Nevertheless, this interpretation helped set the stage for thinking of complex 
numbers as "points on the plane." By 1732, the great Swiss mathematician Leonhard Euler 
(pronounced "oiler") adopted this view concerning the n solutions to the equation x"-1=9@. You 
will learn shortly that these solutions can be expressed as cos (6) +~~/-1 sin (6) for various 
values of 6; Euler thought of them as being located at the vertices of a regular polygon in the 
plane. Euler was also the first to use the symbol i for \/-1 . Today, this notation is still the most 
popular, although some electrical engineers prefer the symbol j instead so that they can use i to 
represent current. 


Is it possible to modify slightly Wallis's picture of complex numbers so that it is consistent 
with the representation used today? To help you answer this question, refer to the article by Alec 
Norton and Benjamin Lotto, "Complex Roots Made Visible," The College Mathematics Journal, 
15(3), June 1984, pp. 248--249, Jstor. 


Two additional mathematicians deserve mention. The Frenchman Augustin-Louis Cauchy 
(1789-1857) formulated many of the classic theorems that are now part of the corpus of complex 
analysis. The German Carl Friedrich Gauss (1777--1855) reinforced the utility of complex numbers 
by using them in his several proofs of the fundamental theorem of algebra (see Chapter 6). In an 
1831 paper, he produced a clear geometric representation of xtiy by identifying it with the point (x, 
y) in the coordinate plane. He also described how to perform arithmetic operations with these new 
numbers. 


It would be a mistake, however, to conclude that in 1831 complex numbers were trans- 
formed into legitimacy. In that same year the prolific logician Augustus De Morgan commented in 
his book, On the Study and Difficulties of Mathematics, "We have shown the symbol /-a tobe 
void of meaning, or rather self-contradictory and absurd. Nevertheless, by means of such symbols, 
a part of algebra is established which is of great utility." 


There are, indeed, genuine logical problems associated with complex numbers. For exam- 
ple, with realnumbers \/ab = ~/a Vb so long as both sides of the equation are defined. Apply- 
ing this identity to complex numbers leads to 
1= V1 =V(-1) (-1) =V(-1) V(-1) =1i+*i-=-1. Plausible answers to these problems 
can be given, however, and you will learn how to resolve this apparent contradiction in Section 2.4. 
De Morgan's remark illustrates that many factors are needed to persuade mathematicians to adopt 
new theories. In this case, as always, a firm logical foundation was crucial, but so, too, was a 
willingness to modify some ideas concerning certain well-established properties of numbers. 


As time passed, mathematicians gradually refined their thinking, and by the end of the 
nineteenth century complex numbers were firmly entrenched. Thus, as it is with many new mathe- 
matical or scientific innovations, the theory of complex numbers evolved by way of a very intricate 
process. But what is the theory that Tartaglia, Ferro, Cardano, Bombelli, Wallis, Euler, Cauchy, 
Gauss, and so many others helped produce? That is, how do we now think of complex numbers? 
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We explore this question in the remainder of this chapter. 


The solution of the cubic equations. Mathematica can construct the solutions to the general 
cubic equation. However they are quite formidable. 


Exploration. 
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1.2 The Algebra of Complex Numbers 


We have seen that complex numbers came to be viewed as ordered pairs of real numbers. 
That is, a complex number z is defined to be 


Z= (X; y), 


where x and y are both real numbers. 


The reason we say ordered pair is because we are thinking of a point in the plane. The 
point (2, 3), for example, is not the same as (3, 2). The order in which we write x and y in the 
equation makes a difference. Clearly, then, two complex numbers are equal if and only if their x 
coordinates are and their y coordinates are equal. In other words, 


(x, y) = (u,v) iff x =u and y=v. 


(Throughout this text, iff means if and only if.) 


A meaningful number system requires a method for combining ordered pairs. The definition 
of algebraic operations must be consistent so that the sum, difference, product, and quotient of any 
two ordered pairs will again be an ordered pair. The key to defining how these numbers should be 
manipulated is to follow Gauss's lead and equate (x, y) with x + iy. Then, if zi = (x1, yi) and 
Z2 = (X2» Y2) are arbitrary complex numbers, we have 


Z1+Z2 = (X15 Y1) + (X25 Y2) 


= (X1+ 1Y1) + (X2+ 12) 


= (X1+X2) + 2 (¥1 + Y2) 


= (X1+ X25 Y1 + Y2) 
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Thus, the following definitions should make sense. 
Definition 1.1, (Addition) 


Formula (1-8) 21 +Z2 = (X1+ i y1) + (X2+ ty2) = (X1+ X25 Yr +2). 


Derivation of Formula (1-8). 


Definition 1.2, (Subtraction) 


Formula (1-9) 21 -Z2 = (X1+iY1) - (X2+2Y2) = (X1-X25 W1 -y2)- 


Derivation of Formula (1-9). 


Example 1.1. Given z3=3+7i and z2=5-61. (a) Find z1+2Z2 and (b) Zz, - Zp. 


ty 48s = (35 7) 4 (5, 26) 345; 726) = (8, 15; and 


24.9% 38; 7) = (55 ob) = 1355 7 O6Y S62) 139) 


We can also use the notation z; = 3+7iandz.=5-6i: 


Z1 +Z2 =3+7i+5-6i-=8+4i and 


Z1 -Z2 = 3+7i -(5-6i) =-24+13i. 
Explore Solution1.1. (a). 
Explore Solution1.1. (b). 


Given the rationale we devised for addition and subtraction, it is tempting to define the 
product z;Z2 aS Z1Z2 = (X1 X25 Y1 Y2). It turns out, however, that this is not a good definition, 
and we ask you in the exercises for this section to explain why. How, then, should products be 
defined? Again, if we equate (x, y) with x+iy and assume, for the moment, that i = /-1 
makes sense (so that i* = -1), we have 


Z12Z2 = (X1y V1) (X25 Y2) 
= (X1+1Yy1) (X2 + 1y2) 
= X1X2+ 1X1 y2+iX2yit+ i?7yiy, 
= X1 X2-Y1 Y2 + Lb (Xi Y2 + X2 Yr) 
= (X1 X2 - ¥1 Y29 X1 Y2 + X2 Y1) 


Thus, it appears we are forced into the following definition. 


Definition 1.3, (Complex Multiplication) 
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Formula (1-10) Z1Z2 = (Xi, Y1) (X25 Y2) =(X1 X2-Y1 Yas X1 V2 + X2 Y1)- 


Derivation of Formula (1-10). 


Example 1.2. Given z;=3+7i and z,=5-61i. Find 2, Zp. 
Z1Z2 = (3, 7) (5, -6) 


= (3*5-7 (-6), 3 (-6) +57) 


= (15+42, -18+35) 


(57, 17) 


We get the same answer by using the notation z; = 3+7iandz,=5-61: 


9405-3 (35 7) (5y <6) 31347 1) G64) 


=-15-181+35i-42 i? 


S95 42 (=) 2 (-18 435) 4 


57+17i 
= ($7, 47) 


Of course, it makes sense that the answer came out as we expected because we used the notation 
X + i y as motivation for our definition in the first place. 


Explore Solution 1.2. 


To motivate our definition for division, we will proceed along the same lines as we did for 
multiplication, assuming z2 + 2: 


Zi _ (X15 Yt) _ Xa tb 1 
22 (X25Y2) X2+1y2 


We need to figure out a way to write the preceding quantity in the form x + iy. Todo this, we use 
a standard trick and multiply the numerator and denominator by x2 + iy, which gives 
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Z1 _ (Xi+i yi) (X2-1 yo) 
Z2 (X2+i y2) (X2-1 y2) 


_ Xa X2+Y1 Vath (=X1 Yo+X2 Y1) 
25,572 
X2+Y2 


— X1X2t+y1y2 , i —X1 Y2+X2 Y1 


Dad rye 
X2+Y32 X2+Y2 
X1 X2+Y1 Y2 —X1 Y2+X2 Y1 
2ay2 ’ 2)? 
X2+Y2 X2+Y2 


Thus, we finally arrive at a rather odd definition. 


Definition 1.4, (Complex Division) 


Formula (1-11) Z1 _ (Xs Ya) = oe Sea for Zz, +0. 


) 
22 (X25Y2) x3+y3 x3+y3 


Derivation of Formula (1-11). 


Example 1.3. Given z1 = 3+7i and z2=5-61i. Find — 
2 


21 (3,7) _ eae mae) 7 a 221) 
25+367 25+36 61’ 61 


Z1 _ (3,7) (3+7 i) 
Z2 (5-6) (5-6 i) 
_ (3B+74) (5464) _ 15418 4+35 1+42 12 
(5-61) (5+6i) 25+30 1-30 1-36 i? 
_ 15-42+(18+35) i _ 27 | 5B 
(2543) 61 61 
S ez 23 ) 
~ 617 61 


Explore Solution 1.3. 


To perform operations on complex numbers, most mathematicians would use the notation 
x +iy and engage in algebraic manipulations, as we did here, rather than apply the complicated- 
looking definitions we gave for those operations on ordered pairs. This procedure is valid because 
we used the x+ iy notation as a guide for defining the operations in the first place. Remember, 
though, that the x + i y notation is nothing more than a convenient bookkeeping device for keeping 
track of how to manipulate ordered pairs. It is the ordered pair algebraic definitions that form the 
real foundation on which the complex number system is based. In fact, if you were to program a 
computer to do arithmetic on complex numbers, your program would perform calculations on 
ordered pairs, using exactly the definitions that we gave. 


It turns out that our algebraic definitions give complex numbers all the properties we nor- 
mally ascribe to the real number system. Taken together, they describe what algebraists call a field. 
In formal terms, a field is a set (in this case, the complex numbers) together with two binary opera- 
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tions (in this case, addition and multiplication) having the following properties. 


(P1) Commutative Law for Addition. 
Z1+Z2 = Z2+2Z1. 


Derivation of Property (P1). 


(P2) Associative Law for Addition. 


Z4+ (Z2 + Z3) — (Z1 + Z2) + Z3. 


(P3) Additive Identity. There is a complex number w such that 
Z+w = z for all complex numbers z. 


The number w is obviously the ordered pair (@, @). 


(P4) Additive Inverses. Given any complex number z, there is a complex number 7 (depending on 
z) with the property that 


Z+n= (0, @). 


Obviously, if z = (x, y) = x+iy, the number 7 will be 7 = (-x, -y) =-x-iy = -z. 


(P5) Commutative Law for Multiplication. 


Z1Z2 = Z22Z}1. 


(P6) Associative Law for Multiplication. 


Z1 (Z2Z3) = (Z1Z2) Z3. 


(P7) Multiplicative Identity. There is a complex number ¢ such that 
Cz = z for all complex numbers z. 


As one might expect, it turns out that (1, @) is the unique complex number € with this property. We 
ask you to verify this identity in the exercises for this section. 


(P8) Multiplicative Inverses. Given any number z other than the number (0, 0), there is a complex 
number (depending on z) which we shall denote by z~+ with the property that 


zzt= (1, @) =1. 


Based on our definition for division, it seems reasonable that the number z~! would be 
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zi — {18 _ 1 
z X+iy 
_ x-iy _ xX-iy 
(X+iy) (x-iy) x2+y? 
= 2s , 7 
xray? - x? +y? 
ee 
ay? 2 xa? 


We ask you to confirm this result in the exercises for this section. 
(P9) The Distributive Law. 


Z4 (Z2 + Z3) = 2422+ 21 Z3. 
Derivation of Property (P9). 


None of these properties is difficult to prove. Most of the proofs make use of corresponding 
facts in the real number system. To illustrate, we give a proof of property (P1). 


Proof of the commutative law for addition: Let z1 = (x1, y1) and Z2 = (X2, y2) be arbitrary com- 
plex numbers. Then, 


Zi+Z2 = (X1y Y1) + (X25 yz) 


= (X1+ X25 Y1 + Y2) (by definition of addition of complex numbers ) 
= (X2+ X15 Y2 + Y1) (by the commutative law for real numbers ) 


= (X25 Y2) + (X15 Y1) (by definition of addition of complex numbers ) 


= Z2+Z1 


Actually, you can think of the real number system as a subset of the complex number sys- 
tem. To see why, let's agree that, as any complex number of the form (t, @) is on the x axis, we 
can identify it with the real number t. With this correspondence, we can easily verify that our defini- 
tions for addition, subtraction, multiplication, and division of complex numbers are consistent with 
the corresponding operations on real numbers. For example, if x; and x2 are real numbers, then 


X1 X2 = (X15 OB) (X25 A) (by our agreed correspondence ) 


= (X1X2-0, 0+) (by definition of multiplication of complex numbers ) 


= (X1 X25 8) (confirming the consistence of our correspondence ) 


It is now time to show specifically how the symbol i relates to the quantity ~/-1. Note that 
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(@, 1)*= (@, 1) (@, 1) 


(8-1, 0+) (by definition of multiplication of complex numbers ) 
= (-1, @) 


=-1 (by our agreed correspondence ) 


If we use the symbol i for the point (@, 1) , the preceding identity gives 
i? = (@,1)% = -1, 


which means i = (@, 1) = /-1. So, the next time you are having a discussion with your friends 
and they scoff when you claim that \/-1 is not imaginary, calmly put your pencil on the point 

(@, 1) of the coordinate plane and ask them if there is anything imaginary about it. When they 
agree there isn't, you can tell them that this point, in fact, represents the mysterious \/-1 in the 
same way that (1, 8) represents 1. 


We can also see more clearly now how the notation x + iy equates to (x, y). Using the 
preceding conventions (i.e., x = (x, @), etc.), we have 


X+iy = (X, 0) + (0,1) (y, 8)  (byour previously discussed conventions ) 
= (X, 0) + (0, y) (by definition of multiplication of complex numbers ) 
= (X, y) (by definition of addition of complex numbers ) 


Thus we may move freely between the notations x+ iy and (x, y), depending on which 
is more convenient for the context in which we are working. Students sometimes wonder whether it 
matters where the "i" is located in writing a complex number. It does not. Generally, most texts 
place terms containing an "i" at the end of an expression, and place the "i" before a variable, but 
after a constant. Thus, we write x+ iy, u+iv,etc., but 3+71, 5-61 andso forth. Because 
letters lower in the alphabet generally denote constants, you will usually (but not always) see the 
expression a+bi, instead of a+ ib. Many authors write quantities like 1+ i 3 instead of 
1+-+/3 i to make sure the "i" is not mistakenly thought to be inside the square root symbol. 
Additionally, if there is concern that the "i" might be missed, it is sometimes placed before a lengthy 
expression, as in 2 cos (-27+2nz7) +i2sin (-27+2nnz). 


We close this section with three important definitions and a theorem involving them. We ask 
you for a proof of the theorem in the excercises. 


Definition 1.5, (Real Part of z). The real part of z = x + i y, denoted by Re (z), is the real 
number x. 


Definition 1.6, (Imaginary Part of z). The imaginary part of z = x+ iy, denoted by Im (z), is 
the real number y. 


Definition 1.7, (Conjugate of z). The conjugate of z = x+ iy, denoted by z, is the complex 
number (x, -y) =x-iy. 
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Example 1.4. Given z,; = -3+7i and z,=9+4i. 


1.4 (a) Wehave Re[zi] = Re[-3+7i]=-3 and Re[z2] = Re[9+4i] =9. 


1.4(b) Wehave Im[z1] = Im[-3+7i] =7 and Im[z2] =Im[9+4i] =4. 


1.4(c) Wehave zy =-3+7i =-3-7i and 727=9+41 =-9-4i. 


Explore Solution 1.4 (a). 
Explore Solution1.4 (b). 


Explore Solution1.4 (c). 


The following theorem gives some important facts relating to these operations. You will be 
asked for a proof in the exercises 


Theorem 1.1. Suppose zi, Z2 and z are arbitrary complex numbers. Then if z2 + @ 


(2 = 133 Z =Z 
1-13) 41 +Z2 = 214+ 22 
1-14) Z1Z2 =2Z1 22 
1 (2) - 4 itz, 40 
Z2 Z2 

1-16) Re[z] = a 

_ 2-7 
1-17) Im[z] = ET 
1-18) Re[iz] = - Im[z] 
(1-19) Im[i z] = Re[z] 


Because of what it erroneously connotes, it is a shame that the term imaginary is used in 
Definition (1.6). It was coined by the brilliant mathematician and philosopher René Descartes 
(1596--1650) during an era when quantities such as .\/-1 were thought to be just that. Gauss, who 
was successful in getting mathematicians to adopt the phrase complex number rather than imagi- 
nary number, also suggested that they use lateral part of z in place of imaginary part of z. Unfortu- 
nately, that suggestion never caught on, and it appears we are stuck with what history has handed 
down to us. 
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1.3 The Geometry of Complex Numbers 


Complex numbers are ordered pairs of real numbers, so they can be represented by points 
in the plane. In this section we show the effect that algebraic operations on complex numbers have 
on their geometric representations. 


We can represent the number z = x+ iy = (x, y) bya position vector in the xy plane 
whose tail is at the origin and whose head is at the point (x, y). When the xy plane is used for 
displaying complex numbers, it is called the complex plane, or more simply, the z plane. Recall that 
Re (z) = X and Im (z) = y. Geometrically, Re (z) is the projection of z = (x, y) onto the x axis, 
and Im (z) is the projection of z onto the y axis. It makes sense, then, to call the x axis the real 
axis and the y axis the imaginary axis, as Figure 1.3 illustrates. 


y-axis 


x-axis 


Figure 1.3 The complex plane. 


Addition of complex numbers is analogous to addition of vectors in the plane. As we saw in 
Section 1.2, the sum of Z1 = X1 +i 1 = (X1, Y1) and Zz = X2+ i Y2 = (X25 Yo) iS (X1+ X25 Y1 + Y2)- 
Hence, zi + Z2 can be obtained vectorially by using the "parallelogram law," where the vector sum 
is the vector represented by the diagonal of the parallelogram formed by the two original vectors. 
Figure 1.4 illustrates this notion. 
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Copy 2, 


Figure 1.4 The sum z, + Z;. 


The difference z, - z2 can be represented by the displacement vector from the point 
Z2 = (X2» Y2) tothe point z; = (x1, yi), as Figure 1.5 shows. 


¥ 


— Copy 2-2; 


Figure 1.5 The difference z) - z:. 


Definition 1.8, (Modulus or Absolute Value). The modulus, or absolute value, of the complex 
number z = x+iy is anonnegative real number denoted by | z | and is given by the equation 


[Zea xtay*.. 
The number | z | is the distance between the origin and the point z = (x, y). The only 
complex number with modulus zero is the number @. The number z = 3+4i has modulus 
|4+3i | = V4?+3? =¥25 =5, and is depicted in Figure 1.6. 


¥ 


y=In(z)=3 


Figure 1.6 The real and imaginary parts of a complex number. 


The numbers Re (z), Im (z) and | z | are the lengths of the sides of the right triangle 
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OPQ shown in Figure 1.7. 


¥ 


|Im(z) | 


|Re(z) | 


O=(0,0) Q=(x,0) 
Figure 1.7 The moduli of z and its components. 
The inequality | z1 | < | Z2 | means that the point z; is closer to the origin than the point 
Z2. Although obvious from Figure 1.7, it is still profitable to work out algebraically the standard 
results that 


|x| = |Re(z) | < |zZ| and |y|= |Im(z)| < |Z]. 


which we leave as an exercise for the reader. 

The difference z, - z2 represents the displacement vector from z2 to zi, so the distance 
between z, and Zz is given by | z1 - z2 |. Wecan obtain this distance by using Definitions (1.2) 
and (1-3) to obtain the familiar formula 


dist (Z1, Z2) = | Z2-Z1| = J x X2) 7+ (Y1-Yy2)?. 


If z= (x,y) =x+iy, then -z = (-x, -y) =-x-iy is the reflection of z, through the 
origin, and Zz = (x, -y) =x-1,y is the reflection of z through the x axis, as illustrated in Figure 
1.8. 


z=(x,¥) 
Z=X+1y¥ 


(Ory) 


-Z= (-x,-¥) Z=(x,-¥) 
-Z=-xX-1y Zz=X -1y 


Figure 1.8 The geometry of negation and conjugation. 
We can use an important algebraic relationship to establish properties of the absolute value 
that have geometric applications. Its proof is rather straightforward, and we ask you to give it in the 
exercises for this section. 


|Z|27=2Z. 


A beautiful and important application of the above identity is its use in establishing the 
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triangle inequality, which states that the sum of the lengths of two sides of a triangle is greater than 
or equal to the length of the third side. Figure 1.9 illustrates this inequality. 


¥ 
Z1+2Z% 


| Z1+Z:2| 


Figure 1.9 The triangle inequality. 


Theorem 1.2, (Triangle Inequality). If z, and z2 are arbitrary complex numbers, then 


| Z1+Z2| < | Z1|+ | Za |- 


Proof. We appeal to basic results: 


| Za + Z2 [2 = (Z14+2Z2) (Z1+2Z2) (by Identity (1 -— 22)) 
= (Z14+2Z2) (Z1+ Zz) (by Identity (1 — 13)) 
= 2424 + Z4 Zo 429 24 +29 23 (by the distributive law ) 


= Z1 |2+2Z1Z2+2Z12Z2+ | Zo (by the commutative law ) 


= | Z1 |%+21 Z7+2Z1Z7+ | Z2 [2 (by (1- 12)) 


= Z1 |2+2Re (Z1Z2) + | Z2 |* ~~ (by Identity (1 — 16)) 


IA 


| Za |? +2 | Za Zz | + | Z2 |? (by Identity (1 — 22)) 


() 2a [#] Za)? 


I 


Taking square roots yields the desired inequality. 


Example 1.5. To produce an example of which Figure 1.9 is a reasonable illustration, we let 
Z1=7+i and z2=3+5i. Then | 2z1| = V49+1 =V5@ and | z2| = V9+25 = 34. 
Clearly, z1+Z2=10+61i; hence | z1+z2| = (100+36 = 136. In this case, we can verify 
the triangle inequality without recourse to computation of square roots because 


| Z1+Z2 | = V100+36 = ¥136 - 2/34 = V34 + V34 < ¥50+ V34 = | z1/ +] 22], 
thus 
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| Z1+Z2| < | Z1|+ | Z2 |- 


Explore Solution1.5. 


We can also establish other important identities by means of the triangle inequality. Note 
that 


| Z1 | = | (Z21+22) + (-Z2) | 
< | 2Z1+2Z2|+ | -Za2 | 


< | 2Z1+2Z2|+ | Z2|- 


Subtracting | z2 | from the left and right sides of this string of inequalities gives an important relation- 
ship that will be used in determining lower bounds of sums of complex numbers: 


| Z1+Z2| = | Z1|- | Za |- 


Using the identity | z |? = zZ and the commutative and associative laws it follows that 
| 2122 |? = (Za 22) (24 22) 
= (2121) (2222) 
= [Za |? | 22 |? 
Taking square roots of the terms on the left and right establishes another important identity 


| Z1Z2 | = | Z1 || Z2 |. 


As an exercise, we ask you to show 


Z1 
22 


S S , provided zz ¢ @. 


| 22 


Example 1.6. Use the values z3 =1+2i and z2=3+21i1, then | z1|=\V¥1+4 =\¥5 and 
|Z2| =V9+4 =V13. Also 2122 = (1+21) (3+21) =-1+81i; hence 


|Z1Z2| = V¥1+64 = V65 =V5 V13 = | 21/1/22], 
thus 


| Z1Z2 | = | Z1 || 22 |. 

Figure 1.10 illustrates the multiplication shown in Example1.6. The length of the z1 z2 vector 
apparently equals the product of the lengths of zi and z2, confirming that | z1Z2| = | Z1||Z2|, 
but why is it located in the second quadrant when both z and zzare in the first quadrant? The 
answer to this question will become apparent to you in Section 1.4.. 
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= 1 2 3 


Figure 1.10 The geometry of multiplication. 


Explore Solution1.6. 
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1.4 The Geometry of Complex Numbers, Continued 
In Secion 1.3 we saw that a complex number z = x+ i y could be viewed as a vector in the 
xy-plane whose tail is at the origin and whose head is at the point (x, y). A vector can be uniquely 
specified by giving its magnitude (i.e., its length) and direction (i.e., the angle it makes with the 
positive x-axis). In this section, we focus on these two geometric aspects of complex numbers. 
Let r be the modulus of z (i.e., r = |z|), and let © be the angle that the line from 
the origin to the complex number z makes with the positive x-axis. (Note: The number © is unde- 
fined if z=0). We make the following definition. 


Definition 1.9. (Polar Representation). The identity 
z = (rcose, rsine@) = r (cose + ising) 


is known as a polar representation of z, and the values r and © are called polar coordinates of z, 
and is illustrated in Figure 1.11 (a). 
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(xX,¥) = x+y z 
r(cos 8,3sin @) z 


(X,¥) = x+y 
rf(cos @,3sin 8) 


Figure 1.11] Polar representation of complex numbers. 


As Figure 1.11(b) shows, the angle 6 can be any value for which the identities 
cos 6 = * and sino = ¥ hold true. Given z ¢ @, the collection of all values of © for which 


z =r (cose + isine) is denoted by argz. 


Example 1.7. If z=1+1i, then r=\1+1 =~/2 and 
z= (V2 cos - 4/2. sin 7) = V2 (cos ~+ isin) isa polar representation of z. The polar 


coordinates in this case are r = V2, and6 = 


Explore Solution1.7. 
Formally, we have the following definitions. 
Definition 1.10, (Argument, arg z). If z+, wedenote argz by 


arg (z) ={9: z=r(cosO +isSiné@) }. 


If 6 ¢ argz, we Say that 6 is an argument of z. 


Notice that we write 6 © argz as opposedto © = argz. This is because arg z is a set, 
and the designation © « arg z indicates that 6 belongs to that set. Notice also that, if 
61 € arg z and 62 € argz, then there exists some integer n such that 


O62 = 6, + 2n7. 
Example 1.8. Since 1+ i = (2 (Cos [=| + i Sin[2]), we have 


arg (1+1) = {F+2nz: n an integer } 


Explore Solution1.8. 
Mathematicians have agreed to single out a special choice of © « arg z. It is that value of 
6 for which - x < 6 < xas the following definition indicates. 


Definition 1.11, (The principal value of argument, Arg z). Let z 4 0, be a complex number. 
Then 
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Arg (z) ={0: z=r(cos@+i1sine@) and -7<O<7}. 


If 6 =Arg (z), wecall 6 the argument of z. 
Example 1.9. Arg (1+i) = = 


Explore Solution1.9. 


Remark. Clearly ifz =-x+iy-=r(cos©@ + isin®), where x + Q, then 


y 

arg (Zz) © arctan ( =): 
where arctan ( +) = {6% tan (6) = = }. Note that, as with arg (z), arctan ( =) isa 
set (as opposed to Arctan, which is a number). We specifically identify arg (z) asa proper 
subset of arctan ( ~) because tan (9) has period x, whereas cos (9) and sin (@) have 


period 2 7. In selecting the proper values for arg (z), we must be careful in specifying the 
choices of arctan ( +) so that the point z associated with r and 6 lies in the appropriate 


quadrant. 


Example 1.10. If z=-V3 -i=r (cos@ + ising), then 


r= |z|= |-V¥3 -i|=V¥3+1 =2 and 


© € arctan ( +) = arctan —— = {Z+nz: n isaninteger}. 
It would be a mistake to use : as an acceptable value for 6 , as the point z associated with r = 2 


and 6 = = is in the first quadrant, whereas z = --\/3 - i isin the third quadrant. A correct choice 


fore ise = Za = - 25, Thus 


V3 -i = 2Cos[-2“]+i2Sin[->], and 


-V3 -i = 2Cos[-*+2nx]+i2Sin[-7*+2n7], 


where n is any integer. In this case, 


Arg (- V3 -i) =-7, and 


arg ( J3 i) 4 20 4 nas n isan integer}. 


Remark. Note that arg (- V3 - i) = {-24+2nv7: n isaninteger} is indeed a proper subset of 


-1 TT : : 
=yotnr: cf. 
arctan Wr {2 n n is an integer } 


Explore Solution 1.10. 
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If z + @ is on the y-axis, it would be a mistake to attempt to find Arg z by looking at 
arctan = as x = @, so ¥ is undefined. We emphasize these special cases: 


If y > @, then Arg (@+iy) = ~ and 


If y < @, then Arg (@+iy) = - 


N|4 


Example 1.11. If z=x+iy =@+4i., it would be a mistake to attempt to find arg z by looking at 
arctan ¥, asx = @, so ¥ = * is undefined. In this case 


Arg (41) =Arg (0+4i1) = ot and 
arg (4i) = {3 +2n7: Nisan integer}. 
As we Shall see in Chapter 2, Arg z is a discontinuous function of z because it "jumps" by 
an amount of 2 7 as z crosses the negative real axis. 


In Chapter 5 we define ce” for any complex number z. You will see that this complex expo- 
nential has all the properties of real exponentials that you studied in earlier mathematics courses. 
That is, e7 e72 = e71*22, and so forth. You will also see, amazingly, that if z = x +i y, then 


e2 = eXtt¥ = eX (cosy + i siny). 
We will establish this result rigorously in Chapter 5, but there is a plausible explanation we 
can give now. 


If e% has the normal properties of an exponential, it must be that e%**¥ = e* et Y. Now, recall 
from Calculus the values of three infinite series: 
1)* 


2 1 yk _ (- 2k ; _ (-1)K yake1 
eX = )k-o 7 Xs COSX = Dk» eT Teac and sinx = do aa. 


Substituting i y for x in the infinite series for ©* gives e*¥ = Jeg > (iy) + See a ikyk. At 
this point, our argument loses rigor because we have not talked about infinite series of complex 
numbers, let alone whether such series converge. Nevertheless, if we merely take the last series as 
a formal expression and split it into two series according to whether the index k is even (k=2n) or 
odd (k=2n+1), we get 


i 2 1 sk yk 1 +k yk 
e*¥ = 2kiseven ; 2 y* + 2k isodd G1 y 


es 1 *2ny,2n 5p 1 *2n+1\,2n+1 
= 1 + a 1 
=8 (2n)! y =® (2n+1)! ¥ 


= 1 +2)nNy,2n 1 +2\n + \2n+1 
= 2n-@ ami (B°)" ¥°" + Mee Gar (RO) Ly 


1 i , 
= 2n-@ Tanyi (=) h yes 1 2n-6 ea teary 


= cosy + isiny 
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Exploration 


Thus, it seems the only possible value for e? is e2 = eX (cosy + i siny). Wewill use 
this result freely from now on, and, as stated, supply a rigorous proof in Chapter 5. 


If we set x=0 and let 6 take the role of y in the above equation, we get a famous result known as 
Euler Formula: 


e'© = cos@+isine = (cose, sine). 


If 6 is a real number, e?2 will be located somewhere on the circle with radius 1 centered at 
the origin. This assertion is easy to verify because 


pee | = | cos? 6 + sin?o = 1. 


Figure 1.12 illustrates the location of the points e*° for various values of 0. 


¥ 


ava 


3 
2 


a 
72 


Figure 1.12 The location of e! for various values of @. 


Notice that, when 6 = 7, we get e*” = (cos, sinz) = (-1, @) =-1, so 


ei741=28. 

Euler was the first to discover this relationship; it is referred to as Euler's identity. It has 
been labeled by many mathematicians as the most amazing relation in analysis---and with good 
reason. Symbols with a rich history are miraculously woven together---the constant used by Hip- 
pocrates as early as Hippocrates as early as 400 B.C.; e the base of the natural logarithms; the 


5 


basic concepts of addition (+) and equality (=); the foundational whole numbers 0 and 1; and i, the 


number that is the central focus of this book. 


Euler's formula is of tremendous use in establishing important algebraic and geometric 
properties of complex numbers. You will see shortly that it enables you to multiply complex num- 
bers with great ease. It also allows you to express a polar form of the complex number z in a more 
compact way. Recall that if r = | z| and 6 eargz, then z =r (coso + isine). Using 
Euler's formula we can now write z in its exponential form: 


z=rei?, 
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Example 1.12. In example 1.10 we investigated the polar form of z = - 3 - i, and saw that 
r=2 and o= - 2x. Now we have 
z= - V3 -i = 2ei(-57/6) = 2e% F. 


Explore Solution1.12. 


Together with the rules for exponentiation that we will verify in Chapter 5, the exponential 
form has interesting applications. If z: = rz; e*® and z2 = rz e?™, then 


2122 = "1 et Pa ei82 = Po et (81+62) 


ry Pz (COS (6, +62) +i Sin (6, +62) ) 


Figure 1.13 illustrates the geometric significance of this equation. 


¥ 


6, =81 +63 


x 


-1l 1 2 


Figure 1.13 The product of two complex numbers z, = 21 Zz 


We have already seen that the modulus of the product is the product of the moduli; that is, 

| Z1Z2 | = | Z1 || Z2|. The above identity establishes that an argument of z,z, is an argument 
of z; plus an argument of zz. It also answers the question posed at the end of Section 1.3 regarding 
why the product z; Z2 was in a different quadrant than either z1 or z2. It further offers an interesting 
explanation as to why the product of two negative real numbers is a positive real number. The 
negative numbers, each of which has an angular displacement of 7 radians, combine to produce a 
product that is rotated to a point with an argument of 7 +7 = 2 7 radians, coinciding with the posi- 
tive real axis. 


Using exponential form, if z + @, we can write arg z, a little more compactly as 
argz = {9: z=re?}. 


Doing so enables us to see a nice relationship between the sets arg (zi Z2), arg (Zi), and 
arg (Z2). 


Theorem 1.3. If z; = r; e281 4 @ and z. =r, e'® + @, then as sets, 


arg (Z1Z2) = arg (Z1) + arg (Z2). 
Before proceeding with the proof, we recall two important facts about sets. First, to establish 
the equality of two sets, we must show that each is a subset of the other. Second, the sum of two 
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sets is the sum of all combinations of elements from the first and second sets, respectively. In this 
case, arg (Zi) + arg (Z2) = {61+62: 61 ¢ arg (Z1) and ©) € arg (Z2) }. 

Proof Let 6 € arg (z1 22). Because z1 Z2 = rz rz e* (9+), it follows that 

61+ 62 € arg (Z1 Z2). Hence, there is some integer n such that 6 = 6,+62+2nz7. Further, as 
Z1 = 1 ec? wehave 6, € arg (zi). Likewise, z2 = r2 e*® gives 62 € arg (Z2). Butif 

62 € arg (Z2), then 62+2n7€ arg (z2). This result shows that 

6 = 61+ (62+2n7) € arg (Z1) + arg (z1). Thus, arg (z,;Z2) c arg (z1) + arg (z2). The 
proof that arg (z1) + arg (Z2) c arg (Z12Z2) is left as an exercise. 


Using the exponential form, z = re*°, we see that z+ = += —-_ = + e°'°. In other words, 


r ele 


7-2 = = [Cos ( ©) +i sin (-6) ] 


a e-ie 
r 


Recalling that cos (-6) = cos (6) and sin (-©) = -sin (6), we also have 


Z =r(cos@-isine) = r[cos (-6) + isin (-6)] 
- ret? 
and 
a = 7, [cos (6, - 62) + i sin (6,-6))] 


Pt ei (61-62) 
r2 


If z is in the first quadrant, the positions of the numbers z, Z, and z+ are as shown in Figure 1.14 
when | z| <1. Figure 1.15 depicts the situation when | z | > 1. 


-1 


2. 
| Zz 


Figure 1.14 Relative positions z, Z, and z+, when | z| <1. 
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ai z 


Figure 1.15 Relative positions of z, Z, and z when |z|>l. 


Example 1.13. If z = 1+i, then r= |1+i|-=~V1+1 =-V2 and 
© = Arg (z) =Arg (1+i) = 7 Therefore 


zie lein/4 


V2 
_ 1 v2.0» V2 
fe (trie) 
4 4 
~ 2° 2 
the modulus is | z+ |=. | (+)*+(4)* = a 7 io = > and the argument is 


Arg (2%) == 


Explore Solution 1.13. 


Example 1.14. Given z, =8 i and z2=1+i-~+/3, compute =. using polar computations. 
2 


If z3 =8i and z2=1+i-~/3, then representative polar forms for these numbers are 
Tt . : ar me . . Tu 
71-8 (cos *+isin x and z, =2 (cos 7+isin ae Hence 


= t/eos: (2-2) 4asin(2-2)| 
= 4[cos (2) + isin (2) | 


- 2JV3 +2i 


the modulus is | = | = = = ne and the argument is 
2 rd 
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Arg (2) = 2 = 2-2 = Arg (21) - Arg (22). 
Caveat. The formula Arg (2) = Arg (Z1) —Arg (Z2) does not hold for all complex numbers 
Z; and Z2. Whereas, the formula arg (2) = arg (Zi) —arg (Z2) does hold for all complex 


numbers z; and Zz, and is left for the reader to verify. 


Explore Solution1.14. 
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1.5 The Algebra of Complex Numbers, Revisited 


The real numbers are deficient in the sense that not all algebraic operations on them pro- 
duce real numbers. Thus, for \/-1 to make sense, we must consider the domain of complex 
numbers. Do complex numbers have this same deficiency? That is, if we are to make sense of 
expressions such as \/1+ i , must we appeal to yet another new number system? The answer to 
this question is no. In other words, any reasonable algebraic operation performed on complex 
numbers gives complex numbers. Later we show how to evaluate intriguing expressions such as 
(-1)+*. For now we only look at integral powers and roots of complex numbers. 


The important players in this regard are the exponential and polar forms of a non-zero 
complex number z =re*® =r (cos©6 + i sine). By the laws of exponents (which, you recall, 
we have promised to prove in Chapter 5) we have 


z= (rei?) "=r" ein® = PCOS (ne) + i Sin (ne) ], 
and 


z= (ret?) ™=re i"? ~r "(cos (-ne) + isin (-ne)]. 


Example 1.15. Show that (-/3 - i) > - 8 i in two ways. 


Solution. (Method 1): The binomial formula (Exercise 14 of Section 1.2) gives 


(-V3 -i)°=1 (-V3)*+3 (-V3)* (-i) +3 (-V3) (-i)?+ (-i)3 
= 33 4 914+3V3 +i 


=-81 


(Method 2): Using ildentity stated above and Example 1.12 yields 
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(-V¥ -i)? = (2ett97/9)3 
= (2)3 (et (-5 7/6) ) 3 

= 8 (ei (-15 7/6) ) 

= 8 (Cos [2] + i sin{ *]) 


= -8i 


Explore Solution1.15. 


Which method would you use if you were asked to compute (- J3 - i) _ 


Example 1.16. Evaluate Eas sa, 


Solution. (=3 = i)” = (2 ei (-57/6) ) 32 
230 (et (-5 7/6) ) 38 
= 23@ (ei (-1587/6) ) 


= 278 (Cos|| Se +i Sin[ =| ) 


= 238 (Cos[-25 7] +i Sin[-257]) 


= — 238 


Explore Solution 1.16. 


Extra Example. Evaluate (-/3 - i)* = = in two ways. 


Explore Extra Solution. 


An interesting application of the laws of exponents comes from putting the equation 
(e*®)" = e1 9 jnto its polar form. Doing so gives 


(cos@ +isine)" = cos (ne) +isin (née), 


which is known as De Moivre's Formula, in honor of the French mathematician Abraham de 
Moivre (1667--1754). 


Example 1.17. Use DeMoivre's formula to show that 
cos (50) =cos® (@) -1@ cos? (@) sin? (6) +5 cos[e@] (8) sin* (6). 


Solution. If we let n=5 and use the binomial formula to expand the left side of De Moivre's formula, 


we obtain 
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(cos6+isine)* = 
cos®>@+i5cos46@ sine -10 cos? 6 sin? 6-10 i cos? @sin?6+5cose@sin’ 6+ isin’ oe 


(cosO+isine)*> = 
cos? 6 -10cos?6@sin*6+5cos@sin’o+i (5 cos’ 6 sin@- 10 cos? 6 sin? 6+ sin? e) 


cos (50) +1Sin (560) = 
cos®>@-10cos?6@sin*6+5cos@sin’o+i (5cos+@ sine - 18 cos? 6 sin? 6+sin° 6) 


The real part of right side of this expression is cos> 6 - 10 cos? 6 sin*6+5 cose sin’ 6. Equating 
it to the real part of cos (56) +1sSin (56) establishes the desired result. Furthermore, it can be 
shown that sin (56) = 5cos*@sin@-1@cos?6 sin? 6+ sin’ o. 


Explore Solution 1.17. 


A key aid in determining roots of complex numbers is a corollary to the Fundamental Theo- 
rem of Algebra. We prove this theorem in Chapter 6. Our proofs must be independent of the 
conclusions we derive here because we are going to make use of the corollary now. 


Theorem 1.4 (Fundamental Theorem of Algebra). If P(z) is apolynomial of degree n (n > @) 
with complex coefficients, then the equation P (z) = @ has precisely n (not necessarily distinct) 
solutions. 


Proof. Refer to Chapter 6. 
Example 1.18. Let P (z) = z7+ (2-234) z?+ (-1-4i) z-2. and find its zeros. This polyno- 
mial of degree 3 can be written as P (z) = (z- i)? (z+2). Hence the equation P (z) = @ has 


solutions z; = Z2 = i and z3 = -2. Thus, in accordance with the Fundamental Theorem of Alge- 
bra, we have three solutions, with zi and z2 being repeated roots. 


Explore Solution1.18. 


The corollary implies that if we can find n distinct solutions to the equation z" = c (or 
z" — c = @) , we will have found ai/ the solutions. We begin our search for these solutions by looking 
at the simpler equation z" = 1. Solving this equation will enable us to handle the more general one 
quite easily. 

To solve z" = 1 we first note an important condition that determines when two nonzero 
complex numbers are equal. If we let z1 = r1e?®% and zz = rz e?%, then 


Z1 = Z2 (i.e., 4 ei = 2 @} 2) iff rz =o and 6; = 62+27k, 


where k is an integer. That is, two complex numbers are equal iff their moduli agree and an argu- 
ment of one equals an argument of the other to within an integral multiple of 2 7. 


We now find all solutions to z" = 1 in two stages, with each stage corresponding to one 
direction in the iff part of the above relation. First, we show that if we have a solution to z" = 1, then 
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the solution must have a certain form. Second, we show that any quantity with that form is indeed a 
solution. 


For the first stage, suppose that z = re*® isasolutionto z" = 1. Putting the latter equa- 
tion in exponential form gives r" e+" = 1 e®*, sowe must have r™=1 and no=@+27k. In 
other words, r=1 and © = *“*, where kis an integer. 


2k 
n 


So, if z = r e'® is a solution to z" = 1, thenr =1ando = must be true. This observa- 


tion completes the first stage of our solution strategy. For the second stage, we note that if r = 1, 
and 6 = at, then z = re?® = e?2”/" jg indeed a solution to z" = 1 because 

z0 = (et 27k/n)n _ ei27k _ 4, For example, if n=7 and k=3, then z = e*®”/7 is a solution to 

z’ = 1 because (ce! ®7/7)7 = et 7 = 1. 


Furthermore, it is easy to verify that we get n distinct solutions to z" = 1 (and, therefore, all 
solutions) by setting k = 0,1, 2, ...,n-—1. The solutions for k =n,n+1, ... merely repeat 
those for k = @,1, 2, ...,n-—1, because the arguments so generated agree to within an integral 
multiple of 2 7. As we stated in Section 1.1, the n solutions can be expressed as 


Ze = e©22k"/n = Cos 226 Mi Sin==<. for ke Gye a1, 


They are called the n" roots of unity. 


When k=0 in the above equation, we get Zo = e? 2*8*7/" = 1, which is a rather trivial result. The 
first interesting root of unity occurs when k=1, giving z1 = e*2”/". This particular value shows up 
so often that mathematicians have given it a special symbol. 


Definition 1.9 (Primitive nth Root of Unity). For any natural number n, the value w, given by 


27 


Wn = €127/0 = cos - 2m 


+i sin 
n 


is called the primitive n" root of unity. 


By De Moivre's formula, the n'” roots of unity can be expressed as 
1, Was Wes Wey eee y WO 


Geometrically, the n" roots of unity are equally spaced points that lie on the unit circle 
C; (@) = {Z: | z| =1} and form the vertices of a regular polygon with n sides. 


Example 1.19. The solutions to the equation z® = 1 are given by the eight values 


» 2k 
Z = © #8 = COS az +a sin ank 


= fof k=@, 1, 2, Seog. 7s 


z ~ ES ee ~ 2 The primitive 8"" root of 


In Cartesian form, these solutions are +1, +i, + 


unity is 


Wn = @ 8 =e 4 = cos7+isin? = 


V2 +i V2 
a 


Figure 1.18 illustrates this result. 
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Figure 1.18 The eight eighth roots of unity. 


Explore Solution1.19. 


The procedure for solving z" = 1 is easy to generalize in solving z" = c for any nonzero 
complex number c. If c=pe'® =o (cos¢+isind) and z=re?®, then z"=c iff 
rei ® — 9 e1 ®, But this last equation is satisfied iff 


r" = p, and no = ¢+ 2kz7, where k is an integer. 


As before, we get n distinct solutions given by 


Each of the above solutions can be considered an n" root of c. Geometrically, the n" roots 


1 
of c are equally spaced points that lie on the circle C : = {z ro Zs pr} and form the vertices 
p. 


of a regular polygon with n sides. Figure 1.19 illustrates the case for n=5. 
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23 7A 


Figure 1.19 The five solutions to the equation z° = c. 


It is interesting to note that if ¢ is any particular solution to the equation z" = c, then all 


solutions can be generated by multiplying by the various n" roots of unity. That is, the solution set 
is 


feud Hoa = (ox 0 Uns Oe cere SO), 


The reason for this is that if €" = c, then forany j = @, 1, ---, n-1 wehave 


and that multiplying a number by wy = e = increases an argument of that number by an so that 


{€ we }F2@ contain n distinct values. 


Example 1.20. Find all the cube roots of 8 i = 8 (cos + +isin * , Le. find all solutions to the 
equation z? = 8 i. 


4 5 n 
Solution. Z, = 83 ei, 


for k =@,1,2, ...,n-1. The Cartesian forms of the solutions (shown in Figure 1.20) are 


Zg=V3 +14, Zi = V3 +i, and Z2 = -2 i. 
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Figure 1.20 The point z = 81 andits three cube roots zg, Z1, and Zp. 


Explore Solution 1.20. 


Is the quadratic formula valid in the complex domain? The answer is yes, but we will delay 
it's presentation until Section 2.2 
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1.6 The Topology of Complex Numbers 


In this section we investigate some basic ideas concerning sets of points in the plane. The 
first concept is that of a curve. Intuitively, we think of a curve as a piece of string placed on a flat 
surface in some type of meandering pattern. More formally, we define a curve to be the range of a 
continuous complex-valued function z (t) defined on the interval [a, b]. Thatis, a curve C is the 
range of a function given by z (t) = (x (t), y (t)) =x (t) +aiy (t), for a<t <b, where both 
x (t) and y (t) are continuous real-valued functions. If both x (t) and y (t) are differentiable, 
we say that the curve is smooth. A curve for which x (t) and y (t) are differentiable except for a 
finite number of points is called piecewise smooth. 


Definition (Curve). 
We specify a curve C as 
C: z(t) =x (t)+iy (t) for a<t<b, 


and say that z (t) is a parametrization for the curve c. Notice that with this parametrization, we are 
specifying a direction of the curve C, and we say that Cc is a curve that goes from the initial point 

Zz (a) = (X (a), y (a)) =X (a) + iy (a) tothe terminal point 

z (b) = (x (b), y (b)) =x (b) +i y (b). If we had another function whose range was the same 
set of points as z(t) but whose initial and final points were reversed, we would indicate the curve this 
function defines by -c. 


Example 1.21. Find parametrizations for c and -c, where C is the straight line segment beginning 
at Za = Xg+i Ye and ending at 21 =X1+1 Y1- 


Solution. Refer to Figure 1.21. The vector form of a line shows that the direction of C is z1 —- Ze. As 
Zg is a point on C, its vector equation is 
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(1 — 48) C: z(t) = Zg@ + (Z1-Zg) t for O<t<1, or 


C: z(t) = (X9+ (X1-Xg) t) + 2 (Yo+ (Yr -Yo) t) for @<t<1. 


Clearly one parametrization for -C is 

-C: y (t) = Z1 + (Ze-2Z1) t for O<t< 1, or 
Remark. Note that y (t) = z (1-t), which illustrates a general principle: If c is a curve 
parametrized by z (t) for @< t <1, then one parametrization for -C willbe y (t) = z (1-t), 


for @<t <1. 


Explore Solution 1.21. 


x 


Figure 1.21 The straight-line segment C joining Ze to 21. 


Extra Example 1. Find the equation of the line segment with the initial point zg = -3 +2 i andthe 
terminal point zz = 1+ i. 


Explore Extra Solution 1. 


A curve C having the property that z (a) = z (b) is said to be a closed curve. The line 
segment (1-48) is not a closed curve. The range of z (t) = x (t) + iy (t), where 
x (t) =sin2tcost, and y (t) =sin2tsint for @<t< 27 is aclosed curve because 
z (@) = (@,0) =z (27). The range of z (t) is the four-leaved rose shown in Figure 1.22. Note 
that, as t goes from @ to 4 the point is on leaf 1; from > to 7 to , itis onleaf 2; between 


7t and > it is on leaf 3; and finally, for t between > and 2 7, it is on leaf 4. 


Figure 1.22 The curve x (t) = sin2tcost, and y (t) = sin2tsint for 
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@ < t < 27, which forms a four-leaved rose. 


Note further, in Figure 1.22, that at the point (8, @) , the curve has crossed over itself (at 
points other than those corresponding with +t = @ andt = 2 7); we want to be able to distinguish 
when a curve does not cross over itself in this way. The curve C is called simple if it does not cross 
over itself, except possibly at its initial and terminal points. In other words, the curve C: z (t), for 
a<t <b, is simple provided that z (t1) # z (t2) whenever t,; + t2, except possibly when 
t, = a and t2 = b. 

Extra Example 2. The curve x (t) = sin2tcost, and y (t) =sin2tsint for @<t<27. 
Remark. The curve looks like a "four leafed rose". 


Explore Extra Solution 2. 


Example 1.22. Show that the circle Cc with center zg = x9 + 1 ye and radius R can be parameterized 
to form a simple closed curve. 


Solution. Note that the required parametrization is 


C: z(t) = 2 +Reit 


io) 
N 

ct 
Il 


Xg+i Yo +Reit 
C: z(t) = (Xg+Rcost) + 1 (yg+ Rsint), 


fo @sts27. 


Figure 1.23 shows that, as t varies from @ to 2 7, the circle is traversed counterclockwise. If 
you were traveling around the circle in this manner, its interior would be on your left. When a simple 
closed curve is parametrized in this fashion, we say that the curve has a positive orientation. We 
will have more to say about this idea shortly. 


Explore Solution1.22. 


¥ m 
(>) 


s(t) 


= (7) =(0) = (2m) 


x 


Figure 1.23 The simple closed curve z (t) = zg + Ret, for @<t<2n. 


We need to develop some vocabulary that will help describe sets of points in the plane. One 
fundamental idea is that of an < neighborhood of the point zg. It is the open disk of radius <« > @ 
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about zg shown in Figure 1.24. Formally, it is the set of all points satisfying the inequality 
D- (Za) = {Z: | Z-Zg| < €} andis denoted D- (Ze). Thatis, 


(1-49) De (Zo) = {Z: |Z-Zg| < é€}. 


x 


Figure 1.24 An & neighborhood of the point Zo. 


Example 1.23. The solution sets of the inequalities ,|z | <1, |z-i| <2, and 
| Z+1+2i | <3 are neighborhoods of the points @, i, and -1-2i, withradii 1, 2, and3, 
respectively. They can also be expressed as D, (0), D2 (1), and D3 (-1-2i). 


We also define D- (Ze), the closed disk of radius <« centered at zg, and D* (zg), the 
punctured disk of radius ¢ centered at zgas 


(1-50) De (Ze) = {Z: |Z-2Ze| < €}, and 


(1-51) Di (Za) = {Z: @<|zZ-Zg]| < é}. 


Definitions (Interior Point, Exterior Point, Boundary Point). 


The point Zg is said to be an interior point of the set S provided that there exists an € neigh- 
borhood of zg that contains only points of S; Zg is called an exterior point of the set Ss if there exists 
an € neighborhood of zg that contains no points of S. If zg is neither an interior point nor an exterior 
point of Ss, then it is called a boundary point of S and has the property that each < neighborhood of 
Ze contains both points in S and points not in S. Figure 1.25 illustrates this situation. 

¥ 


Exterior 


Boundary vw 


Figure 1.25 The interior, exterior, and boundary of a set S. 


The boundary of Dr (Ze) is the circle depicted in Figure 1.23. We denote this circle 
Cr (Ze) and refer to it as the circle of radius R centered at z». Thus 


(1-52) Cr (Ze) = {Z: |Z-Ze@| =R}. 


We use the notation Cz (ze) to indicate that the parametrization we chose for this simple 
closed curve resulted in a positive orientation; Cz (ze) denotes the same circle, but with a negative 
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orientation. (In both cases, counterclockwise denotes the positive direction.) Using notation that we 
have already introduced, we get Cz (Ze) = - CR (Ze). 


¥ ¥ 


x x 


Figure 1.C The positively oriented curve Ci (Ze) and its opposite 
Cr (Ze) = - CR (Ze). 
Example 1.24. Let S = {z: | z | <1}. (a) Find the interior of S. (b) Find the exterior of S. (c) 
Find boundary of S. 


Solution. We show that every point of S is an interior point of S. Let zg be a point of S. Then 


| Zo | < 1, andwecanchoose e« = 1- | Zg| > 9. Weclaimthat D. (ze) cS. If ze De (Ze), 
then 


|Z| = |Z-Zet+Ze| < | Z-Ze|+ | Ze| 


< €+|Z@|= 1- | Za] + | Zo | = 41 


Hence the € neighborhood of Zg is contained in S, which shows that Zg is an interior point of s. 
It follows that the interior of s is the set S itself. 

Similarly, it can be shown that the exterior of S is the set {z: | z | >1}. The boundary of 
S is the unit circle C; (@) = {z: | z | =1}. This condition is true because if zg = e*° is any 
point on the circle, then any e-neighborhood of Zg will contain the point a - | e* 8, which 


belongs to Ss, and (i + =| e1%, which does not belong to S. We leave the details as an exercise. 


Explore Solution 1.24 (a). Find the interior of S. 
Explore Solution 1.24 (b). Find the exterior of S. 
Explore Solution 1.24 (c). Find the boundary of S. 


The point Zg is called an accumulation point of the set Ss if, for each ¢, the punctured disk 
Dz (Ze) contains at least one point of S. We ask you to show in the exercises that the set of accumu- 
lation points of D; (@) is D, (@), and that there is only one accumulation point of 
S- {= :n=1,2, am namely, the point 0. 
We also ask you to prove that a set is closed if and only if it contains all of its accumulation points. 


A set S is called an open set if every point of S is an interior point of S. Thus, Example 1.25 
shows that D; (@) is open. AsetS s called a closed set if it contains all its boundary points. A set s 
is said to be a connected set if every pair of points z1 and z2 contained in S can be joined by a curve 
that lies entirely in S. Roughly speaking, a connected set consists of a "single piece." The unit disk 
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D; (@) = {z: | z || <1} isaconnected open set. We ask you to verify in the exercises that, if 
Z, and Z2 lie in Dy (@), then the straight-line segment joining them lies entirely inD, (@). The annu- 
lus A= {z: 1<|2zJ| <2} is aconnected open set because any two points in A can be joined by 
a curve C that lies entirely in A, as shown in Figure 1.26. The set 

B={z: |z+2| <1 or | z-2| <1} consists of two disjoint disks. We leave it as an exercise 
for you to show that the set is not connected, as shown in Figure 1.27. 


Figure 1.27 Theset B= {z: |z+2 | <1 or | z-2]| <1} isnotaconnected 
set. 


We call a connected open set a domain. In the exercises we ask you to show that the open 
unit disk D, (@) = {z: | z|| <1} is adomain and that the closed unit disk 
Di (®) = {z: | z|| <1} isnotadomain. The term domain is a noun and is a type of set. In 
Chapter 2 we note that it also refers to the set of points on which a function is defined. In the latter 
context, it does not necessarily mean a connected open set. 
Example 1.25. Show that the right half-plane H = {z: Re (z) >} is adomain. 
Solution. First we show that H is connected. Let zg and z; be any two points in H. We claim the 
obvious, that the straight-line segment C: z (t) = Ze + (Z1-2Ze) t, for @<t <1, lies entirely 
within H. To prove this claim, we let z (t*) = Zg + (Z1-Z9) t*, forsome t* « [@, 1], bean 
arbitrary point on C. We must show that Re[z (t*)] > @. Now, 
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(1 — 53) Re[z (t*)] = Re[Zg + (Z1-Zg) t*] 


Re[ (1-t*) Zg + t* 21] 
= Re[ (1-t*) Zag] + Re[t* 21] 


= (1-t*) Re[zg] + t*Re[z,] 


If t = @, the last expression becomes Re [Ze], which is greater than zero because Zg < H. Likewise, 
if t = 1, then Equation (1-53) becomes Re [zi], which also is positive. Finally, if @ < t <1, then 
each term in Equation (1-53) is positive, so in this case we also have Re[z (t*)] > 2. 

To show that H is open, we suppose without loss of generality that Re[z@] < Re[zi]. We 
claim that D- (Zg) cH, where € = Re[Zg]. We leave the proof of this claim as an exercise. 


A domain, together with some, none, or all its boundary points, is called a region. For 
example, the horizontal strip {z: 1< Im (z)} is aregion. A set formed by taking the union of a 
domain and its boundary is called a closed region; thus {z: 1 < Im (z) <2} isaclosed region. A 
set S is said to be a bounded set if it can be completely contained in some closed disk, that is, if 
there exists an R > @ such that for each z inS we have | z| < R. The rectangle given by 
{Z: |X| <4 and | y| < 3} is bounded because it is contained inside the disk 
D; (®) = {z: |z| < 5}. Asetthat cannot be enclosed by any closed disk is called an 
unbounded set. 

We mentioned earlier that a simple closed curve is positively oriented if its interior is on the 
left when the curve is traversed. How do we know, though, that any given simple closed curve will 
have an interior and exterior? Theorem 1.6 guarantees that this is indeed the case. It is due in part 
to the work of the French mathematician Marie Ennemond Camille Jordan (1838--1922). 


Theorem 1.5 (Jordan Curve Theorem). The compliment of any simple closed curve C can be 


partitioned into two mutually exclusive domains I and & in such a way that I is bounded, EF is 
unbounded, and Cc is the boundary for both I and E. In addition I\JEUC is the entire complex 
plane. The domain T is called the interior of Cc, and the domain E is called the exterior of Cc. 


The Jordan curve theorem is a classic example of a result in mathematics that seems 
obvious but is very hard to demonstrate, and its proof is beyond the scope of this book. Jordan's 
original argument, in fact, was inadequate, and not until 1905 was a correct version finally given by 
the American topologist Oswald Veblen (1880-1960). The difficulty lies in describing the interior and 
exterior of a simple closed curve analytically, and in showing that they are connected sets. For 
example, in which domain (interior or exterior) do the two points depicted in Figure 1.28 lie? If they 
are in the same domain, how, specifically, can they be connected with a curve? If you appreciated 
the subtleties involved in showing that the right half-plane of Example 1.26 is connected, you can 
begin to appreciate the obstacles that Veblen had to navigate. 
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Figure 1.28 Are the points z, (blue), and Zp (red) in the interior or exterior of this 
simple closed curve? 


Exploration 


Although an introductory treatment of complex analysis can be given without using this 
theorem, we think it is important for the well-informed student at least to be aware of it. 
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Chapter 2 Complex Functions 
Overview 


The last chapter developed a basic theory of complex numbers. For the next few chapters 
we turn our attention to functions of complex numbers. They are defined in a similar way to func- 
tions of real numbers that you studied in calculus; the only difference is that they operate on com- 
plex numbers rather than real numbers. This chapter focuses primarily on very basic functions, their 
representations, and properties associated with functions such as limits and continuity. You will 
learn some interesting applications as well as some exciting new ideas. 


2.1 Functions and Linear Mappings 


A complex-valued function f of the complex variable z is a rule that assigns to each complex 
number z in a set D one and only one complex number w. We write w = f (z) and call w the image 
of z under £. A simple example of a complex-valued function is given by the formula 
w = f (z) = z*. The set Dis called the domain of £, and the set of all images {w= f (z) :z<€D} 
is called the range of £. When the context is obvious, we omit the phrase complex-valued, and 
simply refer to a function f£, or to a complex function f. 


We can define the domain to be any set that makes sense for a given rule, so for 
w = f (z) = z*, we could have the entire complex plane for the domain D, or we might artificially 
restrict the domain to some set such as D = Dj (@) = {z: | Z| <1}. Determining the range for a 
function defined by a formula is not always easy, but we will see plenty of examples later on. In 
some contexts functions are referred to as mappings or transformations. 


In Section 1.6, we used the term domain to indicate a connected open set. When speaking 
about the domain of a function, however, we mean only the set of points on which the function is 
defined. This distinction is worth noting, and context will make clear the use intended. 


Just as z can be expressed by its real and imaginary parts, z = x+iy, we write 
f (Z) = w = v+i-v, where u and v are the real and imaginary parts of w, respectively. Doing so 
gives us the representation 
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w=f (Zz) =f (X, y) =f (X+i1y) =U+iv. 


Because u and v depend on x and y, they can be considered to be real-valued functions of the real 


variables x and y; that is, 
u=u (xX, y) and v=v (x,y). 

Combining these ideas, we often write a complex function f£ in the form 
f(z) =f (x+iy) =U (X, y) +1V (xX, y). 


Figure 2.1 illustrates the notion of a function (mapping) using these symbols. 


yy - 


Domain 
D Range 


Figure 2.1 The mapping w= f (z) =u (x, y) +iv (xX, y). 


There are two methods for defining a complex function in Mathematica. 


Exploration. 
We now give several examples that illustrate how to express a complex function. 


Example 2.1. Write f (z) = z* inthe for f (z) =u (x, y) +iv (x,y). 
Solution. Using the binomial formula, we obtain 
f(z) = f (x+iy) = (x+iy)* 
= x4+4 x3 (iy) +6x? (iy)?74+4 x (iy)?+ (iy)4 
= x*+4i x3 y-6x*y2-4i xy?+y4 
= x4_6x2y2+y4 +4 a (4x3 y-4xy3) 
= U(X, Y) + iv (xX, y) 


so that u (x, y) = x*-6x? y*+y* and v (x, y) = 4x? y-4xy?. 
y y y 
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Explore Solution 2.1. 


Example 2.2. Express the function f (z) = Z Re[z] +z2+Im[z] inthe form 
F(Z) =U (X, y) +iv (x, y). 


Solution. Using the elementary properties of complex numbers, it follows that 


f(z) = (K-iy) x+ (x+aiy)*+y = (2x?-y?+y) +a (xy) 
so that u (x, y) = 2x*-y*+y and v (x, y) =Xy. 


Explore Solution 2.2. 


Examples 2.1 and 2.2 show how to find u(x, y) and v(x, y) when arule for computing f is 
given. Conversely, ifu(x,y) and v (x,y) are two real-valued functions of the real 
variables x and y, they determine a complex-valued function f (z) =u (x, y) +iv (x, y), and 
we can use the formulas 


ZZ 


Z+Z - 
2i 


x= 254 and y = 


to find a formula for f involving the variables z and Z. 


Example 2.3. Express f (z) = 4x? + i 4y? bya formula involving the variables z and Zz. 


Solution. Calculation reveals that 


f(z) = 4 (247 )\* 4414 (27)? 


Explore Solution 2.3. 


Using z = re?® inthe expression of a complex function f may be convenient. It gives us 
the polar representation 


f(z) 2 f (re*®) = U (Fr, 6) + 2V (ry 6), 
where U and V are real functions of the real variables r and 9. 
Remark. For a given function f, the functions u and v defined above are different from those used 


previously in f (z) =f (x+iy) =u (x, y) + iv (x, y) which used Cartesian coordinates 
instead of polar coordinates. 


Example 2.4. Express f (z) = z? in both Cartesian and polar form. 
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Solution. For the Cartesian form, a simple calculation gives 


so that u (x, y) = x*-y? and v (x, y) =2xy. 
For the polar form, we get v 


fiz) = 4 (pe?) = (pe?)* ere? 


r? (cos26+iS5in26) 


= r*cos20+ irtsin206 


= U(r, 6) + iV (r, 0) 
so that U (r, 6) = r*cos26 and V(r, 6) = r*sin2e. 


Explore Solution 2.4. 


Remark. Once we have defined u and v for a function £ in Cartesian form, we must use different 
symbols if we want to express f in polar form. As is clear here, the functions u and U are quite 
different, as are v and v. Of course, if we are working only in one context, we can use any symbols 
we choose. 


For a given function f, the functions u and v defined here are different from those defined by equa- 


tion (2-1), because equation (2-1) involves Cartesian coordinates and equation (2-2) involves polar 
coordinates. 


Example 2.5. Express f (z) = z°>+42z?-6 in polar form. 
Solution. We obtain 
f(z) = f (rei?) = (ret®)?+4 (ret?)*-6 
= r> eidSe + 4r2 ei29 -~6 
= rcos56+4r*cos26-6:+i (r°>sin56+4r*sin26) 
= U(r, 6) + 1V(r, @) 


so that U (r, 6) = r?cos506+4r2cos26-6 and V(r, 6) =r? sind5o+4r*sin20. 
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Explore Solution 2.5. 


We now look at the geometric interpretation of a complex function. If D is the domain of real- 
valued functions u(x, y) and v (x, y) , the equations 


u=u (xX, y) and v=v (x, y) 


describe a transformation (or mapping) from D in the xy plane into the uv plane, also called the w 
plane. Therefore, we can also consider the function 


w= f (Zz) =u (xX, y) +iv (x, y) 


to be a transformation (or mapping) from the set D in the z plane onto the range R in the w plane. 
This idea was illustrated in Figure 2.1. In the following paragraphs we present some additional key 
ideas. They are staples for any kind of function, and you should memorize all the terms in bold. 


If A is a subset of the domain D of £, the set B = {w = f (z) :z <A} is called the image of 
the set A, and f is said to map A onto B. The image of a single point is a single point, and the image 


of the entire domain, D, is the range, R. The mapping w = f (z) is said to be from A into S if the 
image of A is contained in S. Mathematicians use the notation f : A S to indicate that a function 
maps A into S. Figure 2.2 illustrates a function f whose domain is D and whose range is R. The 
shaded areas depict that the function maps A onto B. The function also maps A into R, and, of 
course, it maps D onto R. 


¥ wv 


Domain 
Range 


a4 


Figure 2.2 w = f (z) maps Aonto B; w= Ff (z) maps Ainto R. 


u 


The inverse image of a point w is the set of all points z in D such that w = f (z). The inverse 
image of a point may be one point, several points, or nothing at all. If the last case occurs then the 
point w is not in the range of f. For example, if w = f (z) = i z, the inverse image of the point -1 
is the single point 1, because w = f (1) = i (i) = -1, and 12 is the only point that maps to -1. In 
the case of w = f (z) = z2, the inverse image of the point —-1 is the set {i, -i}. You will learn in 
Chapter 5 that, if w = f (z) = e2, the inverse image of the point 0 is the empty set---there is no 


complex number z such that e7 = @. 
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The inverse image of a set of points, S, is the collection of all points in the domain that map into 
S. If f maps D onto R it is possible for the inverse image of R to be function as well, but the original 
function must have a special property: a function f is said to be one-to-one if it maps distinct points 
Z1 # Z2 onto distinct points f (zi) # f (z2). Many times an easy way to prove that a function f is 
one-to-one is to suppose f (Z1) =f (zz), and from this assumption deduce that z; must equal Z. 
Thus, f (z) = iz is one-to-one because if f (z1) = f (Z2), then i z1 = i Z2. Dividing both sides 
of the last equation by i gives z, = z2. Figure 2.3 illustrates the idea of a one-to-one function: 
distinct points get mapped to distinct points. 


Figure 2.3 Afunction w = £(z) thatis one-to-one. 


The function f (z) = z? is not one-to-one because - i # i, but f (i) = f (-i) = -1. Figure 
2.4 depicts this situation: at least two different points get mapped to the same point. 
¥ 


Figure 2.4 A function that is not one-to-one. 


In the exercises we ask you to demonstrate that one-to-one functions give rise to inverses 
that are functions. Loosely speaking, if w = f (z) maps the set A one-to-one and onto the set B, 


then for each w in B there exists exactly one point z in A A such that w = f (z). For any such value 
of z we can take the equation w = f (z) and "solve" for z as a function of w. Doing so produces an 
inverse function z = g (w) where the following equations hold: 


g (f (z)) =z forall zeA, and 


w forall z<¢B 


+ 

oa 

= 
I 


Conversely, if w = f (z) and z = g (w) are functions that map A into B and B into A, respec- 
tively, and the above hold, then f maps the set A one-to-one and onto the set B. 


Further, if f is a one-to-one mapping from D onto T and if A is a subset of D, then f is a one-to- 
one mapping from A onto its image B. We can also show that, if € = f (z) is a one-to-one map- 
ping from A onto B and w = g (2) is a one-to-one mapping from B onto S, then the composite 


mapping w = g (f (z)) is aone-to-one mapping from A onto S. 


We usually indicate the inverse of f by the symbol f-+. If the domains of f and f-+ are A 
and B respectively, then we write 


f-1 (f (z)) = z forall z € A, and 
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f (f-1 (w)) = w forall w ¢ B. 
Also, for zg <« A and we « B. 
We = F (Ze) iff f-1 (We) = Ze, and 


Zg = f-1 (We) iff f (Ze) = We. 


Example 2.6. If w= (z) = iz for any complex number z, find £-1 (w). 


Solution. We can easily show f is one-to-one and onto the entire complex plane. We solve for z, 
given w= f (z) =i, toget z = “ = -iw. This result implies that f-+ (w) = - iw for all complex 
numbers w. 


Remark. Once we have specified f-1 (w) = - iw for all complex numbers w, we note that there is 
nothing magical about the symbol w. We could just as easily write f-1 (z) = -i z for all complex 
numbers z. 


Explore Solution 2.6. 


We now show how to find the image B of a specified set A under a given mapping 
u+iv=wef (z). The set Ais usually described with an equation or inequality involving x and y. 
Using inverse functions, we can construct a chain of equivalent statements leading to a description 
of the set B in terms of an equation or an inequality involving u and v. 


Example 2.7. Show that the function f[z] = iz maps the line y = x+1 inthe xy plane onto the 
line v = - u-1 inthe w plane. 


Solution. Method 1: With A= { (x, y) : y= x+1}, we wantto describe B = f (A). We let 
zZ=xX+i1y € A andget 


u+iv=we=f(z)eB 
= ftw) =z=x+iyeaA 
iweA 


v-1ueA 


—d 
c——d 
= (v, -uyEeA 
=] u= vil 
——4 


v= -u-1 


where <= is the notation for "if and only if.". Note what this result says: 


U+iv=we B v = -u-1. The image of A under f, therefore, is the set 
B={(u,v): v=-u-1}. 


Method 2: We write u+iv=w=f (z) = i (Xx+iy) =- y+ix and note that the transformation 
can be given by the equations u = -y and v = x. Because A is described by 

Az={x+iy: y=x+1}, wecan substitute u = -y and v = x into the equation y = x +1 to obtain 
-u=v+1, which we can rewrite as v = -u-1. If you use this method, be sure to pay careful 
attention to domains and ranges. 
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Explore Solution 2.7. 


We now look at some elementary mappings. If we let B = a+ ib denote a fixed complex 
constant, the transformation 


w=T (Z) =zZ+B=X+a+i (y+b) 


is a one-to-one mapping of the z-plane onto the w-plane and is called a translation. This transforma- 
tion can be visualized as a rigid translation whereby the point z is displaced through the vector 
B=a+ ib toits new position w = T (z). The inverse mapping is given by 


z=T?1 (w) =w-B=u-a+i (v-b) 
and shows that T is a one-to-one mapping from the z-plane onto the w-plane. The effect of a 


translation is depicted in Figure 2.5. 


¥ v 


W=X+ a+L(¥+b) 


W=Z2+B 


x 


Figure 2.5 The translation w= T(z) =z+B=x+a+i (y+b). 


If we let a be a fixed real number, then for z = r e?°, the transformation 


w=R (z) =ze™=re? ef% = pr ef (942) 


is a one-to-one mapping of the z-plane onto the w-plane and is called a rotation. It can be visual- 
ized as a rigid rotation whereby the point z is rotated about the origin through an angle a _ to its 
new position w = R (z). If we use polar coordinates and designate w = o e*® in the w-plane, then 
the inverse mapping is 


z=R1 (w) =we?* = p ef? e 14 = p ef (9-2) 


This analysis shows that R_ is a one-to-one mapping from the z-plane onto the w-plane. The effect 
of rotation is depicted in Figure 2.6. 
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Figure 2.6 The rotation w= R (z) = rei (®, 


Example 2.8. The ellipse centered at the origin with a horizontal major axis of 4 units and vertical 
minor axis of 2 units can be represented by the parametric equation 


s(t) = 2cost+isint = (2cost, sint), for@<t<2n7. 


Suppose we wanted to rotate the ellipse by an angle of = radians and shift the center of the ellipse 


2 units to the right and 1 unit up. Using complex arithmetic, we can easily generate a parametric 
equation r (t) that does so: 


r[t] =s[t] et 7/6+ (24+i) 


a 


= (2cost+isint) (cos - 


eer ; 
+isin =) + (2+i) 
= 2cost cos = -sintsin =} +i (2costsin 7+ sint cos Z) + (2+i) 


= (4/3 cost —tsint +2) +a (cost Pee sint +1 
2 2 


= {V3 cost ->sint +2, cost —— Sint +1 


for @ <t < 27. Figure 2.7 shows parametric plots of these ellipses. 


Figure 2.7 (a) Plot of the original ellipse (b) Plot of the rotated ellipse 
s (t) =2cost+isint r(t) =s (t) et 764 (242) 
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Explore Solution 2.8. 


If we let K > @ bea fixed positive real number, then the transformation 
w=S(zZ) =Kz=Kx+iky 
is a one-to-one mapping of the z-plane onto the w-plane and is called a magnification. If K > 1, it 


has the effect of stretching the distance between points by the factor K. If K <1, then it reduces 
the distance between points by the factor K. The inverse transformation is given by 


z = S11 (w) W u+i=Vv 


and shows that S is a one-to-one mapping from the z-plane onto the w-plane. The effect of magnifi- 
cation is shown in Figure 2.8. 


Figure 2.8 The magnification w = S (z) = Kz = Kx+ikKy. 


Finally, if we let A = K e?* and B = a+ib, where K > @ is a positive real number, then the 
transformation 


w=L(z) = Az+B 


is a one-to-one mapping of the z-plane onto the w-plane and is called a linear transformation. It can 
be considered as the composition of a rotation, a magnification, and a translation. It has the effect 
of rotating the plane though an angle given by a = Arg A, followed by a magnification by the factor 
K = | A |, followed by a translation by the vector B = a+ ib. The inverse mapping is given by 

B 


z=L1(w) = = Ww 23 and shows that L is a one-to-one mapping from the z-plane onto the w-plane. 


Example 2.9. Show that the linear transformation w = f (z) = i z+ i maps the right half plane 
Re (z) >1 onto the upper half plane Im (w) > 2. 


Solution. Method 1: Let A = { (x, y) : x =1}. Todescribe B = f (A), wesolve w= 12+1i for 
wi = -iw-1 = £1 (w). We have the following 


ztoget z = 


u+iv = w =f (z) €B 
= ft(w) =ZeEA 
= -iw-1eA 
v-l1-aiueA 
(v-1, -u) A 
= v-121 


= v2 


Thus B= {w=u+iv: v= 2}, whichis the same as saying Im (w) > 2. 


Method 2: When we write w = f (z) in Cartesian form as 


W = U+iv = i (X+1y)+i = -y+i (X+1), 
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we see that the transformation can be given by the equations u = -y and v = x +1. Substituting 

x = v-1 inthe inequality Re (z) =x =>1 gives v-121, or v= 2, whichis the upper half-plane 
Im (w) > 2. 

Method 3: The effect of the transformation w = f (z) is a rotation of the plane through the angle 

a = a (when z is multiplied by i) followed by a translation by the vector B = i. The first operation 


yields the set Im (w) = 1. The second shifts this set up 1 unit, resulting in the set Im (w) > 2. We 
illustrate this result in Figure 2.9. 


¥ v 
4 


3 


at 5 123 4 5 6 


Figure 2.9 The linear transformation w = f (z) = iz+i. 


Explore Solution 2.9. 


Translations and rotations preserve angles. First, magnifications rescale distance by a 
factor K, so it follows that triangles are mapped onto similar triangles, preserving angles. Then, 
because a linear transformation can be considered to be a composition of a rotation, a magnifica- 
tion, and a translation, it follows that linear transformations preserve angles. Consequently, any 
geometric object is mapped onto an object that is similar to the original object; hence linear transfor- 
mations can be called similarity mappings. 


Note. The usage of the phrase "linear transformation" in a "complex analysis course" is different 
than that the usage in "linear algebra courses". 


Example 2.10. Show that the image of the open disk D, (-1-i) = {z: |z+1+1i1] < 1} under 
the linear transformation w = f (z) = (3-41) z + 6+24 is the open disk 
Dc (-1+31) = {w: |w+1-31]| < 5}. 


w-6-2 1 


Solution. The inverse transformation is z = aa 


, so if we designate the range of f as B, then 


w= f(z) eBe ft (w) = ze D; (-1-1) 
w-6-2i 


yaq oe oe) 

w-6-2i : 

| 3-44 h1+i| <1 

w-6-2i1 : : : 
|*sqr Ped | aaa) 22 |3~42 | 


[Wo6—-214(144a) (3 -44):| <5 
= |w+l-3i| <5 


Hence the disk with center -1-i and radius 1 is mapped one-to-one and onto the disk with center 
-1+31i and radius 5 as shown in Figure 2.10. 
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Figure 2.10 The mapping w = f (z) = (3-4i) z+ 6+2i. 


Explore Solution 2.10. 


Example 2.11. Show that the image of the right half plane Re (z) = x > 1 under the linear transfor- 
mation w= (-1+i) z - 2+3 i isthe half plane v > u+7. 


Solution. The inverse transformation is given by 


z= W+2-3i — U+2+i (V-3) 
7 -1+i - -1+1 
which we write as 
. _—  -u+V-5 » -Uu-V+1 
x+iy a 
Substituting x = -““° into e Re (z) = x>1 gives ““* > 1, which simplifies v > u + 7. 


Figure 2.11 illustrates the mapping. 


Explore Solution 2.11. 


Figure 2.11 The the linear transformation w= (-1+i) z - 2+31. 
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2.2 The Mappings w = z" and w = z?/" 


In this section we turn our attention to power functions. For z = r e*°, we can express the 
function w = f (z) = z* in polar coordinates by 


w= f (z) =z? =r? e%9, 


If we also use polar coordinates for w = o e?® in the w -plane, we can express this mapping by the 
system of equations 


o=r* and ¢=26. 


Because an argument of the product (z) (z) is twice an argument of z, we say that f (z) 
doubles angles at the origin. Points that lie on the ray r > @, 6 = a are mapped onto points that lie 
onthe ray 0 >@,¢ = 2a. If we now restrict the domain of w = f (z) = z? to the region 

A= ee 2 r>@and = < O< “I, 
then the image of A under the mapping w = z? can be described by the set 


B= {pe?*: po >@and -7< <7}, 


which consists of all points in the w-plane except the point w=0. 


The inverse mapping of f, which we shall denote by g (z), is then 


Z g (w) w!/2 pi/2 ei9/2) 


where we B. Thatis 
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z=g(w) =w/2= | wy? e@iArg (w) /2, 


where w # @. The function g is so important that we call special attention to it with a formal 
definition. 


Definition 2.1 (Principal Square Root Function). The function 


z=g (Ww) =w/2= |wj2/2eiAre(w)/2, for w#@. 


is called the principal square root function. 


It is left as an exercise to show that f and g satisfy equations g (f (z)) =z and 
f (g (w)) =w, and thus are inverses of each other that map the set A one-to-one and onto the set 
B and the set B one-to-one and onto the set A, respectively. Figure 2.12. illustrates this relation- 
ship. 


bi u 


Figure 2.12 The mapping w= f (z) =z? (and z = g (w) =w?/?). 


What are the images of rectangles under the mapping w = z*? To find out, we make use of 
the Cartesian form 


w=U+iVv=f (Zz) =2? =x*-y?4+ai2xy= (x*-y?,2xy) = (u, Vv) 


and the resulting system of equations 
u = x?-y?, and 


v=2xy. 


Example 2.12. Show that the transformation w = f (z) = z?, usually maps vertical and horizontal 
lines onto parabolas and use this fact to find the image of the rectangle 

R= {(X, y) : @<x<a,@<y<b}. (a) Find the image of the vertical line x = a. (b) Find the 
image of the horizontal line y = b. 


Solution. Using the above equations, we determine that the vertical line x = a is mapped onto the 


set of points given by the equations u = a2- y? and v = 2ay. If a #@, then y= ~ 


| and 


this equation represents a parabola with vertex at (a*, @), oriented horizontally, and opening to 
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the left. If a > @, the set {(u, v) : u=a?-y?, v=2ay} has v>@® precisely when y > @, so 
the part of the line x = a lying above the x axis is mapped to the top half of the parabola. 


The horizontal line y = b is mapped onto the parabola given by the equations u = x? - b? 
and v=2 xb. If b #9, then as before we get 


2 

u = — b? + rae 

this equation represents a parabola with vertex at - b?, oriented horizontally and opening to the 

right. If b >, the part of the line y = b to the right of the y axis is mapped to the top half of the 
parabola because the set {(u, v) : u = x*-b*, v=2bx} has v > @ precisely when x > @. 


Quadrant | is mapped onto quadrants | and Il by w = z?, so the rectangle 
R= {(X, y) : @<x< a, @< y <b} is mapped onto the region bounded by the top halves of the 
parabolas given by u = a? and v = - b?+ oe and the u axis. The vertices 


@, a2, a27+2iab-b?, and - b* of the rectangle are mapped onto the four points 
@, a2, a2-b*+2iab, and -b?, respectively, as indicated in Figure 2.13. 

Finally, we can easily verify that the vertical line {(@, y) : -o< y<«} is mapped to the 
set { (- y*, @) : -o< y<«}. Thisis simply the set of non-positive real numbers. Similarly, the 


horizontal line { (x, @) : -« <x <«} is mapped to the set { (x2, @) : -a«< x < ~}, which is the 
set of non-negative real numbers. 


= 


: 


Figure 2.13 The transformation w = f (z) = z?. 


Explore Solution 2.12. 


Extra Example 1. Consider the mapping w = z*. Find the image of the ray r > 0, 6 = a and circle 
ot 


Explore Extra Solution 1. 


We can use knowledge of the inverse mapping z = w? to get further insight into how the 
mapping w = z?/2 acts on rectangles. If we let z = x+ iy # @, then 
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Z=X+iy = we = ue-v*+ i2uy, 


and we note that the point z = x+ iy inthe z plane is related to the point w = u+ i v = z1/* in the 
w-plane by the system of equations 


X = u2- v2, and 


y=2uv. 


Example 2.13. The transformation w = f (z) = z1/? usually maps vertical and horizontal lines 
onto portions of hyperbolas. 
(a) Find the image of the vertical line x = a. (b) Find the image of the horizontal line y = b. 


Solution. Let a > @. The above equations map the right half-plane given by Re (z) >a (i.e., 

x >a) onto the region in the right half-plane satisfying u* - v2 > a and lying to the right of the 
hyperbola u2 - v* = a. If b > @, the equations x = u2 - v* and y = 2uv map the upper half-plane 
Im (z) >b (i.e., y > b) onto the region in quadrant | satisfying 2 uv > b and lying above the 
hyperbola 2 uv = b. This situation is illustrated in Figure 2.14. We leave as an exercise the investi- 
gation of what happens when a = @ or b= @. 


hy Md 


Figure 2.14 The mapping w = f (z) =z?/* and (z = f-+ (w) =w?). 


Explore Solution 2.13. 


What happens to images of regions under the mapping 
w= f(z) = z¥/2 = | z [2/2 @i Arg (z)/2 — pl/2 @i6/2 for pr ei? ¢ @, 


where -7 < © < 7? If we use polar coordinates for w = p e?® in the w plane, we can represent this 
mapping by the system 


po =r'/2 and ¢ = =. 


This Equation indicate that the argument of f (z) is half the argument of z and that the modulus of 


f (z) is the square root of the modulus of z. Points that lie on the ray r > @, 6 = a are mapped 
onto the ray p > @, ¢ = oe The image of the z plane (with the point z = @ deleted) consists of the 


right half-plane Re (w) > @ together with the positive v axis. The mapping is shown in Figure 2.15. 
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Figure 2.15 The mapping w =f (z) = z/? (and z = f+ (w) = w?). 


Extra Example 2. Consider the mapping w = z1/2. Find the image of the ray r >, @ = a and 
circle r = c. 


Explore Extra Solution 2. 


We can easily extend what we've done to integer powers greater than 2. We begin by letting 
n be a positive integer, considering the function w = f (z) = z", for z = re?® 4, and then 
expressing it in the polar coordinate form 


If we use polar coordinates for w = ¢ e*? in the w -plane, this mapping can be given by the system of 
equations 


p=r" and 


g=ne. 
The image of the ray r>0,0=a isthe ray 0 >@,¢=na and the angles at the origin are 
increased by the factor n. The functions cosn@ and sinné@ are periodic with period a7 so fis 


in general an n-to-one function; that is, n points in the z-plane are mapped onto each non-zero point 
in the w-plane. 


If we now restrict the domain of w = f (z) = z" to the region 


ris 


Bares r>@and“< 6< a 


then the image of E under the mapping w = z" can be described by the set 
F={pe!?: po >@and -7< ¢< 7}, 


which consists of all points in the w-plane except the point w=0. The inverse mapping of f, which we 
shall denote by g, is then 
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Z g (w) w2/n pi/n eid/n, 


where w « F. That is 
Z g (w) wi/n | Ww aaa eiArs (w) /n 


where w ¢ @. As with the principle square root function, we make an analogous definition for nth 
roots. 


Definition 2.2 (Principal nt* Root Function). The function 


Z g (w) wi/n | Ww (> eiArs (w) /n for w +0 


is called the principal nt root function. 


We leave as an exercise to show that f and g are inverses of each other that map the set E 
one-to-one and onto the set F and the set F one-to-one and onto the set E, respectively. Figure 2.16 
illustrates this relationship. 


<i 


Figure 2.16 The mapping w= f(z) =z" (and z= = wi/), 
Extra Example 3. Explore the mapping w = z?. 
Explore Extra Solution 3. 


Extra Example 4. Explore the mapping w = z’. 


Explore Extra Solution 4. 


Extra Example 5. Explore the mapping w = z?/?. 


Explore Extra Solution 5. 


The Quadratic Formula 


We are now able to present a familiar result. It’s proof, which is left as an exercise, depends 
on the ideas in this section, and in Section 1.5. 


Theorem 2.1 (Quadratic Formula). If az*+ bz +c = @, then the solution set for z is 
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1 
where by (b*-4ac)2 we mean all distinct square roots of the number inside the parenthesis. 


Proof. The proof is left as an exercise for the reader. 


Example 1.21. Find all solutions to the equation z*+ (1+i) z+51=8@. 


Solution. The quadratic formula gives —7**)* aan eae 5 
' nt 1 1 . T 
-18i = 18e''-z), wecompute (-18i)7 = (18)2e!(-7*2*7)/2 fork = @andk =1. In 


Cartesian form, this expression reduces to 


nie 


i (22 7 . é = 1-1 : 
(18 )2e@° a aio (cos S+isin =) =32 (4) = 3-34, 
and 
1 3 3x ‘ 
“ej a) caya (cos 2 +i sin 2") =3 2 (+) Scee y e 
Thus, our solution set is {= 232) ) Us e350} 2 (1-24, -2+ 4}. 


Explore Solution 1.21. 
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2.3 Limits and Continuity 


Let u = u(x,y) bea real-valued function of the two real variables x and y. Recall that u 
has the limit ug as (x, y) approaches (Xe, yg) provided that the value of u (x, y) can be made to 
get as close as we please to the value ug by taking (x, y) to be sufficiently close to (Xe, ye). When 
this happens we write 


Lim (x,y) >(xesye) U (XY) = Ue. 
In more technical language, u has the limit ug as (x, y) approaches (Xg, yg) iff 
| u (X, y) — Ug | Can be made arbitrarily small by making both | x-xg | and | y-ye| small. 
This condition is like the definition of a limit for functions of one variable. The point (x, y) is in the 


xy plane, and the distance between (x, y) and (Xg, ye) is af (X-Xg)2+ (y-Yye)?. With this 
perspective we can now give a precise definition of a limit. 


Definition 2.3 ( limit of u(x,y) ). The expression lim (x,y) +(xo,ye) U (XY) = Ue means that for 
each number ¢« > Q, there corresponds a number 6 > @ such that 


(2-15) | U (x,y) -Ug| <e Whenever @< “i (X-Xg)2+ (y-Ye)? <6. 
Example 2.14. Show, if u (x, y) = Zs, then limx,y)>(@,0) U (xy) =. 


Solution. If x = rcos 6 and y=rsino, and z = x+iy ¢ @ then 


_ 2 r? cos? 6 _ 3 
u (X, y) ae 2rcos? 0. 


Because | (x= 0)?+ (y-@)? = r and because | cos?6| < 1, we have 


ju(r,@) | =2r |cos?e@| < € whenever 


J (x @)*+ (y-@)% =r< 
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Hence, forany ¢ > @, Inequality (2-15) is satisfied for 6 = 3 that is, u (x, y) has the limit 


Ug = @ as (xX, y) approaches (@, @). 


Explore Solution 2.14. 


The value ug of the limit must not depend on how (x,y) approaches (Xg, yg), SOU (Xx, y) 
must approach the value ug when (x, y) approaches (Xg, yg) along any curve that ends at the 
point (xg, ye). Conversely, if we can find two curves C, and C2 that end at (xg, ye) along which 
u (xX, y) approaches the two distinct values uy and u2, respectively, then u (x, y) does not have a 
limit as (x, y) approaches (xg, Yo). 


x 


Example 2.15. Show that the function u (x, y) = a does not have a limit as (x, y) 


x2 + 


approaches (@, @). 


Solution. If we let (x, y) approach (0,0) along the x axis, then 


. . Q 
Lim(x,0)+(0,0) U(X, ¥) = Lime,e)+(e,e) 4 = @ 
But if we let (x, y) approach (0,0) along the line y = x, then 
‘ ‘ (x) (x) 1 
Lim(x,x)+(0,0) U(X, Y) = Limx,x)+(0,e) Sara = OF: 


Because the value of the limit differs depending on how (x,y) approaches (0,0), we conclude 
that u (x, y) does not have a limit as (x, y) approaches (@, @). 


Explore Solution 2.15. 


Let £(z) be a complex function of the complex variable z that is defined for all values of z in 
some neighborhood of Ze, except perhaps at the point z». We say that f has the limit we as z 
approaches Zg provided that the value f (z) can be made as close as we please to the value we by 
taking z to be sufficiently close to zg. When this happens we write 


limz.z, f (Z) = We. 


The distance between the points z and zg can be expressed by | z - Zg |, SO we Can give a 
precise definition similar to the one for a function of two variables. 


Definition 2.4 ( limit of f(z) ). The expression lim, .,, f (Zz) = We means that for each number 
€ > @, there exists a real number 6 > @ such that 


| f (Z) -We | < e whenever @< | z-Zg| <6. 
Using Equations (1-49) and (1-51), we can also express the last relationship as 


f (z) © De (We) whenever z « Dé (Ze). 


The formulation of limits in terms of open disks provides a good context for looking at this 
definition. It says that for each disk of radius ¢ > @ about the point we (represented by D- (we) ) 
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there is a punctured disk of radius 6 > @ about the point z, (represented by D% (zg) ) such that the 
image of each point in the punctured 6-disk lies in the e-disk. The image of the 6-disk does not 
have to fill up the entire <-disk; but if z approaches zg along a curve that ends at Ze, thenw = f (z) 
approaches we. The situation is illustrated in Figure 2.17. 


y Vv 


Xx 


Figure 2.17 Thelimit f (z) swe aS z > Zo. 


Example 2.16. Show thatif f (z) =z, then lim,.,,f (z) = Ze, where zg is any complex 
number. 

Solution. As £ merely reflects points about the y axis, we suspect that any ¢-disk about the point 
Ze would contain the image of the punctured 6-disk about zg if 6 = ¢. Toconfirm this conjecture, 
we let < be any positive number and set 6 = ¢. Then we suppose that z « Dt (Zg) = Dz (Ze), 
which means that @ < | z-Zg| < ¢. The modulus of a conjugate is the same as the modulus of 
the number itself, so the last inequality implies that @< | z—Z@| < e. This is the same as 
@<|Z-Z@ | < «. Since f(z) =Z and we = Ze, thisisthe sameas @< | f (z) -We| < é, 
which in turn is the same as f (z) € De (we), which is what we needed to show. 


Explore Solution 2.16. 


If we consider w = f (z) aS a mapping from the z plane into the w plane and think about the 
previous geometric interpretation of a limit, then we are led to conclude that the limit of a function £ 
should be determined by the limits of its real and imaginary parts, u and v. This conclusion also 
gives us a tool for computing limits. 

Theorem 2.1. Let f (z) =u (x, y) + iv (x, y) beacomplex function that is defined in some 
neighborhood of Ze, except perhaps at Zg = Xg+ i Ye. Then 


limz.z, f (Z) = We = Ue +i Ve 

iff both 

Lim (x,y) >(xesyo) U (Xs Y) = Ug and Limey,y) 5 (x%,yo) V (Xs Y) = Vo- 
Proof. 
Proof of Theorem 2.1 is in the book. 
Example 2.17. Show that lim,,.,,; (z7 - 2z +1) = -1. 


Solution. We have 
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f(x+aiy) = (x*-y?-2x+4+1) +a (2xy-2y) 


u (xX, y) = x2-y*-2x+1 


V(X, y) = 2xy-2y 


Computing the limits for u and v, we obtain 


Lim (x,y) (1,1) U (Xs Y) = Limyy,y)s(a,1) (x? -y?-2x+1) = -1, and 
Lim (x,y) (1,1) V (% y) = Limxy)s(aja) (2X y-2y) = ®, 
so our previous theorem implies that lim, .1.; f(z) = - 1. 


Explore Solution 2.17. 


Limits of complex functions are formally the same as those of real functions, and the sum, 
difference, product, and quotient of functions have limits given by the sum, difference, product, and 
quotient of the respective limits. We state this result as a theorem and leave the proof as an 
exercise. 


Theorem 2.2. Suppose that lim,.,,f (z) =A and lim,.,,g (z) =B. Then 


(2 — 18) lim, .,,f (Z) +g (z) = A+B, and 
lim,.,, f (Z) -g (Zz) = A-B, 


(2 — 19) lim,.2,f (Z) g(z) = AB, 

: f A 
(2 — 20) Lim,.2, aon = 2 where B+. 
Proof. 


Proof of Theorem 2.2 is left as exercises in the book. 


Definition 2.5 ( continuity of u(x,y) ). Let u(x, y) bea real-valued function of the two real vari- 
ables x and y. We say that u is continuous at the point (Xe, ye) if the three conditions are satisfied: 


(2-21) Lim (x,y) > (xesye) U(X y) exists, 
(2 — 22) U (Xe, Ye) exists, 
(2 — 23) Lim (x,y) > (xeye) U(X Y) = U (Xe, Ye) . 


Condition (2-23) actually implies Conditions (2-21) and (2-22) because the existence of the 
quantity on each side of Equation (2-23) is implicitly understood to exist. For example, if 


U(X, Y) = oe 


xr4y 


that Conditions (2-21) , (2-22) , and (2-23) are satisfied. Hence u (x, y) is continuous at (0, @). 


when (x,y) # (@,@) andif u (@,@) =@, then lim,x,y).(e,e) u(x y) = @ so 


Chapter02Section03.nb | 5 


There is a similar definition for complex valued functions. 


Definition 2.6 ( continuity of f(z) ). Let £(z) be a complex function of the complex variable z that 
is defined for all values of z in some neighborhood of zg. We say that f£ is continuous at Zg if three 
conditions are satisfied: 


(F= 94) lim,.2,f (Zz) exists, exists, 
(2 — 25) f (Za) exists, 
(2 — 26) limz.z,f (Z) = f (Ze). 


Remark 2.3. Example 2.16 shows that the function f (z) = Zz, is continuous. 


A complex function £ is continuous iff its real and imaginary parts, u and v, are continuous. 
The proof of this fact is an immediate consequence of Theorem 2.1. Continuity of complex func- 
tions is formally the same as that of real functions, and sums, differences, and products of continu- 
ous functions are continuous; their quotient is continuous at points where the denominator is not 
zero. These results are summarized by the following theorems. We leave the proofs as exercises. 


Theorem 2.3. Let f (z) =u (x, y) + iv (x, y) beadefined in some neighborhood of zg. Then 
f (z) is continuous at Ze = Xg+iyo iff u (x, y) and v (x, y) arecontinuous at (xq, ye). 


Proof. 


Theorem 2.4. Suppose that f (z) and g (z) are continuous at the point zg. Then the following 
functions are continuous at Zo. 


The sum f (z) +g (Z), 
The difference f (z) -g (z), 


The product f (z) g (z), 


The quotient a provided that g (zg) #9. 


(Zz 


The composition f (g (z)), provided that f (z) is continuous in a neighbor- 
hood of the point g (Zg). 


Proof. 


Example 2.18. Show that the polynomial function given by 


w=P (Z) = agtayZ+a.Z*+...+an,2" 


is continuous at each point zg _ in the complex plane. 


Solution. If ag is the constant function, then lim,.,,a = ag; andif a, + @, then we can use 
Definition 2.3 with f (z) = a,z andthe choice 6 = 


= 
| 41 | 


to prove that lim,.,, (a1Z) = a1 Ze. 


Using Property (2-19) and mathematical induction, we obtain 


(2-27) lim, 9, (ay z“) = a, zk, for k= @,1,2, .., n. 
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We can extend Property (2-18) to a finite sum of terms and use the result of Equation (2-27) to get 
lim,,2,P (z) = limz.2, ()P-g ax Zk) = DPganzk = P (Zo). 
Conditions (2-24), (2-25), and (2-26) are satisfied, so we conclude that P is continuous at Zg. 


Explore Solution 2.18. 


Extra Example 1. Show that the polynomial P (z) = 1 -z -z?* +z? —z*+2z° is continuous at 
the point zg = 1 in the complex plane. 


Explore Solution for Extra Example 1. 
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Figure 2.A The mapping w = P (z) = 1 -z -z* +z? -z*+z° where 


Extra Example 2. Show that the polynomial P (z) = 1 -z -z?* +z? —~z*+2z° is continuous at 
the point zg = $ in the complex plane. 


Explore Solution for Extra Example 2. 


Extra Example 3. Show that the polynomial P (z) = -1+11z -3z* +-4z? -32z4+22? is 
continuous at the point zg = -1 +1 in the complex plane. 


Explore Extra Example 3. 


One technique for computing limits is to apply Theorem 2.4 to quotients. If we let P and Q 
be polynomials and if Q (Ze) #2, then 


: P(Z) _ P (Zo 
Lim, +29 Q(z) ~~ Q(z) 
Another technique, involves factoring polynomials. If both P (zg) = @ and Q (Ze) = 8, thenP 
and Q can be factored as P (z) = (Z-2Zg) Pi (Zz) 
and Q (z) = (Z-Ze) Qi (z). If Q (Ze) + 9, then the limit is 
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Lim Piz) . (Z=Z—) Pa (Zz) _ Pa (26) 
27>720 Q(z) (Z-Ze) Qi (Z) Qa (Ze) 
. 2_ i . 
Example 2.19. Show that lim, ,1.4 peers = ee 
Solution. Here P and Q can be factored in the form 
P(z) = (z-1-1i1) (z+1+41), 
and 
Q(z) = (z-1-1) (z-1+1) 
so that the limit is obtained by the calculation 
. _2-2i  _ qe i) (z+1+i) 
lim, 51.4 72-2742 lim, 1.4 ~1-i) (z-1+i) 
. Z+14+i 
= limz 5144 71th 
—  (1+i)+1+i 
~  (14+i) -14+i 
2421 
~ 2a 
= 1-i 


Explore Solution 2.19. 
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2.4 Branches of Functions 

In Section 2.3 we defined the principal square root function and investigated some of its 
properties. We left unanswered some questions concerning the choices of square roots. We now 
look at these questions because they are similar to situations involving other elementary functions. 


In our definition of a function in Section 2.1, we specified that each value of the independent 
variable in the domain is mapped onto one and only one value in the range. As a result, we often 
talk about a single-valued function, which emphasizes the "only one" part of the definition and 
allows us to distinguish such functions from multiple-valued functions, which we now introduce. 


Let w = f (z) denote a function whose domain is the set D and whose range is the set R. If 
w is a value in the range, then there is an associated inverse function z = g (w) that assigns to 
each value w the value (or values) of z in D for which the equation f (z) = wholds. But unless f 
takes on the value w at most once in D, then the inverse function g is necessarily many valued, 
and se say that g is a multivalued function. For example, the inverse of the function w = f (z) = z? 
is the square root function z = f-1 (w) = ie For each value z other than z = @, then, the two points 
z and -z are mapped onto the same point w = f (z); hence g is in general a two-valued function. 


The study of limits, continuity, and derivatives loses all meaning if an arbitrary or ambiguous 
assignment of function values is made. For this reason we did not allow multivalued functions to be 
considered when we defined these concepts. When working with inverse functions, you have to 
specify carefully one of the many possible inverse values when constructing an inverse function, as 
when you determine implicit functions in calculus. If the values of a function f are determined by an 
equation that they satisfy rather than by an explicit formula, then we say that the function is defined 
implicitly or that £ is an implicit function. In the theory of complex variables we present a similar 
concept. 

Let w = f (z) be a multiple-valued function. A branch of £ is any single-valued function f 
that is continuous in some domain (except, perhaps, on the boundary). At each point z in the 
domain, assigns one of the values of f (z). Associated with the branch of a function is the branch 
cut. 
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We now investigate the branches of the square root function. 


1 
2 


Example 2.20. We consider some branches of the two-valued square root function f (z) = z2, 
(where z # @). Define the principal square root function as 


1 . Arg (z 1 . 6 1 

(2-28) w=f1(z) = |z|z7e@ a eee ( cos ($) +isin ($) i; 

EB . . 
where r= |z|2 and 6 =Arg (z) sothat -7<6< v7. The function f; (z) is a branch of f (z). 
Using the same notation, we can find other branches of the square root function. For example, if we 
let 
(2-29) 
w=f2(Z) = |Z E oe es hee a pee (cos a7 isin ot), 


so f; (Z) and fz (z) can be thought of as "plus" and "minus" square root functions. The negative 
real axis is called a branch cut for the functions f; (z) and f2 (z). Each point on the branch cut is a 
point of discontinuity for both functions f; (z) and f2 (z). 


Explore Solution 2.20. 


Example 2.21. Show that the function f; (z) = ri (cos = + isin =) is discontinuous along the 
negative real axis. 


Solution. Let zg = ree” denote a negative real number. We compute the limit as z approaches 
Ze through the upper half-plane {z : Im (z) > @} and the limit as z approaches zg through the lower 
half-plane {z : Im (z) < @}. In polar coordinates these limits are given by 


F = bas : 
Lim (r,0) + (re,7) Fy (r e*°) = Lim (r,6) > (re,7) P2 (cos = + 1sin =) = 1 ra and 
: ; . ‘ a hs ee 
Lim(r,o)>(re,-m fr (Pet®) = Lime) +(ro,-m 0? (cosf+isin$) = - i rg’. 


As the two limits are distinct, the function f; (z) is discontinuous at Zg. 


Remark 2.4 Likewise, f, (z) is discontinuous at zg. The mappings w = f; (z), w= 2 (z), and 
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the branch cut are illustrated in Figure 2.18. 


Explore Solution 2.21. 


(a) The branch w = f, (z) 
y Vv 


(b) The branch w= f2 (z) =-Vz (where z = w?). 
Figure 2.18 The branches f; (z) and f2 (z) of f (z) = zi. 


We can construct other branches of the square root function by specifying that an argument 
of z given by 6 = arg z is to lie in the interval a < 6 < ~a+2 7. The corresponding branch, denoted 
fa (z), is 


(2-30) f, (Z) = ra (cos = + isin =) 


where z=rei9#0 anda<O<ai2n. 


The branch cut for f(z) is the ray r=, @ =a, which includes the origin. The point z = @, 
common to all branch cuts for the multivalued square root function, is called a branch point. The 
mapping w = f, (z) and its branch cut are illustrated in Figure 2.19. 
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Figure 2.19 The branch f, (z) of f (z) = 22. 


The Riemann Surface for w = =e 


A Riemann surface is a construct useful for visualizing a multivalued function. It was intro- 
duced by Georg Friedrich Bernhard Riemann (1826-1866) in 1851. The idea is ingenious - a geomet- 
ric construction that permits surfaces to be the domain or range of a multivalued function. Riemann 
surfaces depend on the function being investigated. We now give a nontechnical formulation of the 
Riemann surface for the multivalued square root function. 


Figure 2.A A graphical view of the Riemann surface for w = 27, 

Consider w = f (z) = z:, which has two values for any z + 8. Each function 
f, (Z) and fz (z) in Figure 2.18 is single-valued on the domain formed by cutting the z plane along 
the negative x axis. Let D; and D2 be the domains of f; (z) and fz (z), respectively. The range set 
for #; (z) is the set H, consisting of the right half-plane, and the positive v axis; the range set for 
f2 (z) is the set H2 consisting of the left half-plane and the negative v axis. The sets H and H2 are 
"glued together" along the positive v axis and the negative v axis to form the w plane with the origin 
deleted. 

We stack D, directly above D2. The edge of D, in the upper half-plane is joined to the edge 
of D2 in the lower half-plane, and the edge of D, in the lower half-plane is joined to the edge of Dz in 
the upper half-plane. When these domains are glued together in this manner, they form R, which is 
a Riemann surface domain for the mapping w = f (z) = zi. The portions of Di, D2 and R that lie in 
{Z: | Z| <1} are shown in Figure 2.20. 
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1 
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(a) Aportion of Dy and its image under w = z2. 


nih 


(b) A portion of Dz and its image under w = z 
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(c) A portion of R and its image under w = z 


Figure 2.20 Formation of the Riemann surface for w = z 


Exploration 
The beauty of this structure is that it makes this "full square root function" continuous for all 
z #®. Normally, the principal square root function would be discontinuous along the negative real 
axis, as points near - 1 but above that axis would get mapped to points close to i, and points near 


-1 but below the axis would get mapped to points close to - i. 
The "legacy version" being used to implement the commands "CartesianMap and PolarMap." The 


following Initialization Cell will load these subroutines. 
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2.5 The Reciprocal Transformation w = . 


The mapping w = = is called the reciprocal transformation and maps the z-plane one-to-one 


and onto the w-plane except for the point z = @, which has no image, and the point w = @, which 
has no preimage or inverse image. Use the exponential notation w = p e?® in the w-plane. If 
z = ret® + @, wehave 
w=pet? = : = =e 18, 

The geometric description of the reciprocal transformation is now evident. It is an inversion 
(that is, the modulus of (=) is the reciprocal of the modulus of z) followed by a reflection through the 
x axis. The ray r > @, 6 =a, is mapped one-to-one and onto the ray o > @, ¢ = -a. Points that 
lie inside the unit circle C; (8) = {z: | zJ| <1} are mapped onto points that lie outside the unit 
circle and vice versa. The situation is illustrated in Figure 2.21. 
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We can extend the system of complex numbers by joining to it an "ideal" point denoted by oo 
and called the point at infinity. This new set is called the extended complex plane. You will see 
shortly that the point oo has the property, loosely speaking, that lim, ... z = ~ iff 
limn.o0 | Z| =. 

An e-neighborhood of the point at infinity is the set {z : | z | > =}. The usual way to 


visualize the point at infinity is by using what we call the stereographic projection, which is attributed 
to Riemann. Let Q be a sphere of diameter 1 that is centered at the point (2, Q, =) in three- 


dimensional space where coordinates are specified by the triple of real numbers (x, y, €). Here 
the complex number z = x+iy will be associated with the point z = (x, y, @). 


The point N = (@, @, 1) on Q is called the north pole of 9. If we let z be a complex 
number and consider the line segment L in three-dimensional space that joins z to the north pole 
N = (8, @, 1), then Lintersects in exactly one point Zz. The correspondence z<~Z is called the 
stereographic projection of the complex z plane onto the Riemann sphere Q. 


Apoint z = x+iy = (x, y, @) of unit modulus will correspond with z = {>, %, >}. If 


z has modulus greater than 1, then Z will lie in the upper hemisphere where for points 


Z= (X,Y, €) wehave € > > If z has modulus less than 1, then Z will lie in the lower hemi- 


1 
2° 
corresponds with the south pole, S = (@, @, @). Now you can see that indeed z => o iff 

| Z| > iff ZN. Hence N corresponds with the "ideal" point at infinity. The situation is shown 
in Figure 2.22. 


sphere where for points Z = (x, y, €) wehave € < The complex number z = @ = 0+@i 


Figure 2.22 The complex plane and the Riemann sphere aq. 


Let us reconsider the mapping w = >: Let us assign the images w =o and w=@ tothe 


points z = @ and z =o, respectively. We now write the reciprocal transformation as 


= when Z +0, © 
w= F(z) = {9 when z =o 
co when z=@ 


Note that the transformation w = f (z) is a one-to-one mapping of the extended complex z plane 
onto the extended complex w plane. Further, f is a continuous mapping from the extended z plane 


onto the extended w plane. We leave the details to you. 


Exploration. 
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Extra Example. Investigate the limits of w = f[z] = : as Z> 0, andz > o. 


Explore Solution for Extra Example. 


Example 2.22. Show that the image of the right half plane A = {z : Re (z) = >} under the map- 


ping w= f (z) = > is the closed disk D; (1) = {w: |w-1]| <1} inthe w-plane. 


Solution. Proceeding as we did in Example 2.7, we get the inverse mapping of 


u+iv=we f (z) ~ as z= 1 (w) = =. Then 


u+iv=wef (z) € Dy; (1) 
= ftw) =x+iyea 


=X+1yeA 
u _— 
u2+v2 "  u2+v? 


=xX25, ahd ey 


=X+iyeA 


u2-2u+1+v2<1 


= (u-1)*44+v2<1 


which describes the disk D, (1). As the reciprocal transformation is one-to-one, preimages of the 
points in the disk D; (1) will lie in the right half-plane Re (z) = > Figure 2.23 illustrates this 
result. 


y Vv 


Figure 2.23 The image of Re (z) = > under the mapping w = -. 


Explore Solution 2.22. 


Remark. Alas, there is a fly in the ointment here. As our notation indicates, 


u > 1 
u2+v2 2 


u*-2u+1+v* <1 are not equivalent. The former implies the latter, but not conversely. That is, 
u?- 2u+1+v? < 1 makes sense when (u, v) = (@, @), whereas —"~ = > does not. Yet Figure 


u2+v2 


2.23 seems to indicate that f maps Re (z) = $ onto the entire disk D, (1), including the point 


and 


(@, @). Actually, it does not, because (@, @) has no preimage in the complex plane. The way out 
of this dilemma is to use the complex point at infinity. It is that quantity that gets mapped to the 
point (u, v) = (@, @), for as we have already indicated, the preimage of 0 under the "extended" 


mapping w = = is indeed o. 
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Example 2.23. For the transformation w = f (z) = *, find the image of the portion of the right half 


plane Re (z) > > that lies inside the closed disk D, (>) aes || Ze 5 | < 1}. 


Solution. Using the result of Example 2.22, we need only find the image of the closed disk Di (>) 


and intersect it with the closed disk D, (1). To begin, we note that 


Di (>) = {(x,y) 1 x2+y?-x < =}. 


Because z = f-1 (w) = ~; we have, as before, 


=. HE 1 
=Ffliw) =-eEeD (5) 
Ww 2 
1 1 
eb (3) 
u+iV 2 
u » = V 1 
+ 1 D ( ) 
u2+v? u2+v? y 1\3 
ee) lee) “ee a 
u2+v2  \ utav2 u2+v2 4 
1 u 3 
u24v2u24v2 4 


which is an inequality that determines the set of points in the w plane that lie on and outside the 


circle C« (- =) = {w: |w+ : i =}. Note that we do not have to deal with the point at infinity this 
3) 
time, as the last inequality is not satisfied when (u, v) = (@, @). When we intersect this set with 


D; (1), we get the crescent-shaped region shown in Figure 2.24. 


Figure 2.24 The image of the half disk under w = : is a crescent-shaped region. 


Explore Solution 2.23. 


To study images of "generalized circles," we consider the equation 


A (x*+y?) +Bx+Cy+D = 8, 


where A, B, C, and D are real numbers. This equation represents either a circle or a line, depend- 
ing on whether A # @ orA = @, respectively. Transforming the equation to polar coordinates gives 
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Ar*+ r (Bcos@ + Csinge) +D = @. 


Using the polar coordinate form of the reciprocal transformation, we can express the image 
of the curve in the preceding equation as 


A+p (Bcos¢ - Csingd) + Dp? = @, 


which represents either a circle or a line, depending on whether D # @ orD = @, respectively. There- 
fore, we have shown that the reciprocal transformation w = - carries the class of lines and circles 
onto itself. 


Example 2.24. Consider the mapping w = f (z) = ~. 


(a) Find the images of the vertical lines x =a. (b) Find the images the horizontal lines y = b. 


Solution. Taking into account the point at infinity, we see that the image of the line x = @ is the line 
u = @; that is, the y axis is mapped onto the v axis. 


Similarly, the x axis is mapped onto the u axis. Again, the inverse mapping is 
z=+= —".+i —“4, soif a0, the vertical line x = a is mapped onto the set of (u, v) 


Ww u2+v2 u2+v2” 


points satisfying aw = a. For (u, v) # (@, @), this outcome is equivalent to 


u- u+ oS, + v? = (u- +)*+v2 = (A)? 


which is the equation of a circle in the w plane with center we = ss and radius | = | . The point 


at infinity is mapped to (u,v)=(0,0). 


Similarly, the horizontal line y = b is mapped onto the circle 


2, y242y,2 24 ,i)\* _ (Ly? 
SN ee ee " Ws) ice) 
which has center we = - = and radius | + I: Figure 2.25 illustrates the images of several lines. 


wae 


Figure 2.25 The images of horizontal and vertical lines under the reciprocal 
transformation. 


6 | Chapter02Section05.nb 


Explore Solution 2.24. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 
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Chapter 3 Analytic and Harmonic Functions 


Overview 


Does the notion of a derivative of a complex function make sense? If so, how should it be 
defined and what does it represent? These and similar questions are the focus of this chapter. As 
you might guess, complex derivatives have a meaningful definition, and many of the standard 
derivative theorems from from calculus (such as the product rule and chain rule) carry over for 
complex functions. There are also some interesting applications. But not everything is symmetric. 
You will learn in this chapter that the mean value theorem for derivatives does not extend to com- 
plex functions. In later chapters you will see that differentiable complex functions are, in some 
sense, much more "differentiable" than differentiable real functions. 


Section 3.1 Differentiable and Analytic Functions 


Using our imagination, we take our lead from elementary calculus and define the derivative 
of f (z) at Zo, written f' (Ze), by 


(3-1) Piz) = Lite, See 


provided that the limit exists. If it does, we say that the function f (z) is differentiable at zg. If we 
write Az = Z- Ze, then we can express Equation (3-1) in the form 


(3-2) F" (Ze) = Lim, Cee) 


If we let w= f (z) and Aw = f (z) —f (Ze), then we can use the Leibniz's notation = for 


the derivative: 


(3-3) #' (Zo) = S = limz so 
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Extra Example 1. Use the limit definition to find the derivative f' (zg). 


Explore Extra Example 1. 


Example 3.1. Use the limit definition to find the derivative of f (z) = z3. 


Solution. Using Equation (3-1), we have 


f' (Z9) = lim,.z, 


(2? +Z2Z9 +28) (Z-Ze) 


= lim, ., z, Z-Z9 


= lim, ,,, (Z7+2Z2Z@+2Z6) 
= (2§+2Z9Zo+ Zé) 
= 32% 
We can drop the subscript on zg to obtain f' (z) = 3 z? as a general formula. 


Explore Solution 3.1. 

Pay careful attention to the complex value Az in Equation (3-3); the value of the limit must be 
independent of the manner in which Az > @. If we can find two curves that end at zg along which 
= approaches distinct values, then ~ does not have a limitas Az > @ and f (z) does not have a 
derivative at ze. The same observation applies to the limits in Equations (3-2) and (3-1). 

Example 3.2. Show that the function f (z) = Z is nowhere differentiable. 


Solution. We choose two approaches to the point zg = Xg+ i Ye and compute limits of the differ- 
ence quotients. First, we approach zg = X@+ i Ye along a line parallel to the x axis by forcing z to 
be of the form z = x+1 Ye. 


; f(z) ~Ff (Ze) _ : . . # (x+i ye) — F (Xo+i yo) 
lim. z, Fr = Lim (x44 yo) > (Xg+i Yo) eek Ve Seulaey 
= : . ; (X=1 Yo) - (Xe-i Ye) 

= LAM xsi yo) > (rori yo) (X+i Yo) - (Xe+i Ye) 

(X=1 Yo) - (Xe-i ye) 


= TAM xsi ye) > (roti Ye) “Gexg) + (Wee) 


X — X@ 
X — X@ 


= LAM (x+i yo) + (xe+i yo) 


=i. 


Next, we approach Zg along a line parallel to the y axis by forcing z to be of the form z = xg+iy. 
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‘ (z) - € (Ze) : ; ; F (Xo+i y) - F (Xe+i Yo) 
lim, .2, =e Lim (xg+i y) > (xo+i yo) (xo+i y) — (xori Ye) 

_ ‘ ; ; (Xe-i_y) = (Xo-i Yo) 

= LAM (xe+i y) > (xed yo) (xXe+iy) — (xe+i ye) 

(Xe=ty) = (Xo=t yo) | 


= TAM xsi y) > (ro+i Ye) “Txp-xe) FA (Ye) 


- i (y- Ye) 


= LAM (xgsi y) > (xe+d yo) ity yeh 


=-1. 


The limits along the two paths are different, so there is no possible value for the right side of 
Equation (3-1). Therefore f (z) = Z is not differentiable at the point zg, and since zg was arbitrary, 
f (z) =Z is nowhere differentiable. 


Explore Solution 3.2. 


Remark 3.1. In Section 2.3 we showed that f (z) = Z is continuous for all z. Thus, we have a 
simple example of a function that is continuous everywhere but differentiable nowhere. Such 
functions are hard to construct in real variables. In some sense, the complex case has made patho- 
logical constructions simpler! 


We seldom are interested in studying functions that aren't differentiable, or are differentiable 
at only a single point. Complex functions that have a derivative at all points in a neighborhood of zg 
deserve further study. In Chapter 7 we demonstrate that, if the complex function £ (z) can be 
represented by a Taylor series at Zo, then it must be differentiable in some neighborhood of Zg. 
Functions that are differentiable in neighborhoods of points are pillars of the complex analysis 
edifice; we give them a special name, as indicated in the following definition. 


Definition 3.1 (Analytic Function). The complex function f (z) is analytic at the point zg provided 
there is some € > @ such that f' (z) exists for all z ¢ De (Zg). In other words, f (z) must be 
differentiable not only at Ze, but also at all points in some €-neighborhood of Zg. 


If £(z) is analytic at each point in the region R, then we say that f(z) is analytic on R. 
Again, we have a special term if f (z) is analytic on the whole complex plane. 


Definition 3.2 (Entire Function). If f(z) is analytic on the whole complex plane then f (z) is said 
to be entire. 


Points of nonanalyticity for a function are called singular points. They are important for 
certain applications in physics and engineering. 


Our definition of the derivative for complex functions is formally the same as for real func- 
tions and is the natural extension from real variables to complex variables. The basic differentiation 
formulas are identical to those for real functions, and we obtain the same rules for differentiating 
powers, sums, products, quotients, and compositions of functions. We can easily establish the 
proof of the differentiation formulas by using the limit theorems. 


The Rules for Differentiation. 


Suppose that f(z) and g(z) are differentiable. From Equation (3-2) and the technique 
exhibited in the solution to Example 3.1 we can establish the following rules, which are virtually 
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identical to those for real-valued functions. 


(3 —- 4) ae = 0, where C is aconstant , 

(3-5) <2" = nz1, where n isa positive integer , 

(3 - 6) a ICF (z)] = CF" (2), 

(3-7) “(Ff (2) + (z)] = F' (z) +8" (2), 

(3-8) <[f (2) 8 (Z)] = # (2) g' (2) +g (Zz) F' (2), 
(3-9) : a = ee provided that g (z) #0, 
(3 - 10) «f(g (z)) = f'f (g(z)) g' (z). 


Important particular cases of Equations (3-9) and (3-10), respectively, are 


(3-11) < a = ai , for z # 0, and N isa positive integer , 
(3-12) 4i¢ (z)]" = n [Ff (z)]™*F" (z) , where n isa positive integer. 


Exploration for the Rules for Differentiation. 


Example 3.3. If we use Equation (3-12) with f (z) = z7+i12z+3, and f' (z) =2z+ 2i, then 
we get 


4S (77 442743)* = A (27442243)? (224 24) 
dz 


Explore Solution 3.3. 


The proofs of the rules given in Equations through (3-10) depend on the validity of extend- 
ing theorems for real functions to their complex companions. Equation (3-8), for example, relies on 
Theorem 3.1. 


Theorem 3.1. If £(z) is differentiable at z_ then f(z) is continuous at Zo. 


Proof. From Equation (3-1), we obtain 


: f(z) - ; 
Lim, ,2, —@2——) = £" (ze). 


Using the multiplicative property of limits given by Formula (2-19), we get 
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littzss, IF (2)-<°F 42g) ) = Dittess, 4 


This result implies that lim, .,, f (z) = f (Ze), which is equivalent to showing that f(z) is 
continuous at Ze. 

Proof. 

Proof of Theorem 3.1 is also in the book. 


We can establish Equation (3-8) from Theorem 3.1. Letting h (z) = f (z) g (z) and using 
Definition 3.1, we write 


Z = Ze 
= lim, .,, (2) & 2 =e te) & (Z) lim, 2, (Zo) & ee g (Ze) 
= lim, .2, f (z) ae) 8 (2) lim, 5 2, f (Ze) (g 2 & (Ze) ) 
= lim,.z, Beye te) 1ifiz.se, £12) & Liliinss, F (29) ities, g(G)= F tte) 8 (a) 


Using the definition of the derivative given by Equation (3-1) and the continuity of g (z) , we obtain 
h' (Ze) = f° (Ze) g (Ze) + F (Ze) g' (Ze), which is what we wanted to establish. We leave the 
proofs of the other rules as exercises. 


The rule for differentiating polynomials carries over to the complex case as well. If we let 
P(z) be a polynomial of degree n, so 


P (Zz) = ag + aZ + a2Zz7 + a3z2>4+... + anz", 
then mathematical induction, along with Equations (3-5) and (3-7), gives 
P' (Z) = a, + 2a7Z + 3a3Z7 +... + apy z™l. 


Again, we leave the proof of this result as an exercise. 


We can use the differentiation rules as aids in determining when functions are analytic. For 


example, Equation (3-9) tells us that if P (z) and Q (z) are polynomials, then their quotient ; = is 
1 


analytic at all points where Q (z) # @. This condition implies that the function f (z) = a is analytic 


for all z # Q. 
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Arg (2) 


The square root function is more complicated. If f(z) = | z | a 2, then f (z) is 
analytic at all points except z = @ (because Arg (@) is undefined) and at points that lie along the 
negative x axis. The argument function, and therefore the function f£ (z) itself, are not continuous 
at points that lie along the negative x axis. 

We close this section with a complex extension of a famous theorem, which is attributed to 
Guillaume Francois Antoine Marquis de L'Hépital (1661-1704). The proof of will be given in Chapter 
7. 


Theorem 3.2, (L'H6pital’s Rule). Assume that £ (z) and g(z) are both analytic at Zo. If 
f (Ze) = 9, g (Ze) = 0, andg' (zg) #@ then 


lim f(z) _ (Zo) 
720 9 (z)  g’ (Ze) 


Proof. 


Proof of Theorem 3.2. We defer the proof until Chapter 7, where we will learn some amazing 
things about analytic functions. 


Exploration for L' Hospital ' s Rule. 


2274+z-1-3i 


Extra Example 2. Use L'Hopital's rule to find lim,.1.; ee 


Explore Extra Example 2. 
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Section 3.2 The Cauchy-Riemann Equations 


In Section 3.1 we showed that computing the derivative of complex functions written in a 
form such as f (z) = z? is arather simple task. But life isn't always so easy. 
Many times we encounter complex functions written as f (z) =u (x, y) +iv (x, y). For exam- 
ple, suppose we had 


(3-13) 
f(z) =f (x+ay) =u(xX,y)+av(x,y) = (3-3xy?) +a (3x*y-y?). 


Is there some criterion - perhaps involving the partial derivatives for u(x, y), and v(x,y) - that 
we can use to determine whether f is differentiable, and if so, to find the value of f (z) ? 


The answer to this question is yes, thanks to the independent discovery of two important 
equations by the French mathematician Augustin Louis Cauchy (1789-1857) and the German 
mathematician Georg Friedrich Bernhard Riemann (1826-1866). 


First, let's reconsider the derivative of f (z) = z*. As we have stated, the limit given in 
Equation (3-1) must not depend on how z approaches Zg. We investigate two such approaches: a 
horizontal approach and a vertical approach to zg. Recall from our graphical analysis of w = z? that 
the image of a square is a "curvilinear quadrilateral." For convenience, we let the square have 
vertices Zg=2+1, 23 =2.01+1, 22=2+1.01i, and z3 =2.01+1.011i. Then the image 
points are wa = 3+4 i, wz = 3.0401+4.02 i, Wo = 2.9799+4.041, and w3 = 3.02+ 4.0602 i, 
as shown in Figure 3.1. 
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Figure 3.1 The image of a small square with vertex ze = 2+ i, under the mapping 
w= f (z) = Z?. 


Exploration 
We know that f is differentiable, so the limit of the difference quotient eee exists no 
—£26 
matter how we approach Ze = 2+1. 
Thus we can approximate f' (z9) = *' (2+) by using a horizontal increment in z: 
f' (244i) * f (z1)-f (ze) _ -f (2.0@1+i) -f (2+i) _ (3.0401+4.02 1) - (3441) 
ae Z1-Zo (2.@1+i) - (2+i) (2.01+i) — (2+i) 
(3.0401-3) + - (4.02-4) _ 0.0401+0.02i _ 4.01+2i 
(2.@1-2) - i (1-1) @.01 
And, we can approximate f' (zg) =f' (2+1) by using a vertical increment in z: 
f' (2 fe i) ~ £22) -f (Ze) = £ (2+1.01i) - f (2+i) = (2.9799+4.04i1) - (3+4i) 
Z- Zo (241.01) - (242) (241.01) - (242) 
= (2.9799-3) +i (4.04-4 ) = -@.0201+ 0.04i - 44+ 2.01: 


(2-2) +a (1.01 -1) 0.014 


Comparing these two results we see that 


f' (24a) = Ste) _ 4,014 23 
~ Z1-Ze@ 7 . 
and 
(aa) -~@ De ee. 6 ae 2.014 
Z2- Ze 
which leads us to speculate thatf' (2+1) = 44+ 21. 


These computations lead to the idea of taking limits along the horizontal and vertical direc- 
tions. When we do so, we get 


Ff (2t+h+i) — F (2+1) 
h 


(2+h+i)? - (3441) 


lime h 


£'(2+i) = lime 


3+4h+h2+i (44+2h) - (3+4i) lim 4Ah+h? +2hi 
h hse h 


I 


limnse 


limsoe (4+h +21) = 44+2i 
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and 
* i+ = 7 oe 2 % 
f' (2+i) = lime f (2+itd a f (2+i) lim,.0 (2+i+i h) (3+4 i) 
ih ih 
- li 3-2 h-h?+ (44+4h) i - (3+4 i) + -2h-h2+4h i 
= limp. =F Lim 7 
= limpoe (4+ (2+h) i) = 44+ 21 


We now generalize this idea by taking limits of an arbitrary differentiable complex function 
and obtain an important result. 


Explore Numerical Computations 


Theorem 3.3 (Cauchy-Riemann Equations). Suppose that 
f(z) =f (x+1y) =U (XxX, y) +iv (Xx, y) 


is differentiable at the point z» = xg+ i ye. Then the partial derivatives of u and v exist at the 
point (xe, ye), and 


(3-14) F' (Z9) = Ux (Xe, Yo) + i Vx (Xe, Yo), and also 


(3-15) fF" (Ze) = Vy (Xes Yo) — 1 Uy (Xey Yo)- 
Equating the real and imaginary parts of Equations (3-14) and (3-15) gives 
(3-16) Ux (Xe» Ye) = Vy (Xes Yeo) and Uy (Xe, Ye) = -Vx (Xes Yo)- 


Proof. 


Derivation of the Cauchy-Riemann Equations with Mathematica. 


Exploration for the Cauchy - Riemann Equations. 
Note some of the important implications of this theorem. 


(i). If fis differentiable at zg, then the Cauchy-Riemann Equations (3-16) will be satisfied at zg, and 
we can use either either Equation (3-14) or (3-15) to evaluate F' (Zo). 


(ii). Taking the contrapositive, if Equations (3-16) are not satisfied at zg, then we know automati- 
cally that £ (z) is not differentiable at zg. 


(iii). Even if Equations (3-16) are satisfied at z2, we cannot necessarily conclude that f is differen- 
tiable at Zo. 


We now illustrate each of these points. 


Example 3.4. We know that f (z) = z? = x*-y?+i2xy is differentiable and that f' (z) = 22z. 
We also have 
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f (Z) = 27 = (x+ay)? = (x?-y?) 4a (2xy). 
It is easy to verify that Equations (3-16) are indeed satisfied: 
Ux (X, Y) =2X=Vy (X; y) and Uy (X, Y) = -2y=-Vx (X, y). 
Using Equations (3-14) and (3-15), respectively, to compute f' (z) gives 


f' (Z) = Uy (xX, y) +i Vy (Xx, y) = 2x+i2y=22z, and 


F' (Z) = Vy (X, y) -Luy (X, y) = 2x-a (-2y) =2z, 
as expected. 


Explore Solution 3.4. 


Example 3.5. Show that f (z) = Z is nowhere differentiable. 


Solution. We have f (z) = f (x+iy) = X-iy = U(X, y)+iVv (xX, y), Where u (x, y) =x 
and v (x, y) = -y. Thus, for any point (x, y), ux (x, y) =1 and wy (x, y) = -1. The Cauchy- 
Riemann equations are not satisfied at any point z = (x, y), so we conclude that f (z) =Z is 
nowhere differentiable. 


Explore Solution 3.5. 


Example 3.6. Show that the function defined by 


(Z)? _ X8-3Bxy?  s y3-3Bx*y 
z 


aan Gay when Z # @, and 


AZ) = 4 
Q when Z ¢ @. 


is not differentiable at the point zg = @ even though the Cauchy-Riemann equations are satisfied at 
(0, @). 


Solution. We must use limits to calculate the partial derivatives at (0,0). 


. u (x,@)-u (8,0 * x24 . x 
Ux (0, @) = Limag SPER OE) = Limag =2— = lime ~ = 1, 
0-0 i) 
. u (@,y)-u (@, . O+y? . @ 
uy (@, @) = limyg 1% : 2s Titiysa ~— = lim 2 = @, 
0-8 e 
+ v (x,0)-v (0,0 + 40 + Q 
Vx (8, @) = Limg SPY) = Lime =2— = lime S = 1, 
y@ 69 
vy (8, @) = limy.e VARIN ACT les Lintys3 “<“— = limy.s © = 4. 


Thus we have shown that ux (8, @) =1, uy (0, 8) =@, vy (8, @) =O, vy (@, @) =1 


Hence the Cauchy-Riemann equations hold at the point (0,0). 
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We now show that f is not differentiable at zg = @. Letting z approach 0 along the x axis 
gives 


: F (x+0 i) -F (0 . 
Lim(x,0)-3(0,0) “saga = Lim(x,e) + (0,0) 


= lim(x,e)s(e,0) = 1 


But if we let z approach 0 along the line y = x given by the parametric equations x = t and y =t, 
then 


8-303. 3-313 -2t3) . -2t3 


. f(t+it)-f (0) _ 4; me we _ 47s 2e | 28 
Lim(t,t)>(0,e) Say = Lit,t)s(e,e) SSG = met, t) (0,02) ag 
. -t-it 
= lim(et,t)s(@,e) =4ay = 1 


The two limits are distinct, so £ is not differentiable at the origin. 


Explore Solution 3.6. 


Example 3.6 reiterates that the mere satisfaction of the Cauchy-Riemann equations is not 
sufficient to guarantee the differentiability of a function. The following theorem, however, gives 
conditions that guarantee the differentiability of f at zg, so that which we can use Equation (3-14) or 
(3-15) to compute f' (zg). They are referred to as the Cauchy-Riemann conditions for differentia- 
bility. 

Theorem 3.4 (Cauchy-Riemann conditions for differentiability). Let 

f (z) =f (x+y) =U (xX, y) +i-v (xX, y) beacontinuous function that is defined in some 
neighborhood of the point Zg = Xq + i ye. If all the partial derivatives u,, uy, vx and vy are continu- 
ous at the point (xg, ye) and if the Cauchy-Riemann equations ux (Xg, Ye) = Vy (Xe, Ye) and 

Uy (Xa, Ye) = -Vx (Xe, Ye) hold at (xg, ye), then f(z) is differentiable at z, and the derivative 
f' (Ze) can be computed with either formula (3-14) or (3-15), i.e. 


f" (Ze) = Ux (Xe, Yo) + i Vx (Xo, Yo), OF 


f" (Za) = Vy (Xes Yo) - L Uy (Xe, Yo)- 
Proof. 
Proof of Theorem 3.4 is in the book. 


Example 3.7. At the beginning of this section (Equation (3-13)) we defined the function 
f(z) = u(xX,y) +iv(xX,y) = x?-3xy* + a (3x*y-y?). 


Show that this function is differentiable for all z, and find its derivative. 


Solution. We compute u, (x, y) = 3x?-3y? = vy (x, y) and 
uy (X,Y) = -6Xy = - Vx (xX, y), so the Cauchy-Riemann Equations (3-16), are satisfied. 


6 | Chapter03Section02.nb 


Moreover, u, Vv, Ux, Uy, Vx and Vy are continuous everywhere. By Theorem 3.4, f is differentiable 


everywhere, and, from Equation (3-14), 
f' (z) = uy (X,y) + ivy (X%, y) = 3x?-3y% + i16xy 
= 3 (x?-y?74+2axy) = 3(x+iy)? = 32? 
Alternatively, from Equation (3-15), 
fF" (zZ) = vy % Y) = dy Oy) = 3x? =3y? = 2 EH oxy) 


= 3 (x?-y?74+2axy) = 3(x+iy)? = 32? 


This result isn't surprising because (x+iy)? = x?-3xy* + i (3x? y-y?) and so the function 


£ is really our old friend f (z) = z?. 


Explore Solution 3.7. 


Extra Example 1. Given f (z) = x®-15x*y?+15x?y*-y® + a (6x> y- 20x? y?+6xy?). 
Show that this function is differentiable for all z, and find its derivative. 


Explore Extra Solution 1. 


Example 3.8. Show that the function f (z) = f (x+iy) = e¥Ycosx + ie sinx is differen- 
tiable for all z = x + i y and find its derivative. 
Solution. We first write u (x, y) = e-¥Y cos x and v (x, y) = e-¥ sinx and then compute the 


partial derivatives. 
ux (X,Y) = Vy (X; y) = - e¥sinx, and 
Vx (X; Y) = - Uy (X, y) = e¥ cosx. 


We note that u, v, ux, Uy, Vx and Vy are continuous functions and that the Cauchy-Riemann 
equations hold for all values of (x, y). Hence, using Equation (3-14), we write 


Ff" (Zz) =Uy (X, y) +1 Vy (X, y) = - e¥sinx+ie cosx. 
Aside. Can you guess the "complex" form of f (z) ? 


Explore Solution 3.8. 


Extra Example 2. Show that the function f (z) = e*-Y cos (2xy) + ie*-Y sin (2xy) is 
differentiable for all z = x+ iy and find its derivative. 


Explore Extra Solution 2. 
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The Cauchy-Riemann conditions are particularly useful in determining the set of points for 
which a function f is differentiable. 


Example 3.9. Show that the function f (z) = x?+3xy?+i (3x*y+y?) is differentiable at points 
that lie on the x and y axes but analytic nowhere. 


Solution. Recall (Definition 3.1) that when we say a function is analytic at a point zg we mean that 
the function is differentiable not only at ze, but also at every point in some neighborhood of zg. With 
this in mind, we proceed to determine where the Cauchy-Riemann equations are satisfied. We write 
u (x, y) = x?+3xy? and v (x, y) = 3x*y+y? and compute the partial derivatives: 


Ux (% ¥) = Sx a3 y2, vy (Xs y) = 3x? 43a y?, and 
Uy (X; y) = OXY, Vx (X, y) = OXY. 


Here u, v, ux, and vy are continuous, and u, (x, y) = vy (x, y) holds forall (x, y). But 

Uy (X; Y) = - Vx (Xx, y) iff 6xy = - 6xy, which is equivalent to 12 xy = @. The Cauchy- 
Riemann equations hold only when x = @ or y = @, and according to Theorem 3.4, f is differen- 
tiable only at points that lie on the coordinate axes. But this means that f is nowhere analytic 
because any e-neighborhood about a point on either axis contains points that are not on those axes. 


Explore Solution 3.9. 


When polar coordinates (r, 6) are used to locate points in the plane, we use Expression 
(2-2) for a complex function for convenience; that is, 


f (Zz) = U(X,y) + LV (Xx; y) 
f (re?®) = u(rcos6, rsine) +iv (rcos 6, rsine) 
= U(r, 6) + 1V(r, 0) 


where U (r, @) and V (r, 6) are real functions of the real variables r and 6. The polar form of 
the Cauchy-Riemann equations and a formula for finding f(z) in terms of the partial derivatives of 
U(r,) and V(r,) are given in Theorem 3.5, which we ask you to prove in Exercise 10. This theorem 
makes use of the validity of the Cauchy-Riemann equations for the functions u and v, so the relation 
between them and the functions U (r, 6) and V (r, 6) -namely, 

u (xX, y) = u(rcos6,rsine) =U(r, 6) and v (x, y) = v (rcos6, rsine) =Vi(r, 6) 
- is important. 

Theorem 3.5 (Polar Form of the Cauchy-Riemann equations). Let 

f (z) = f (re?®) =U (r, 6) +i V(r, 6) beacontinuous function that is defined in some neigh- 
borhood of the point zg = re e* ®. If all the partial derivatives U, V, U,, Us, Vp and Vs are continu- 
ous at the point (re, 6g) and if the polar form of the Cauchy-Riemann equations, 


(3-22) Ur (Pe, G8) = =-Ve (Pe, Ga) and Vr (re, Ge) = = Us (Pes Oe), 


holds, then f (Zg) is differentiable at zg, and we can compute the derivative f (zg) by using either 
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(3-23) f' (Ze) = f° (ree?) = et (Up (re, G9) +i Vr (Pe, Ge)), OF 
(3-24) ' (ze) = f° (reet%) = 2 e-F% (Vo (res Ge) - iUs (es Oe) ). 
Proof. 


Example 3.10. Show that, if f is is the principal square root function given by 


f (re) = f (zy = 2 


ri (cos . + isin =) 


where the domain is restricted tobe {re'®: r>@ and ~7< © <7}, then the derivative is given 
by 


b 5 
_ 1 _ i,t ®© _ isin? 
f' (2) = say = 5G? (cos > - isin =) 


for every point in the domain {re*®: r>@ and -1<O< 7}. 


Solution. We write 
= r) 
U(r, @) = P2 cos 5, and 


1 
V(r, 6) = r2sin .. 
Thus, 
1 1 
Ur (fr, 8) = =~ Ve (r, 8) = xe 


Vr (Pr, @) = Us (r, 8) = Fr 


Since U, V, U,-, Us, Vx and Vg are continuous at every point in the domain (note the strict inequality 
in —7 < © < 7), we use Theorem 3.5 and Equation (3-23) to get 


f' (z) = f' (re?®) = e7 (Up (r, 6) +iVp (Pr, C)) 
a 1 
= ete (EpacosS+i irr sin & 
2 2 2 2 
a 8 1 1 2 
= eae liwres Lee 
e (Ervelz) = sPze"s 
1 
= 1 = 155 
222 é 


Note that f (z) is discontinuous on the negative real axis and is undefined at the origin. Using the 
terminology of Section 2.4, the negative real axis is a branch cut, and the origin is a branch point for 
this function. 


Explore Solution 3.10. 
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Two important consequences of the Cauchy-Riemann equations close this section. 


Theorem 3.6. Let f = u+i 


that | f(z) | = K, where 
Proof. 
Theorem 3.7. Let f = u+ 


v be an analytic function on the domain D. Suppose for all z ¢ D 
K is aconstant. Then f is constant on D. 


iv bean analytic function on the domain D. If £' (z) =@ forall 


z <D, then £ is constant on D. 


Proof. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap." The 


following Initialization Cell will load these subroutines. 


Initialization Cell 
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Section 3.3 Harmonic Functions 


Let # (x, y) bea real-valued function of the two real variables x and y defined on a 
domain D. (Recall that a domain is a connected open set.) The partial differential equation 


(3-26) dxx (Xs Y) + byy (X y) =@ 


is known as Laplace's equation and is sometimes referred to as the potential equation. If 
bs dxs bys bxx» bxys Pyx and dyy are all continuous and if ¢ (x, y) satisfies Laplace's equation, 
then ¢ (x, y) is called a harmonic function. 


Harmonic functions are important in the areas of applied mathematics, engineering, and 
mathematical physics. In calculus we might have been asked to show that the functions x? - 3 x y? 
and 3 x? y - y? are harmonic (and also that the functions e* cos y and e* siny are harmonic). 
Harmonic functions are used to solve problems involving steady state temperatures, two-dimen- 
sional electrostatics, and ideal fluid flow. In Chapter 11 we will see how complex analysis tech- 
niques can be used to solve some problems involving harmonic functions. For example, the func- 
tion ¢ (x, y) = = (arctan > ~ arctan ) is harmonic in the upper half plane and takes on 


the boundary values ¢ (x, @) =1 when |x| <1 and @¢ (x, @) =@ when | x| >1, as shown 
in Figure 3.A. 
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x y 


Figure 3.A The harmonic function ¢ (x, y) = * (arctan ~ - arctan 2-). 


Exploration 


These pairs of functions are not chosen at random, and there is an intimate relationship between 
them. We begin with an important theorem relating analytic and harmonic functions. 


Theorem 3.8. Let f (z) = f (x+iy) = u (x,y) +iv (x,y) bean analytic function on a domain 
D. Then both u (x, y) and v (x, y) are harmonic functions on D. In other words, the real and 
imaginary parts of an analytic function are harmonic. 


Proof. In Corollary 6.3 we will show that, if f(z) is analytic, then all partial derivatives of u and v are 
continuous. Using that result here, we see that, as f is analytic, u and v satisfy the Cauchy-Rie- 
mann equations 

Ux (XY) = Vy (Xy) and uy (x, y) = —Vx (XY). 


Taking the partial derivative with respect to x of each side of these equations gives 


Uxx (X,Y) = Vyx (% y) and Uyx (X,Y) = -Vyxx (% Y)- 


Similarly, taking the partial derivative of each side with respect to y yields 


Uxy (X,Y) = Vyy (X%y) and uyy (x,y) = -Vyy (% y)- 


The partial derivatives uxy, Uyx, Vxy and Vy, are all continuous, so we use a theorem from the calcu- 
lus of real functions that states that the mixed partial derivatives are equal; that is, 


Uxy (X,Y) = Uyx (x, y) and Vyxy (X,Y) = Vyx (X,Y). 


Combining all these results finally gives 
Uxx (X,Y) + Uyy (X,Y) = Vyx (XY) - Vxy (XY) = 9, and 
Vxx (XY) +Vyy (XY) = — Uyx (X,Y) + Uxy (XY) = Q. 


Therefore both u and v are harmonic functions on D. 
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Proof. 


If we have a function u (x, y) that is harmonic on the domain D and if we can find another 
harmonic function v (x, y) such that the partial derivatives for u and v satisfy the Cauchy-Riemann 
equations throughout D, then we say that v (x, y) is a harmonic conjugate of u (x, y). It then 
follows that the function f (z) = u (x,y) +i Vv (x,y) is analytic on D. 


Example 3.11. If u (x,y) = x?-y?, then ux (x, y) + Uyy (x,y) = 2-2 =; hence uisa har- 
monic function for all z. We find that v (x, y) = 2 x yis also a harmonic function and that 


ux (X,Y) = Vy (X%y) = 2x, and 
Uy (X,Y) = - Vx (Xy) = -2y. 
Therefore v is a harmonic conjugate of u, and the function £ given by 
f(z) = x?-y?+12xy 
= (X4iy)? = 2? 
is an analytic function. 


Explore Solution 3.11. 


Theorem 3.8 makes the construction of harmonic functions from known analytic functions an 
easy task. 
Example 3.12. The function f (z) = z? = x3-3xy?+i (3x?y-y?) is analytic for all values of 
z, hence it follows that 


u (xy) = Re[f (z)] = x?-3xy? 
is harmonic, and 
v (x,y) = Im[f (z)] = 3x*y-y? 


is a harmonic conjugate of u(x,y). 


Explore Solution 3.12. 


Figures 3.2 and 3.3 show the graphs of these two functions. The partial derivatives are 
Ux (X,Y) =3x?-3y%, uy (xy) =-6XYy, Vx (xy) =6xy, and vy (x,y) =3x*?-3y?. They 
satisfy the Cauchy-Riemann equations because they are the real and imaginary parts of an analytic 
function. At the point (x, y) = (2,-1), wehave uy, (2,-1) = vy (2,-1) = 9, and these partial 
derivatives appear along the edges of the surfaces for u and v where x = 2 andy = -1. Similarly, 
uy (2,-1) =12 and v, (2,-1) = -12 also appear along the edges of the surfaces for u and v 
where x = 2 andy = -1. 
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Figure 3.2 u (x,y) = x?-3xy?. Figure 3.3 v (x,y) = 3x?y-y?. 

We can use complex analysis to show easily that certain combinations of harmonic functions 
are harmonic. For example, if v is a harmonic conjugate of u, then their product 
@ (X, y) =U (X, y) Vv (x, y) is aharmonic function. This can be verified directly by computing the 
partial derivatives and showing that Laplace's equation (3-26) holds, but the details are tedious. If 
we use complex variable techniques instead, we can start with the fact that 
f (Z) =u (xX, y) +i Vv (x, y) is an analytic function. Then we observe that the square of f is also 
an analytic function, which is 


[f (z)]* = [u (x, y)]?- [v (x, y) ]?+a2u (x, y) v (xy). 


We then know immediately that the imaginary part, 2u (x, y) v (x, y), is aharmonic 
function by Theorem 3.8. Since a constant multiple of a harmonic function is harmonic, it follows 
that ¢ (x, y) =u (x, y) v (x, y) is harmonic. It is left as an exercise to show that if uz (x, y) 
and u2 (x, y) are two harmonic functions that are not related in the preceding fashion, then their 
product need not be harmonic. 


Theorem 3.9 (Construction of a Conjugate). Let u (x, y) be harmonic in an e-neighborhood of 
the point (xg, ye). Then there exists a conjugate harmonic function v (x, y) defined in this 
neighborhood such that f (z) =u (x, y) +iv (x, y) is an analytic function. 

Proof. A conjugate harmonic function v will satisfy the Cauchy-Riemann equations 

Ux (X,Y) = Vy (xX y) and uy (x, y) = -Vx (x, y). Assuming that such a function exists, we deter- 
mine what it would have to look like by using a two-step process. First, we integrate vy (x, y) 
(which should equal u, (x, y) ) with respect to y and get 


(3-27) v (xy) = fvy (xy) dy + C (x) 
Vv (xy) = [Ux (%y) dy + C (x) 
where C (x) is a function of x alone that is yet to be determined. Second, we compute C' (x) by 


differentiating both sides of this equation with respect to x and replacing vx (x,y) with -uy (x,y) 
on the left side, which gives 
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Vx (%Y) = 2 fux (%y) dy + C" (x) 
-uy (XY) = 2 fux (%y) dy + C* (x) 


It can be shown (we omit the details) that because u is harmonic, all terms except those involving x 
in the last equation will cancel, revealing a formula for C' (x) involving x alone. Elementary integra- 
tion of the single-variable function C' (x) can then be used to discover C (x) . We finally observe 
that the function v so created indeed has the properties we seek. 


The functions C (x) and v (x, y) are computed with the formulas: 
C(x) = J(-uy (%y) - & (fux (%y) dy)) dx, and 


V (xy) = [Ux (xy) dy + C (x). 
Proof. 

Technically we should always specify the domain of function when defining it. When no 
such specification is given, it is assumed that the domain is the entire complex plane, or the largest 
set for which the expression defining the function makes sense. 

Method. Construction of the Harmonic Conjugate of u(x,y). 
Execute this cell to activate the construction of the harmonic conjugate subroutine. 


Example 3.13. Show that u (x, y) = x y?-x?y is aharmonic function and find the harmonic 
conjugate v (x, y). 


Solution. We follow the construction process of Theorem 3.9. The first partial derivatives are 
(3-28) Ux (x,y) = y?-3x*y and uy (x, y) =3xy?-x?. 
To verify that u is harmonic, we compute the second partial derivatives and note that 


Uxx (X,Y) +Uyy (Xy) = -6xy+6xy = B, SOu Satisfies Laplace's Equation (3-26). To construct 
v, we Start with Equation (3-27) and the first of Equations (3-28) to get 


v (xy) = f (y?-3x?y) dy + C (x) 


1 
4 


y* =x? y?4 C (x) 


Differentiating the left and right sides of this equation with respect to x and using 
-Uy (X,Y) = Vx (xX, y) and Equations (3-28) on the left side yields 


3xy?+x? = @- 3xy* + C' (x) 


which implies that 


then an easy integration yields C (x) = = x++C, where C is a constant. Now we substitute 


6 | Chapter03Section03.nb 


C (x) and obtain the desired solution 


V (Xs Y) 


Explore Solution 3.13. 


Contour plots for the families of curves {u (x, y) =C: C isarealconstant} and 
{v (xX, y) =C: C isarealconstant} are shown in Figures 3.B. 


Figure 3.B Contour plot for u (x,y) = x?-3xy*=C and v (x,y) =3x*y-y?=C. 


In Chapter 11 we will show that if f (z) =u (x, y) + iv (x, y) is an analytic function. 
Then the two families of level curves {u (x, y) =C: C isarealconstant} and 
{v (X, y) =C: C isarealconstant}, are orthogonal in the sense that if (xg, ye) is a point in common 
to the two curves u (x, y) = Ci and v (x, y) =Co, and if f' (xg+iyo) +, then these two 
curves intersect orthogonally. The orthogonal grid shown in Figure 3.C. 
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Figure 3.C The orthogonal grid formed by x? - 3 x y* = C and 3 x? y- y? = C. 


Extra Example 1. Show that u (x, y) = x-2x?-6xy-4x3y+6xy*+4x yy? is a harmonic 
function and find the harmonic conjugate v (x, y). 


Explore Extra Solution 1. 


Fluid Flow 
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Harmonic functions are solutions to many physical problems. Applications include two- 
dimensional models of heat flow, electrostatics, and fluid flow. We now give an example of the latter. 

We assume that an incompressible and frictionless fluid flows over the complex plane and 
that all cross sections in planes parallel to the complex plane are the same. Situations such as this 
occur when fluid is flowing in a deep channel. The velocity vector at the point (x, y) is 
(3-29) V (x,y) = P(X, y) +4q (xX y). 

The assumption that the flow is irrotational and has no sources or sinks implies that both the 
curl and divergence vanish, that is, qx - py = @ and p, + qy = @. Hence p and q obey the partial 
differential equations 
(3-30) Px (X; y) = Gy (X, y); and 

Py (Xs Y) = qx (% y). 
Equations (3-30) are similar to the Cauchy-Riemann equations and permit us to define a special 
complex function: 


(3-31) f(z) = U(X, y) +iVv (x,y) = P(X, y) -2q (xX, y). 


Here we have ux = px, Uy = Py, Vx = —Qx and vy = —qy. We can use Equations (3-30) to verify 
that the Cauchy-Riemann equations are satisfied for f£: 


Ux (X,Y) = Px (X,Y) = - dy (X,Y) = Vy (xX, y), and 

uy (X; y) = Py (X; y) = qx (Xx, y) = -— Vx (X; y). 
Assuming the functions p and g have continuous partials, Theorem 3.4 guarantees that function f 
defined in Equation (3-31) is analytic, and that the fluid flow of Equation (3-29) is the conjugate of an 
analytic function, that is, 


V(x, y) = F (2). 


In Chapter 6 we will prove that every analytic function £ has an analytic antiderivative F; 
assuming this to be the case, we can write 


(3-32) F(z) = @(xX%,y)+iv(% y), 
where F' (z) =f (Z). 


Theorem 3.8 tells us that ¢ (x, y) is a harmonic function. If we use the vector interpretation 
of a complex number we see that the gradient of ¢ can be written as 


grad ¢ (x,y) = x (Xx, y) +i dy (X, y)- 


The Cauchy-Riemann equations applied to F (z) give dy (x, y) = - Ux (xX; y); making 
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this substitution in the last equation yields 


grad ¢ (Xx, y) = dx (X,Y) —-1Uy (Xs y) = bx (X,Y) +a Uy (%5 y). 


Equation (3-14) says that ¢, (x, y) + i wx (x, y) =F" (z), which by the preceeding equation 
and Equation (3-32) imply that 


grad ¢ (x, y) = F’ (z) = f (2). 
Finally, from Equation (3-29), (x, y) is the scalar potential function for the a fluid flow, so 


V (x, y) = grad ¢@ (x, y). 
The curves given by { (x, y) : @ (x, y) = constant} are called equipotentials. The 
curves { (x, y) : Ww (xX, y) = constant} are called streamlines and describe the path of fluid flow. 
In Chapter 11 we will see that the family of equipotentials is orthogonal to the family of streamlines. 


Example 3.14. Show that the harmonic function ¢ (x, y) = x*-y? is the scalar potential function 
for the fluid flow V (x, y) = 2x-2iyy. 


Solution. We can write the fluid flow expression as 
V(X, y) = 2x-2iy = 2z. 


An antiderivative of f (z) = 2z is F (z) = z*, andthe real part of F (z) is the desired harmonic 
function: 

b (xX, y) = Re[F (z)] = Re[x?-y?+2ixy] = x?-y?, 
Note that the hyperbolas ¢ (x, y) = x?-y? = C are the equipotential curves and that the hyperbo- 


las w (x, y) = 2xy = C are the streamline curves; these curves are orthogonal, as shown in 
Figure 3.6. 


Figure 3.6 Blue equipotential curves x? - y? = C, and red streamline curves 2 x y = C, for 
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F(z) = 2?. 


Explore Solution 3.14. 
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Chapter 4 Sequences, Julia and Mandelbrot Sets, and Power Series 


Overview 


In 1980 Benoit Mandelbrot led a team of mathematicians in producing some stunning com- 
puter graphics from very simple rules for manipulating complex numbers. This event marked the 
beginning of a new branch of mathematics, known as fractal geometry, that has some amazing 
applications. Many of the tools needed to appreciate Mandelbrot's work are contained in this chap- 
ter. We look at extensions to the complex domain of sequences and series, ideas that are familiar 
to students who have completed a standard calculus course. 


4.1 Sequences and Series 
In formal terms, a complex sequence is a function whose domain is the positive integers and 
whose range is a subset of the complex numbers. The following are examples of sequences: 


(4=1) f (ny = (2 =) +(54+=) i (n=1,2,3, ...); 

(4-2) g(n) =e « tis, 2,3) aaa 

(4-3) h(k) = 5+3i+( +)" (ke, 2,3, arti 

(4-4) r(n) = (++5)" ae oc We 
Exploration 


For convenience, at times we use the term sequence rather than complex sequence. If we 
want a function s to represent an arbitrary sequence, we can specify it by writing 
s (1) =2Z1, s (2) =Z2, Ss (3) = z3, andsoon. The values Z,1, Z2, z3, ..., arecalled the 
terms of a sequence, and mathematicians, being generally lazy when it comes to such things, often 
refer to zi, Z2, Z3, etc. as the sequence itself, even though they are really speaking of the range 
of the sequence when they do so. You will usually see a sequence written as {Zn}?4, {Zn}f?, Or 
when the indices are understood, as {z,}. Mathematicians are also not so fussy about starting a 
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sequence at zi, sothat {Z,}%__4, {Zn}f-9, etc., would also be acceptable notation, provided all 
terms were defined. For example, the sequence r given by Equation (4-4) could be written in a 
variety of ways: 


Liat) lee es) Pedaes) tie Glats) tea (pea ee 

The sequences f and g given by Equations (4-1) and (4-2) behave differently as n gets 
larger. The terms in Equation (4-1) approach 2+5 i = (2, 5), butthose in Equation (4-2) do not 
approach any particular number, as they oscillate around the eight eighth roots of unity on the unit 
circle. Informally, the sequence {z,}7 has ¢ asitslimitas n approaches infinity, provided the 
terms z, can be made as close as we want to © by making n large enough. When this happens, 
we write 


(4-5) limps. Zr=C or 22 a Nn >o&. 
If lim,... Zn = ©, we say that the sequence {z,}f converges to €. 


We need a rigorous definition for Statement (4-5), however, if we are to do honest 
mathematics. 
Definition 4.1 (Limit of a Sequence). lim,.., Zn, = ¢ means that for any real number e > @ there 


corresponds a positive integer N- (which depends on ¢) such that z, <¢ De (€) whenever n> Ne. 
Thatis | €-Z, | < € whenever n>N.. Figure 4.1 illustrates a convergent sequence. 


Figure 4.1 A sequence {z,}7 that converges to ¢. (If n >N. then 
Zn € De (£)-) 
Remark 4.1. The reason we use the notation N. is to emphasize the fact that this number depends 
on our choice of «. Sometimes it will be convenient to drop the subscript. 


In form, Definition 4.1 is exactly the same as the corresponding definition for limits of real 
sequences. In fact, a simple criterion casts the convergence of complex sequences in terms of the 
convergence of real sequences. 


Theorem 4.1. Let Zz, = Xn+iYyn and €=u+iv. Then 


(4-6) Tithe: 2722). iff 


(4-7) limps. Xn =U and lim). Yn = Vv. 
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Proof. 


Example 4.1. Find the limit of the sequence {Zn} = fen) 


n 


Solution. We write Zn, = Xn+iYn = toi =. Using results concerning sequences of real 


numbers, we find that 


1 


Limyse Xn = Limp... 7? @ and limps Yn = lim,,. * = 1. 


Vn +i (n+1) 


n 


Therefore limn.. Zn = lim, = @+i =U. 


Explore Solution 4.1. 


Example 4.2. Show that the sequence {z,} = {(1+1)"} diverges. 


Solution. We have 


The real sequences Xn = (V2 )" cos “* and yn = (2 )” sin “* both exhibit divergent 
oscillations, so we conclude that z, = (1+1)" diverges. 


Explore Solution 4.2. 


Definition 4.2 (Bounded Sequence). A complex sequence {z,} is bounded provided that there 
exists a positive real number R and an integer N such that | z, | < R forall n>N. In other words, 
for n > N, the sequence {z,} is contained in the disk Dp (@). 


Bounded sequences play an important role in some newer developments in complex analy- 
sis that are discussed in Section 4.2. A theorem from real analysis stipulates that convergent 
sequences are bounded. The same result holds for complex sequences. 

Theorem 4.2. If {zZ,} is a convergent sequence, then {2Z,} is bounded. 
Proof. 

As with real numbers, we also have the following definition. 

Definition 4.3 (Cauchy Sequence). The sequence {z,} is said to be a Cauchy sequence if for 
every € > ® there exists a positive integer N., such thatif n, m >N., then | Z,_-Zm| < 6, OF, 
equivalently, Z,-Zm € De (@). 

The following should now come as no surprise. 

Theorem 4.3, (Cauchy Sequences Converge). If {z,} is a Cauchy sequence, then {Zp} 
converges. 

Proof. 

Proof of Theorem 4.3 is in the book. 


One of the most important notions in analysis (real or complex) is a theory that allows us to 
add up infinitely many terms. To make sense of such an idea we begin with a sequence {z,}, and 
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form a new sequence {S,}, called the sequence of partial sums, as follows. 
Si = Z1, 
S2 = Z4+Z2, 


S3 = Z4+2Z2+ Z3, 


Sn = Z1+Z2+.+-.+2Zn = Da Zk; 
Definition 4.4 (Infinite Series). The formal expression >%_,Z, = Z1+Z2+...+2Zn,+... is called 
an infinite series, and z1, Z2, ..., Zn, .-., are called the terms of the series. 


If there is a complex number Ss for which 


S = limps. Sp = Limpso DR-1 Zk; 


we will say that the infinite series >7_, z, converges to S, and that s is the sum of the infinite series. 
When this occurs, we write 


S = D4 Zk. 


The series >¥_; Zx is said to be absolutely convergent provided that the (real) series of 
magnitudes >P_, | Zx | converges. 


If a series does not converge, we say that it diverges. 


Remark 4.2. The first finitely many terms of a series do not affect its convergence or divergence 
and, in this respect, the beginning index of a series is irrelevant. Thus, we will without comment 
conclude that ifa series >y.1Zx converges, then so does >¥_,Z,, where Z1,Z2, ...,Zy iS any 
finite collection of terms. A similar remark holds for determining divergence of a series. 


As you might expect, many of the results concerning real series carry over to complex 
series. We now give several of the more standard theorems for complex series, along with exam- 
ples of how they are used. 


Theorem 4.4. Let Zz, = Xn+iYn and S=U+iV. Then 


S = YP 4Zn = D4 (Xn+i Yn) (converges) 


if and only if both 


U = > 4Xn and V = >’ 4yn_ (converge). 
Proof. 
Proof of Theorem 4.4 is in the book. 
Theorem 4.5. If >*.,z, is a convergent complex series, then lim,.,.. Zn = 9. 


Proof. 
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Example 4.3. Show that the series yy, +2" = ye, [45+i —] is convergent. 


n2 
Solution. Recall that the real series 574 os and >r-1 eo are convergent. Hence, Theorem 4.4 


implies that the given complex series is convergent. 


Explore Solution 4.3. 


Example 4.4. Show that the series yy, “= = ye, [2° +i 2] is divergent. 


Solution. We know that the real series 5* , — is divergent. Hence, Theorem 4.4 implies that the 


given complex series is divergent. 


Explore Solution 4.4. 


Example 4.5. Show that the series >”, (1 +1)" is divergent. 


Solution. Here we set z, = (1+1)" and observe that 
Litieg: 1a) Sites. (ae) fe is 2 


Thus lim,,.. Zn # 9, and Theorem 4.5 implies that the series is not convergent; hence it is diver- 
gent. 


Explore Solution 4.5. 


Theorem 4.6. Let 57.1 2Zn and >¥_,w, be convergent series, and let c be a complex number. 
Then 


Dne1 © Zn = C Dna Zn 


and 
Dner (Zn + Wn) = Dea Zn + Det Wh- 
Proof. 
Definition 4.5 (Cauchy Product of Series). Let >P., a, and 57, b, be convergent series, where 
an and b, are complex numbers. The Cauchy product of the two series is defined to be the series 
> Cn, Where Cry = DR ak Dn_k. 


Theorem 4.7. If the Cauchy product converges, then 


Dre Cn = (Dne1 An) (Dn-1 Dn), 


where 
Cn = yee ak Dy_k: 
Proof. 


Theorem 4.8 (Comparison Test). Let >“.,M, be aconvergent series of real nonnegative terms. 
If {Zn} is a sequence of complex numbers and | Zn | < My holds forall n, then >?., Zn 
converges. 

Proof. 


Corollary 4.1. If 59.1 | Zn |, then >¥_1 Zn, converges. In other words, absolute convergence 
implies convergence for complex series as well as for real series. 
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Proof. 

Example 4.6. Show that the series yy, “=*»" is convergent. 

Solution. We calculate | Zn | af = = M,. Using the comparison test and the 
fact that Yy_, 4 converges, we determine that Yy., | @=4>" | converges and hence, by Corol- 
lary 4.1, so does yy, 2=42" 


Explore Solution 4.6. 


Complex Analysis for Mathematics and Engineering 
by 
John H. Mathews and Russell W. Howell 


Jones and Bartlett Learning 


Prof. John H. Mathews 
Department of Mathematics 
California State University Fullerton 
Fullerton, CA 92634 
mathews@fullerton.edu 


Prof. Russell W. Howell 
Mathematics & Computer Science Department 
Westmont College 
Santa Barbara, CA 93108 
howell@westmont.edu 


4.2 Julia and Mandelbrot Sets 


An impetus for studying complex analysis is the comparison of properties of real numbers 
and functions with their complex counterparts. In this section we take a look at Newton's method for 
finding solutions to the equation f (x) = @. Then, by examining the more general topic of iteration, 
we will plunge into a breathtaking world of color and imagination. The mathematics surrounding this 
topic has generated a great deal of popular attention in the past few years. 


Recall from calculus that Newton's method method proceeds by starting with a function 


f (x) and an initial "guess" xg as asolution to f (x) = @. We then generate a new guess x, by 


the computation x, = X9 - pial. Using x, in place of x9, this process is repeated, giving us 
Q 

pial, Thus we obtain a sequence of points {x,}, where Xx.1 = XK - ae The points 
1 k 


{Xk}.@ are called the iterates of xg. For functions defined on the real numbers, this method gives 


X2 = X14 - 


remarkably good results so that the sequence {x,} often converges to a solution of f (x) = @ 
rather quickly. In the late 1800's the british mathematician Arthur Cayley investigated the question 
as to whether Newton's method can be applied to complex functions. He wrote a paper giving an 
analysis for how this method works for quadratic polynomials and indicated his intention to publish a 
subsequent paper for cubic polynomials. Unfortunately, Cayley died before producing this paper. 
As you will see, the extension of Newton's method to the complex domain and the more general 
question of iteration are quite complicated. 


Example 4.7. Trace out the next five iterates of Newton's method given an initial guess of 


Zo = a+ as a solution to the equation f (z) =, where f (z) = z?+1. 


Solution. For any guess z for a solution, Newton's method gives as the next guess the number 


2 2. 5 7 A 
a _ a =2Z = = 4 =. Table 4.1 gives the required iterates. 


Figure 4.2 shows the relative positions of these points on the z plane. Note that the points 
Zq and Zs are so Close together that they appear to coincide, and that the value for z; agrees to six 
decimal places with the actual solution z = i. 


k Zk f (Zk) 
) @.2500000000 + @.2500000000 i 1.0000 800 800 + @.1250000000 1 
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Table 4.1 The iterates of zg = : + = for Newton's method applied to f (z) = z?+1. 


oO OC 8 90 


35 


Figure 4.2 The iterates of zg = — + — for Newton's method applied to 


i 
4 


Ee 
4 


f(z) = 22+1. 


Explore Solution 4.7. 


The complex version of Newton's method also appears to work quite well. Recall, however, 
that with functions defined on the reals, not every initial guess produces a sequence that converges 
to a solution. Example 4.8 shows that the same is true in the complex case. 


Example 4.8. Show that Newton's method fails for the function f (z) = z?+1 if the initial guess is 
a real number. 
Solution. From Example 4.7 we know that, for any guess z as a solution of z? + 1 = 9, the next 


Bi 
Y a = 4 =. We let Zo be any real number and {z;} be the 


guess ata solutionis N (z) =z 


sequence of iterations produced by the initial seed zg. If for any k, z, = @, the procedure termi- 
nates, aS Zx,1 will be undefined. If all the terms of the sequence {z,} are defined, an easy induc- 
tion argument shows that all the terms of the sequence are real. Because the solutions of z7+1 = @ 
are z = +1, the sequence {z,} cannot possibly converge to either solution. In the exercises we ask 
you to explore in detail what happens when Zz is in the upper or lower half-plane. 


Extra Example 1. Investigate Newton's method for finding the roots of f (z) = z?+1. 
Given the initial seed zg determine if the sequence {z,} converges to one of the roots 
7 4.24: V3 1 iv3 


2 2 2 % 2 2 


Explore Extra Solution 1. 


The case for cubic polynomials is more complicated than that for quadratics. Fortunately, 
we can get an idea of what's going on by doing some experimentation with computer graphics. We 


begin with the cubic polynomial f (z) = z? +1. (Recall that the roots of this polynomial are at 
pea g, Poa d) 


Zhi oS ta 5 


We associate a color with each root (blue, red, and green, respec- 


tively). We form a rectangular region R, which contains the three roots of f (z) , and partition this 
region into equal rectangles Ri ;. We then choose a point z; ; at the center of each rectangle and 
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for each of these points we apply the following algorithm. 


1. With N(z) =z _ = = Zz ee = 22, compute N (z; 4). Continue computing succes- 


sive iterates of this initial point until we either are within a certain preassigned tolerance (say, ) of 
one of the roots of f (z) = Q, or until the number of iterations has exceeded a preassigned 
maximum. 


2. If Step 1 leaves us within of one of the roots of f (z), we color the entire rectangle Rj 5 with the 
color associated with that root. 

Otherwise, we assume that the initial point z; ; does not converge to any root, and we color the 
entire rectangle yellow. 


Note that this algorithm doesn't prove anything. In Step 2, there is no a priori reason to 
justify the assumption mentioned, nor is there any necessity for an initial point z; 5 to have its 
sequence of iterates converging to one of the roots of f (z) = @, just because a particular iteration 
is within of that root. Finally, the fact that one point in a rectangle behaves in a certain way does 
not imply that all the points in that rectangle behave in a like manner. Nevertheless, we can use this 
algorithm as a basis for mathematical explorations. Indeed, computer experiments such as the one 
described have contributed to a lot of exciting mathematics during the past 20 years. The color 
plates located on the inside front and back covers of this book illustrate the results of applying our 
algorithm to various functions. Color plate 1shows the results for the cubic polynomial 
f (z) = z3+1. The points in the blue, red, and green regions are those "initial guesses" that will 
1 v3. 1 V3 
i i 2 
located in the middle of the three largest colored regions.) The complexity of this picture becomes 
apparent when you observe that, wherever two colors appear to meet, the third color emerges 
between them. But then, a closer inspection of the area where this third color meets one of the 
other colors reveals again a different color between them. This process continues with an infinite 
complexity. 


converge to the roots z = -1, i -1, respectively. (The roots themselves are 


Color Plate 1. Newton’s method applied to f (z) = z?+1. 


There appear to be no yellow regions with any area in Color plate 1, indicating that at least 
most initial guesses zg at a solution to z? + 1 = @ will produce a sequence {z,} that converges to 
one of the three roots. Color plate 2 demonstrates that this outcome does not always occur. It 
shows the results of applying the preceding algorithm to the polynomial 
f (z) = 23+ (-@.26+0.021) z+ (-@.74+0.02 1). The yellow area shown is often referred to 
as the rabbit. It consists of a main body and two ears. Upon closer inspection (color plate 3) you 
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can see that each of the ears consists of a main body and two ears. Color plate 2 is an example of 
a fractal image. Mathematicians use the term fractal to indicate an object that have this kind of 
recursive structure. 


Color Plate 2. The rabbit fractal of 
f (z) = 23+ (-@.26+0.02 1) z-@.74+0.02 i. 


Color Plate 3. A zoom of the rabbit fractal of 
f (z) = 23+ (-0.26+0.02 i) 2-0.74+0.02 i. 


In 1918 the French mathematicians Gaston Julia and Pierre Fatou noticed the fractal phe- 
nomenon when exploring iterations of functions not necessarily connected with Newton's method. 
Beginning with a function f(z) anda point ze, they computed the iterates z1 = f (Ze), 

Z2 = f (Z1),..., Zki1 = F (Zk), and investigated properties of the sequences {z,}. Their findings 
did not receive a great deal of attention, in part because computer graphics were not available at 
this time. With the recent proliferation of computers, it is not surprising that these investigations 
were revived in the 1980's. Detailed studies of Newton's method and the more general topic of 
iteration were undertaken by a host of mathematicians including Curry, Douady, Garnett, Hubbard, 
Mandelbrot, Milnor and Sullivan. We now turn our attention to some of their results by focusing on 
the iterates produced by quadratics of the form f,. (z) = z*+c. You will be surprised at the 
startling pictures that graphical iterates of such a simple functions produce. 


Example 4.9. For f, (z) = z*+c, analyze all possible iterations when c = @, that is, for the 
function fg defined by fg (z) = 22+. 


Solution. We leave as an exercise the claim that, if | ze | < 1, the sequence will converge to 0; 
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if | Z@| > 1, the sequence will be unbounded; and if | zg | = 1, the sequence will either 
oscillate around the unit circle or converge to 1. 


For the function f, (z) defined by f, (z) = z2+ c, and an initial seed zg, the set of iter- 
ates given by zi = fc (Ze), Z2 = fc (Zi), etc., are also called the orbits of zg generated by 
f. (z). Welet K. denote the set of points with bounded orbits for f. (z). Example 4.9 shows 
that Ke is the closed unit disk D; (@). The boundary of K. is known as the Julia set for the func- 
tion f, (z). Thus the Julia set for fg (z) is the unit circle C, (@). It turns out that K. is anice 
simple set only when c = @ or c = -2. Otherwise, K, is fractal. Color plate 4 shows K_1.25. The 
variation in colors indicate the length of time it takes for points to become "sufficiently unbounded" 
according to the following algorithm, which uses the same notation as our algorithm for iterations via 
Newton's method. 


Color Plate 4. The Julia set for f. (z) = f_1.25 (Z) = z*-1.25. 
Extra Example 2. Plot the Julia set for f, (z) = f-1.25 (Zz) = z7-1.25. 


Explore Extra Solution 2. 


1. Compute f. (zi;). Continue computing successive iterates of this initial point until the absolute 
value of one of the iterations exceeds a certain bound (say, L), or until the number of iterations has 
exceeded a preassigned maximum. 

2. If Step 1 leaves us with an iteration whose absolute value exceeds L, we color the entire rectan- 
gle R; with a color indicating the number of iterations needed before this value was attained (the 
more iterations required, the darker the color). Otherwise, we assume that the orbits of the initial 
point z; ; do not diverge to infinity, and we color the entire rectangle black. 


Note, again, that this algorithm doesn't prove anything. It merely guides the direction of our 
efforts to do rigorous mathematics. 


Color plate 5 shows the Julia set for the function f, (z), where c = -@.11-@.67 i. The 
boundary of this set is different from the boundaries of the other sets we have seen, in that it is 
disconnected. Julia and Fatou independently discovered a simple criterion that can be used to tell 
when the Julia set for f. (z) is connected or disconnected. We state their result, but omit the 
proof, as it is beyond the scope of this text. 
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Color Plate 5. A disconnected Julia set for f, (z) = z7-@.11- 0.67 i. 


Theorem 4.9. The boundary of K. is connected if and only if @e€ K.. In other words, the Julia set 
for f. (z) is connected if and only if the orbits of 0 are bounded. 

Proof. 

Example 4.10. Show that the Julia set for f; (z) = z* +1 is connected. 

Solution. We apply Theorem 4.9 and compute the orbits of 0 for f,; (z) = z*+1. We have 

f, (0) =a, f, (0) = -1+4a, Ff, (-1+1) =-1, and f; (-i) = -1+4. Thus the orbits of 0 are 
the sequence {@, 1, -1+i, -i, -1+i, -i, -1+i, -i, ...}, whichis clearly a bounded 
sequence. Thus, by Theorem 4.9, the Julia set for f,; (z) is connected. 


Explore Solution 4.10. 


In 1980, the Polish born mathematician Benoit Mandelbrot used computer graphics to study 
the following set: 


M = {C: theJuliaset for Ff. (Z) is connected } 
M = {C: theorbitsof @ determined by F< (Z) are bounded } 


The set M has come to be known as the Mandelbrot Set. Color plate 6 shows its intricate 
nature. Technically, the Mandelbrot set is not fractal because it is not self-similar (although it may 
look that way). However, it is infinitely complex. Color plate 7 shows a zoom over the upper portion 
of the set shown in color plate 6. Likewise, color plate 8 zooms in on the upper portion of color plate 
7. In color plate 8 you can see the emergence of another structure very similar to the Mandelbrot 
set that we began with. Although it isn't an exact replica, if you zoomed in on this set at almost any 
spot, you would eventually see yet another "Mandelbrot clone" and so on ad infinitum! In the remain- 
der of this section we look at some of the properties of this amazing set. 
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Color Plate 6. The Mandelbrot set M. 


Color Plate 7. A zoom of the upper portion of the Mandelbrot set M. 


Phe 


Color Plate 8. A zoom of the upper portion of the Color Plate 7. 


Show that {c : | z | < =} is a subset of the Mandelbrot set M. 


Solution. Let {an}, be the orbits of 0 generated by f. (z) = z*+.c, where | z | < 7 Then 
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ag = f (0) = @+c=C 
a, = f (ag) = apt+e 
aa = f (a1) = atte 
in general 

aaa = f (ay) = ap+e 


We show that {a,}%_, is bounded, and, in particular, we show that | an | < > for all n by mathemati- 


cal induction. Clearly | an | 


IA 


> ifn = @ or1. We assume that | a, | < > for some value of n = 1 


(our goal is to show | an. | < >). Now, 
| Ana | = | agec | 
< |an|+|¢| 
base &, 2 
4 4° 2 


In the exercises, we ask you to show that, if | c | > 2, then cis notin the set. Thus the 
Mandelbrot set depicted in color plate 6 contains 
the disk D: (@) and is contained in the disk D2 (@). 
4 


We can use other methods to determine which points belong to M. To do so, we need some 
additional vocabulary. 


Definition 4.6 (Fixed Point). The point zg is a fixed point for the function £ if f (Zg) = Ze. 


Definition 4.7 (Attracting Point). The point zg is an attracting point for the function f if 
[4 25): | ea 


Theorems 4.10 and 4.11 explain the significance of these terms. 


Theorem 4.10. Suppose that Ze is an attracting fixed point for the function f. Then there is a disk 
D, (Zg) about zg such that the iterates of all the points in D, (zg) are dawn toward the point Zo 
in the sense that, if ze Dé (Z9), then | f (z) -Z9| < | Z-2Zo|. In fact, if z, is the kt" iterate of 
ze Dz (Ze), then lim... Zk = Ze. 


Proof. 


In 1905, Pierre Fatou showed that, if the function f, (z) defined by f, (z) = z*+c has 
attracting fixed points, then the orbits of 0 determined by f, (z) must converge to one of them. 
Because a convergent sequence is bounded, this condition implies that c must belong to M. In the 
exercises we ask you to show that the main cardioid-shaped body of M in color plate 6 is composed 
of those points c for which f, (z) has attracting fixed points. You will find Theorem 4.10 to bea 
useful characterization of those points. 


Theorem 4.11. The function f. (z) defined by f. (z) = z* +c has attracting fixed points iff 
|} 1+ (1-4c)*/?| < 1 or |1-(1-4c)*/?| < 1, where the square root designates the 
principal square root function. 


Proof. 

Definition 4.8 (n-Cycle). An n-cycle for a function f isaset {Zg, Z1, ...5 Zn-1} Of n complex 
numbers such that z, = f (Z,%.1) for k=1, 2, ...,n-1, and f (Z,_1) = Zg. 

Definition 4.9 (Attracting n-Cycle). An n-cycle {Zg, Z1, ..-, Zn1} forafunction f is said to 


be attracting if | gx (Zo) | < 1, where g, is the composition of f with itself n times. For 
example, ifn = 2, then g. (z) = f (f (z)). 
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Example 4.12. Example 4.10 shows that {-1+i, -i} is a2-cycle for the function 

f; (Zz) =z?+ 4. Itis not an attracting 2-cycle because g (z) = z*+212%+(-1+1i) and 

gs (Z) = 4z7+4iz. Hence | gy (-1+1i) | = |4 (-14+1)7+4i (-1+1i) | = |4+4i), 
sothat | gs (-1+i1) | >1. 


Explore Solution 4.12. 


In the exercises, we ask you to show that, if {Ze, Z1, .-.-, Zn-1} is an attracting n-cycle for 
a function f, then not only does Ze 
satisfy | gf (Ze) | < 1, butalsothat | gy (zx) | < 1, for k=1, 2, ...,n-1. 


It turns out that the large disk to the left of the cardioid in color plate 6 consists of those 
points c for which f, (z) has a 2-cycle. The large disks above and below the main cardioid disk are 
the points c for which f. (z) has a 3-cycle. 

Continuing with this scheme, we see that the idea of n-cycles explains the appearance of the 
"buds" that you see on color plate 6. It does not, however, begin to do justice to the enormous 
complexity of the entire set. Even color plates 7 and 8 are mere glimpses into its awesome beauty. 
In the exercises, we suggest several references for projects that you could pursue for a more 
detailed study of topics relating to those covered in this section. 


Extra Example 3. Plot the Mandelbrot set. 


Explore Extra Solution 3. 
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4.3 Geometric Series and Convergence Theorems 


We begin this section by presenting a series of the form >, z", which is called a geomet- 
ric series and is one of the most important series in mathematics. 


Real Exploration. 
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Theorem 4.12 (Geometric Series). If 


That is, if | z| <1 then 


z| <1, theseries >” ,z" converges to f (z) = — 
| 2 | r) a 


(4-11) Veg" a a 2S OZ esp Se SS 


If |z| 241, the series diverges. 
Proof. 


Exploration. 


Corollary 4.2. If |z | >1, theseries y.,z" converges to f (z) = —.. Thatis, if |z| >1 
then 
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or equivalently, 
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If | z| <1, the series diverges. 


Proof. 


Figure 4.B The annulus of the disk 2s|z| si under the mapping w= f (z) = 1 = F% 27. 


s-l 


Exploration. 


Corollary 4.3. If z #1, then for all n, 


2 eS Lage zi, 
1-z 1-z 
Proof. 
Exploration. 
Example 4.13. Show that yy9 “<4 = 1-i. 
Solution. If we set z = —, then |z| = | 7 = ue < 1. By Theorem 4.12, the sum is 
1-i 2 2 a 
1/ (a 2 > aa ag 


Explore Solution 4.13. 
Example 4.14. Evaluate >7_3 =. 


Solution. We can put this expression in the form of a geometric series: 
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_ 1 1 _ -1 
8 42 8-4i 
_ -i 8+4i — 4-83 
8-4i 8+4i 80 
a te 
~ 20 10 


Explore Solution 4.14. 


Remark 4.3. The equality given in Example 4.14 illustrates an important point when evaluating a 
geometric series whose beginning index is other than zero. The value of >"_,.z" equals =. If we 


think of z as the "ratio" by which a given term of the series is multiplied to generate successive 


firstterm provided | ratio | <1. 
1- ratio 


terms, we see that the sum of a geometric series equals 
The geometric series is used in the proof of Theorem 4.12, which is known as the ratio test. 
It is one of the most commonly used tests for determining the convergence or divergence of series. 


The proof is similar to the one used for real series, and we leave it for you to do. 
Theorem 4.13 (d'Alembert's Ratio Test). If 5", ¢, is a complex series with the property that 


[Snea | _ L 


limny 5 
no> \En| 


then the series converges absolutely if L < 1 and diverges if L > 1. 
Proof. 
Example 4.15. Show that 5x, {4 


4)" converges. 


n! 


Solution. Using the ratio test, we find that 


. gan / aw _ . n! (1-i) 
Lim, =. | (n+1) ! n! | Lim, 5. | (n+1) ! | 


& Diffie | aa) | 


(n+1) ! 


n!|1-i} 
(n+1) ! 


= limy .. 


ni |1-i| 


= lim... (n+1)! 


|1-i| 


= Limy 5 « n+1 


= Lima sco Ta 
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Because L <1, the series converges. 


Explore Solution 4.15. 


Example 4.16. Show that >P_, 4530 converges for all z inthe disk |z-i| < 2. 


Solution. Using the ratio test, we find that 


é _7ynet ayn 
Lim; s | (z i) [2 i) 


If |z-i| < 2, then /**l = L < 4, and the series converges. 


If | z-i]| > 2, then L>41, and the series diverges. 


Explore Solution 4.16. 


Our next result, known as the root test, is slightly more powerful than the ratio test. Before 
we present this test, we need to discuss a rather sophisticated idea used with it-the limit supremum. 


Definition 4.10 (Limit Supremum). Let {t,} bea sequence of positive real numbers. The limit 
supremum of the sequence (denoted by lim sup t,) is the smallest real number L with the prop- 


n> o 
erty that for any ¢ > @ there are at most finitely many terms in the sequence that are larger than 
L+e. lf there is no such number L, then we set limsupt, = ~. 


n>o 
Example 4.17. The limit supremum of the sequence 
{tn} = {4.1, 5.1, 4.01, 5.01, 4.001, 5.001, ...} is limsupt,-=5, because if we set 


Noo 


L=5, thenforany e¢ > 9, there are only finitely many terms in the sequence larger than 
L+e=5+ . Additionally, if L is smaller than 5, then by setting ¢ =5-L, wecan find infinitely 
many terms in the sequence larger than L+ <« (because L+e =5). 


Explore Solution 4.17. 


Example 4.18. The limit supremum of the sequence {t,} = {1, 2, 3, 1, 2, 3, 1, 2, 3, ...} is 
lim sup ty = 3, because if we set L = 3, thenforany e¢ > 9, there are only finitely many terms 


Noo 


(actually, there are none) in the sequence larger than L+ ¢ = 3+ ¢. Additionally, if L is smaller 


than 3, then by setting ¢ = a we can find infinitely many terms in the sequence larger than 


L+e¢, because L+e < 3, as the following calculation shows: 


Explore Solution 4.18. 


Example 4.19. The limit supremum of the Fibonacci sequence 
fta} = {1y Ty 2, 35 55 8, 13, 21, 34, <5} is limsupt, = =: 


Noo 
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(The Fibonacci sequence satisfies the relation t, = ty_1+tp-2 for n> 2). 


Explore Solution 4.19. 


The limit supremum is a powerful idea because the limit supremum of a sequence always 
exists, which is not true for the ordinary limit. However, Example 4.20 illustrates the fact that, if the 
limit of a sequence does exist, then it will be the same as the limit supremum. 


Example 4.20. The sequence {tn} = {1+ ~ | ars Qi, aS ad ay Aa eoy Dee y aoe. | NaS 
lim sup t, = 1. 


Noo 


We leave verification of this as an exercise. 


Explore Solution 4.20. 


Theorem 4.14 (Root Test). Suppose that the series 5“, ¢,, has Tim sup | Cn yee L (i.e. 
Lim sup V | Cn | =L). 

Then the series is absolutely convergent if L < 1 and divergent if L > 1. 

Proof. 


Note that in applying either Theorems 4.13 or 4.14, if L = 1 the convergence or divergence 
of the series is unknown, and further analysis is required to determine the true state of affairs. 
Extra Example 1. Find the radius of convergence of the infinite series 


S Gres So Oe ig ae ek ee 
(Z) "9° 32 7 93 7 34 7 55 ~ 36 ° 57 ° 38 7 99 * 310 ~ 511° 


Explore Extra Solution 1. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 


Initialization Cell 
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4.4 Power Series Functions 


Suppose that we have a series }?_,€, where €, = cy, (zZ- a)". If aand the collection of c, 
are fixed complex numbers, we will get different series by selecting different values for z. For 
example, if a = 2 and cy, = — for all n, we get the series 4 — (+- 2) ites >, and 
ear > (2+1)"ifz=4+ i. Note that when a = @ and c, = 1 forall n, we get a geometric series. 
The collection of points for which the series >* 4c, (Z - a)" converges is the domain of a function 
f (Z) = DP9 Cn (Z-a)", which we call a power series function. Technically, this series is undefined 
if z = aandn = @, since @° is undefined. We get around this difficulty by stipulating that the series 
ye 9 Cn (Z- a)" is really compact notation for cg + 5”, Cn (Z- a)". In this section we present some 
results that are useful in helping establish properties of functions defined by power series. 


Definition (Power Series). The function f (z) = >¥_9¢n (z-a)" is called a power series, with 
center z =a. 


Theorem 4.15. Suppose f (z) = >%.9Cn, (z-a)". Then the set of points z for which the series 
converges is one of the following: 


(i) The single point z = a. 


(ii) The disk D, (a) = {z: | Z-aJ| < pe}, along with part (either none, or some or all) of the 
circle C, (a) = {Z: |Z-a|= pe}. 


(iii) The entire complex plane. 
Proof. 


Another way to phrase case (ii) of Theorem 4.15 is to say that the power series 
f (Z) = dg Cn (Z- a)" converges if | z-a | < oanddivergesif | z-a| > p. Wecall the 
number po the radius of convergence of the power series (see Figure 4.3). For case (i) of Theorem 
4.15, we say that the radius of convergence is zero and that the radius of convergence is infinity for 
case (iii). 
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Divergence 


ce 


Figure 4.3 The radius of convergence of a power series. 
What happens on the boundary circle may be unknown. 


Theorem 4.16 (Radius of Convergence). For the power series function f (Z) = DP» Cn (z-a)", 
we can find o, its radius of convergence, by any of the following methods: 


1 


(i) Cauchy's Root Test: o = ———— (provided that the limit exists.) 
Limpse |€n|* 
(ii) Cauchy-Hadamard Formula: p = ——_*——— (the limit superior always exists.) 


lim sup |Cnhl= 
nso 


(iii) d'Alembert's Ratio Test: p = ——*—— (provided that the limit exists.) 


Crit 


Limp sco | — 
c 


We set p = ~ ifthe limit equals 0, and po = @ if the limit equals o. 
Proof. 
We now give an example illustrating each of these cases. 


Example 4.21. The infinite series f (z) = D@ 9 ( al 


-0 (sco) "(z-4)" has radius of convergence 


o = 3 Cauchy's root test because 


Littnscs | Cn [* = Lithhys ((22)")* = Lamy, 2 = 2 


hence p = eres 


limps | Cn] 


wilel es 


Explore Solution 4.21. 


Example 4.22. The infinite series 
F(Z) = YPyen Zz" = 4245422 +43 23454724449 2545675+ ... has radius of convergence 
p= : by the Cauchy-Hadamard formula. We see this by calculating 


1 
{1 cn to} - {4,5,4,5, 4,5, ...}, so 


1 
lim sup | calm = limsup (4,5, 4,5, 4,5, ...} =5, 


N>oo Noo 
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hence p = r= =. 


lim sup |Cp|= 
Nooo 


Explore Solution 4.22. 


Example 4.23. The infinite series Ff (z) = D¥o = has radius of convergence p = 8 by the ratio 


test because 


Wats = G, 


° Crk 
limps | ant ar 
7 


= Lim. | a | 


(n+1)! 
Since the limit equals 0, we set p = ~. 


Explore Solution 4.23. 


Extra Example 1. Find the radius of convergence of the infinite series 
Z 22 23 z4 2 76 27 28 2? 710 zu 
S (Zz) =1+4 gt oo gah get oe Get ar a oat oe Gar 


Explore Extra Solution 1. 


We come now to the main result of this section. 


Theorem 4.17. Suppose the function f (z) = >¥9Cn (z-a)" has radius of convergence p > 8. 
Then 


(i) # (z)_ is infinitely differentiable for all ze D, (a). In fact 
(i) forall k, £@ (2) = 3 4n (n-1)... (WR-K 4) Cy (2-0). and 


(iii) cy = oo where f(k) (a) denotes the kt" derivative of £. (When k = @, £‘*) denotes the 


function f itself so that £9) (z) = f (z) forall z.) 
Proof. 
Example 4.24. Show that g (z) = 3%, (n+1) z" = aE for all ze D, (0) 


Solution. We know from Theorem 4.12 that f (z) = 7 = y* 9z" forall zeD, (@). If we 


set k=1 in Theorem 4.16, part (ii), then 


t (2) 2 ree = Ra 02" =]. 5h, (ned) 2" 


for all ze D, (@). 


Explore Solution 4.24. 


Extra Example 2. Show that h (z) =>, (n+2) (n+1) z" = eae for all ze D, (@) 


Explore Extra Solution 2. 


Example 4.25. The Bessel function Jg (z) of order zero is defined by 
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-1)" i) -1 Zz, z* 26 ; Zz? 
ni)? \2 (2)? " (2)? (4)? (2)? (4)2 (6)? (2)? (4)? (6)? (8)? 


Jo (Z) = Yio 4 


and termwise differentiation shows that its derivative is 


eee de (tant (3) "] = Seo (tan 20 (5)°"* (3) 
7 dn-0 =r n! 7 


(-1)" 2n-1 


(n-1)! n! 


Pe 


NIN 


= ye (-1) 1 zZz\2n+1 
= =® \ nt (net)! \2 


We leave as an exercise to show that the radius of convergence of these series is infinity. The 
Bessel function J; (z) of order 1 is known to satisfy the differential equation J, (z) = -J¢ (z). 


Explore Solution 4.25. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap." The 
following Initialization Cell will load these subroutines. 
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Chapter 5 Elementary Functions 
Overview 


How should complex-valued functions such as e7, log (z), sin (z), etc., be defined ? 
Clearly, any responsible definition should satisfy the following criteria: 


(i) The functions so defined must give the same values as the corresponding functions for real 
variables when the number z is a real number. 


(ii) As far as possible, the properties of these new functions must correspond with their real counter- 
parts. For example, we would want e7: e?2 = e71*22 to be valid regardless of whether z were real 
or complex. 


These requirements may seem like a tall order to fill. There is a procedure, however that 
offers promising results. It is to put in complex form the expansion of the real functions 
e*, In (x), sin (x), etc., as power series into complex form. We use this strategy in this chapter. 


5.1 The Complex Exponential Function 


Recall that the real exponential function can be represented by the power series 
e* = >Re ~ x". Thus it is only natural to define the complex exponential e7, also written as 


exp (z), in the following way: 


Definition 5.1 (Exponential Function). The definition of exp(z) is 


exp (Z) = e7% = Ye@ — 2". 


Demonstration for Definition 5.1. 


Clearly, this definition agrees with that of the real exponential function when z is a real 
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number. We now show that this complex exponential has two of the key properties associated with 
its real counterpart and verify the identity e?° = cos @+ i sin 6, which, back in Chapter 1 (see 
identity (1-30) of Section 1.4), we promised to establish. 


Theorem 5.1 (The exponential function). The function exp (z) = e7 is an entire function satisfy- 
ing the following conditions: 


(i). < exp (Z) = exp (Zz) = e7, using Leibniz notation < e7 = e%, 


(ii). exp (Z1+Z2) = exp (Zz) exp (Z2), Le. e71*22 = e471 @72, 
(iii). If © is areal number, then e*° = cos6+ i sine. 


The exponential function is a solution to the differential equation f' (z) = f (z) with the initial 
condition f (@) = 1. 
Proof of Theorem 5.1. 


Demonstration for Theorem5.1 (i). 
Demonstration for Theorem5.1 (ii). 


Demonstration for Theorem5.1 (iii). 
Note that parts (ii) and (iii) of the Theorem 5.1 combine to verify De Moivre's formula, which 
we introduced in Section 1.5. 


If z =x + iy, we also see from parts (ii) and (iii) that 
exp (Z) = e7% = extiy = eX ely 
(5-1) exp (z) = e* (cosy+isiny) 


Some texts start with this identity as their definition for e?. In the exercises, we show that this is a 
natural approach from the standpoint of differential equations. 


The notation exp (z) is preferred over e? in some situations. For example, 


exp (=) = "1.22140275816016983392..." is the value of exp (z) when z = = and equals the 


positive fifth root of e = 2.71828182845904523536 .... Thus the notation e+/° is ambiguous and 
might be interpreted as any of the complex fifth roots of the number e that we discussed in Section 
1.5: 


eV/5 = 1,22140275816016983392 (cos aus + i sin 2s) for 
k = 0,1, 2,3, 4. 


To prevent this confusion, we often use exp (z) to denote the single-valued exponential function. 


We now explore some additional properties of exp (z) = e7. Using identity (5-1), we can 
easily establish that 
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(5-2) e7*i2nnm — eZ, forall z, provided n is an integer, 
(5-3) e” = 1, if and only if z = 1 2nz, wheren is an integer, and 
(5-4) e71 = e72, ifand only if z2 = z1+ i 2n7, for some integer n. 


For example, because Identity (5-1) involves the periodic functions cos y and siny, any two 
points in the z plane that lie on the same vertical line with their imaginary parts differing by an 
integral multiple of 2 7 are mapped onto the same point in the w plane. Thus the complex exponen- 
tial function is periodic with period 2 7, which establishes Equation (5-2). We leave the verification 
of Equations (5-3) and (5-4) as exercises for the reader. 


Example 5.1. For any integer n, the points zy, = 2 +1 (= +2n rt) are mapped onto a single 


point 


We = e@7 = @XP (Zn) 


= exp [2 + i (4% +2n7) | 


= @/4 [Cos (4%+2n7) +4 Sin (47% +2nz7) | 


11 . . 11 
= @e/4 (cos = + isin “) 
3 1 
7 af e5/4 al @s/A 


= 3.02272566908 - 1.74517147873 i 


in the w plane, as indicated in Figure 5.1. 


Figure 5.1 The points {z,} in the z plane (i.e., the xy plane) and their image we = exp (z,) inthe 
w plane (i.e., the uv plane). 
Explore Solution 5.1. 


Let's look at the range of the exponential function. If z = x + iy, we see from identity (5-1) 
that e? can never equal zero, as e* is never zero, and the cosine and sine functions are never 
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zero at the same point. Suppose, then, that w = ce” + 9. If we write w in its exponential form as 
w=pe?®, identity (5-1) gives 


pel? — @% el, 


Using identity (5-1), and property (1-39) of Section 1.5 we get 


p = e and ¢ = y+2nz, where n is an integer. 
Therefore, 
p= |e? | =e%, 
and 


o@e€ arg (e”) = {Arg (e7) +2n7: Nisaninteger}. 
Solving these equations for x and y, yields 
x=Inpand y=9+2n7, 
where n is an integer. Thus, for any complex number w ¢ @, there are infinitely many complex 
numbers z = x + iy such that w = e”. From the previous equations, we see that the numbers z 


are 


Z=X+i1y=Ilnpo+i (¢+2n7) 
or 


N 
I 


In |w | +i (Argw+2nz7), 
where n is an integer. Hence 


exp[In |w |+i (Argw+2nz7t)] = w 


eln |Wi+a (Argw+2n7)  _ Ww 


In summary, the transformation w = e? maps the complex plane (infinitely often) onto the set 
of nonzero complex numbers. 


If we restrict the solutions in equation (5-9) so that only the principal value of the argument, 
-m < Argw <7, is used, the transformation w = e? = e**?¥ maps the horizontal strip 


{ (x, y) | -7< y <7}, one-to-one and onto the range set S = {w: w# 9}. This strip is called 
the fundamental period strip and is shown in Figure 5.2. 
Alby 
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Figure 5.2 The fundamental period strip for the mapping 
W = e”% = exp (Z). 


The horizontal line z = t+ ib, for -o<t<o inthe z plane, is mapped onto the ray 
w= ete!’ = et (cosb+isinb) thatis inclined atan angle ¢ = b in the w plane. The vertical 
segment z= a+i0, for -7<©< 7 inthez plane, is mapped onto the circle centered at the 
origin with radius e? in thew plane. Thatis, w = e? e?® = e4 (cose@+isine). 


Example 5.2. Consider a rectangle R = { (x, y) :a< x <b and c < y < d}, where 
-m<¢<d< 7. Show that the transformation w = e7 = e**t¥ maps the rectangle R onto a portion 
of an annular region bounded by two rays. 


Solution. The image points in the w plane satisfy the following relationships involving the modulus 
and argument of w: 


e@ = | e@ty | < | ett | Zé | ePtty | - e? and 
c = Arg (eXti*) < Arg (e*t?Y) < Arg (eX*!4) <d, 


which is a portion of the annulus {p e+%: e? < p < e>} in the w plane subtended by the rays 
@=c and ¢ =d. In Figure 5.3, we show the image of the rectangle 


R* = { (x,y) -1<x <1 and —=y 2s) 
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- 
Figure 5.3 The image of R* under the transformation w = e7 = exp (Zz). 
Explore Solution 5.2. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap." The 
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5.2 The Complex Logarithm 

In Section 5.1, we showed that, if w is a nonzero complex number, then the equation w = e2 
has infinitely many solutions. Because the function f (z) = e? is a many-to-one function, its 
inverse (the logarithm) is multivalued. 
Definition 5.2. (Multivalued Logarithm) For z + @, we define the function log (z) as the inverse 
of the exponential function; that is, 


(5-10) log (z) =w ifandonlyif z = e%. 


If we go through the same steps as we did in equations (5-8) and (5-9), we find that, for any 
complex number z ¢ 9, the solutions w to equation (5-10) take the form 


(5-11) w= log (z) = In|z|+ 10, for z#9, 
where 6 < arg (z) and 1n|z J denotes the natural logarithm of the positive number | z |. 


Because arg (z) isthe set arg (z) = {Arg (z) +2nvz: wherenisaninteger}, we can express the 
set of values comprising log (z) as 


(5-12) log (z) = {In| zj|+ i (Arg +2n7) : where n isaninteger}, 
or 
(5-13) log (z) =1n|z|+iarg(z) for z#8, 


where it is understood that identity (5-13) refers to the same set of numbers given in identity (5-12). 


Recall that Arg is defined so that for z # @, wehave -7 < Arg (z) < 7. Wecall any one 
of the values given in Identities (5-12) or (5-13) a logarithm of z. Notice that the different values of 
log (z) all have the same real part and that their imaginary parts differ by the amount 2 7 n, 
where n is an integer. When n = @, we have a special situation. 
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Definition 5.3. (Principal Value of the Logarithm) For z # 0, we define the principal value of the 
logarithm as follows: 


(5-14) Log (z) = 1n|z|+21Arg (z) where |z| > @and-7xz < Arg (z) < 7x. 

The domain for the function w = f (z) = Log (z) is the set of all nonzero complex num- 
bers in the z-plane, and its range is the horizontal strip {w: -7 < Im (w) < 7} inthe w-plane, 
and is shown in Figure 5.A. We stress again that Log (z) is a single-valued function and corre- 
sponds to setting n = @ in equation (5-12). As we demonstrated in Chapter 2, the function 
Arg (z) is discontinuous at each point along the negative x-axis, hence so is the function Log (z). 
In fact, because any branch of the multi-valued function Arg (z) is discontinuous along some ray, 
a corresponding branch of the logarithm will have a discontinuity along that same ray. 


Figure 5.A The principal branch of the logarithm w = Log (z). 


Caution. A phenomenon inherent in constructing an logarithm function: It must have a discontinu- 
ity! This is the case because as we saw in Chapter 2, any branch we choose for arg (z) is 
necessarily a discontinuous function. The principal branch, Log (z), is discontinuous at each point 
along the negative x-axis. 


Extra Example 1. Investigate the complex logarithm function. 


Explore Solution for Extra Example 1. 


Example 5.3. Find the values of Log (1+i) and log (1+i). 
Solution. By standard computations, we have 
log (1+1) = {1n|1+i|+ a (Arg (1+ i) +27) : where Nn isan integer} 
= {1n J2+i (Z+ 2 nv) : where N isan integer } 
and 


log (i) = {ln| i |+ ai (Arg (i) +27) : where n isan integer} 


= { 1 (= +2n rt) : where nN is an integer } 


The principal values are 
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Log (1+1) =Iny2+i7 m2 at 


and 
Log (i) = it 
Explore Solution 5.3. 


Extra Example 2. The transformation w = Log(z) maps the z-plane punctured at the origin onto 
the horizontal strip in the w-plane. 


Explore Solution for Extra Example 2. 


We now investigate some of the properties of log(z) and Log(z). From Equations (5-10), 
(5-12), and (5-14), it follows that 


(5-15) exp (Logz) = z forall z+0 
and 
(5-16) Log (expz) = z, provided -7 < Arg (z) < 7, 


and that the mapping w = Log(z) is one-to-one from domain D = {z: | z| >} inthe z plane 
onto the horizontal strip {w:-7 < Im (w) < 7} inthe w plane. 

The following example illustrates that, even though Log (z) is not continuous along the negative 
real axis, it is still defined there. 


Example 5.4. Identity reveals that 


(a) Log (-e) = In|-e| + iArg(-e) = 1+ 1, and 


(b) Log (-1) = In|-1| + i Arg (-1) = i. 


Explore Solution 5.4. 


When z = x+19, where x is a positive real number, the principal value of the complex 
logarithm of z is 


Log (x+i0@) = Inx+iArg (x) = 1nx+i0 = 1nx, 
where x > @. Hence Log is an extension of the real function 1n (x) to the complex case. Are there 


other similarities? Let's use complex function theory to find the derivative of Log(z). 
When we use polar coordinates for z = re'® + @, equation (5-14) becomes 


Log (z) = Log (re?®) 
= In |ret?| + i Arg (re*?) 
=Inr+i 0, forr>O@and -a7 < Os 7 


=U(r, 0) + i1V(r, 6) 
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where U (r, 6) =1nr and V(r, 6) = 6. Because Arg (z) is discontinuous only at points in its 
domain that lie on the negative real axis, U and V have continuous partials for any point (r, ©) in 

their domain, provided r e*° is not on the negative real axis, that is, provided -7 < 6 < x (Note 
the strict inequality for here.). In addition, the polar form of the Cauchy-Riemann equations holds 
in this region (see Equation (3-22) of Section 3.2), since 

Ur (Pr, 6) = ~ Us (r, 6) =, Vr (Pr, 6) =, Vo (Pr, 6) =1 it follows that 


Up (Pr, ©) = = = = Vo (r, 6) 


and 


Us (r, 6) = @ = =@=-=V, (r, 8) 


Using Theorem 3.5 of Section 3,2, we see that 


we bog (2) = e° 4° (Up (r, ) +i Us (Fr, 8)) 


provided r>@® and —-7 < © < x. Thus the principal branch of the complex logarithm has the 
derivative we would expect. Other properties of the logarithm carry over, but only in specified 
regions of the complex plane. 


Example 5.5. Show that the identity Log (z1 Z2) = Log (Z1) + Log (zz) is not always valid. 
Solution. Let z; = -V3 +i and z> = -1+i~/3. Then 


Log (Z1Z2) = Log | ( V3 +i) ( 1+iV3)]| 


= Log (-4i) = DA ae 
= In4-i2 
2 
but 
Log (Z1) +Log (22) = (Log([2] +i 2) + ( Log[2] +i +) 
. 57 27 
= 2Log[2]+i (-*+ +) 
= 1n4 +i 


Since 1n4-i241n4 +121 > this is a counterexample for which 


2 
Log (Z1Z2) # Log (Zi) + Log (Z2). 


Explore Solution5.5. 


Our next result explains why the identity Log (z1 Z2) = Log (Z1) + Log (z2) did not hold 
for the particular numbers we chose. 


Theorem 5.2. The identity Log (z; Z2) = Log (Z,) + Log (Z2) holds true if and only if 
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-7m < Arg (Z1) +Arg (Z2) <7. 
Proof of Theorem 5.2. 


Suppose first that -7 < Arg (z,) + Arg (Z2) < 7. By definition, 
Log (Z1Z2) = In| 2Z1Z2|+ 2Arg (Z1Z2) = In| 2zi|+1n|z2|+ iArg (z1Z2). As 
-m < Arg (Z1) +Arg (Z2) < 7, it follows that Arg (zi Z2) = Arg (zi) +Arg (Z2) (explain!), and 
So Log (Z12Z2) = 

In| Z1|+1n|2Z2.| + 2Arg (z1) + tArg (Z2) = Log (2122) = Log (zi) + Log (22) 
The "only if" part is left as an exercise. 


As Example 5.5 and Theorem 5.2 illustrate, properties of the complex logarithm don't carry 
over when arguments of products combine in such a way that they drop down to — 7 or rise above 
_s. This is because of the restrictions placed on the domain of the function Arg (z). From the set 
of numbers associated with the multivalued logarithm, however, we can formulate properties that 
look exactly the same as those corresponding with the real logarithm. 


Theorem 5.3. Let z1; and z2 be nonzero complex numbers. The multivalued function log (z) obeys 
the familiar properties of logarithms: 


(5-17) log (Z1Z2) = log (21) + log (Zz), 
(5-18) log (2) = log (21) - log (z2), and 
(5-19) log (=) = -log (z). 


Proof of Theorem 5.3. 


Property of Log(z). We know that log (z1 z2) = log (z1) + log (Z2), what about Log (z)? 


Demonstration of Property of Log (z). 


We can construct many different branches of the multivalued logarithm function that are 
continuous and differentiable except at points along any preassigned ray {re*%: r >}. If we let 
a denote a real fixed number and choose the value of 6 € arg (z), that lies in the range 
a<@<«a+2n, thenthe function log, (z) defined by 


log, (z) = Inr +i06 


where z=re*?¢@, and a<@<a+2n, is asingle-valued branch of the logarithm function. The 
branch cut for log, (z) isthe ray {r e*%: r >}, and each point along this ray is a point of 
discontinuity of log, (z). Because exp (log, (z)) = z, we conclude that the mapping 

w = log, (z) is aone-to-one mapping of the domain | z | > @ onto the horizontal strip 

{w: a<Im(w) <a+27}. If a<c<d<«a+2z, then the function w= log, (z) maps the set 
D={rei*: @<a<r<b, and c <@<d} one-to-one and onto the rectangle 

R={u+iv: Ina<u<I1nb, and c < v<d}. Figure 5.4 shows the mapping w = log, (z), its 
branch cut {r e*%: r > @}, the set D, and its image R. 
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Figure 5.4 The branch w = log, (z) of the logarithm. 


We can easily compute the derivative of any branch of the multivalued logarithm. For a 
particular branch w = log, (z) forz =r e*® ¢ @,and a < 6 < a+2 7 (note the strict inequality for 
6), we start with z = exp (w) in Equations (5-10) and differentiate both sides to get 


d 
a 2 

d 

< exp (log, (2) ) 

= exp (log, (z)) = log, (z) 


d 
= 2 = log, (2) 


Solving for - log, (Zz) gives 


< log, (z) = 4, for forz =e! #@,and a<@<a+2n. 


The Riemann surface for the multivalued function w = log (z) is similar to the one we 
presented for the square root function. However, it requires infinitely many copies of the z plane cut 
along the negative x axis, which we label S, fork = ...,-n, ..,-1,0,1, ..,n, .... Now, we stack 
these cut planes directly on each other so that the corresponding points have the same position. 

We join the sheet S, to Sx,1 as follows. For each integer k, the edge of the sheet S; in the upper half- 
plane is joined to the edge of the sheet S,.1 in the lower half-plane. The Riemann surface for the 
domain of log (z) looks like a spiral staircase that extends upward on the sheets S;, S>, ... and 
downward on the sheets S_;, S_>, ..., aS shown in Figure 5-5. We use polar coordinates for z on 
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each sheet. For S,, we use 
z=re?=r(cose@+isine), where 
r= |z| and 2x7k-7<Os7n+27k. 
Again, for S,, the correct branch of log (z) on each sheet is 
log (z) = Inr +i 6, where 


r= |z| and 2xk-7<Os7+27k. 


Figure 5.5 The Riemann surface for the mapping w = log (z). 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 
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5.3 Complex Exponents 


In Section 1.5 we indicated that it is possible to make sense out of expressions such as 
1+i or (-1)+ without appealing to a number system beyond the framework of complex num- 
bers. We now show how this is done by taking note of some rudimentary properties of the complex 

exponential and logarithm, and then using our imagination. 

We begin by generalizing Identity (5-15). Equations (5-12) and (5-14) show that log (z) 
can be expressed as the set log (z) = {Log (Zz) +i 2nvz7: Nisaninteger}. We can easily show (left 
as an exercise) that, for z + @, e!°8 (2) = z, where log, (z) is any branch of the function log (z). 
But this means that for any © € log (z), the identity e° = z holds true. Because e1°8 ‘7) denotes 
the set {e£ : © € log (z) }, we see that e! (2) = z, forz 4 @. 


Next, we note that identity (5-17) gives us log (z") =n log (z), where nis any natural 
number, so that e1°8 (2") = en log (z) — 2" for z + @. With these preliminaries out of the way, we can 
now come up with a definition of a complex number raised to a complex power. 


Definition 5.4. Let c be a complex number. We define z‘ as follows 


(5-21) 27° = ef log (2), 


The right side of Equation (5-21) is a set. This definition makes sense because, if both z 
and c are real numbers with z > @, Equation (5-21) gives the familiar (real) definition for z‘°, as the 
following example illustrates. 


Example 5.6. Use Equation (5-21) to evaluate 41/2. 


Solution. Calculating ae exp [ > log 4] gives 


> log 4 = {ln2 + invz: nN isaninteger}. 


Thus Ar is the set {exp (1ln2 + i nz) : Nn isaninteger}. The distinct values occur when 
n = @and1; we get exp (1n2) =2 and exp (1n2+i7) = exp (1n2) exp (17) = -2. Inother 
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1 
words, 42 = {-2, 2}. 


Remark. The expression Az is different from ./4 , as the former represents the set {-2, 2} 
and the latter gives only one value, /4 = 2. 


Explore Solution 5.6. 
Because log (z) is multivalued, the function z°¢ will, in general, be multivalued. If we want 
to focus on a single value for z°, we can do so via the function defined for z + @ by 


(5-22) f (z) = exp (c Log (z)) 


which is called the principal branch of the multivalued function z‘. Note that the principal branch of 
z° is obtained from Equation (5-21) by replacing log (z) with the principal branch of the logarithm. 


Example 5.7. Find the principal value of (a) ~1+i, and (b) (i)*. 


Solution. From Example 5.3, 


1 
Log (1+i) = S*+i 2 = 1n2?+ a4, and 


Log (i) = a = 


Identity (5-22) yields the principal values of 1+ i and (i)?: 


Vi+i = (l+a)? = exp | > Log (1+) | 
= exp| 4 (1n22 + i 2) | = exp[In2s +i =| 


1 bib 
= exp| In 2 | exp |i =| = 2¥ (cos = + isin =) 


= 1.09868411 + @.45508986 i 


and 
(1)* = exp[i Log (1) ] 
= exp[i (2) 
- exp[- 2] 


~ @.20787957635 


Note that the result of raising a complex number to a complex power may be a real number in a 
nontrivial way. 


Explore Solution 5.7 (a). 
Explore Solution 5.7 (b). 
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\ 
RK 


Figure 5.C The mapping w = (z)*. 


Complex Exponents 


Let us now consider the various possibilities that may arise in the definition of z°. 


Case (i). Suppose c = k where k an integer. Then, if z = re? + @, 


k log (z) = {k1n (r) +ik (@+2nN7) : N isaninteger}. 


Recalling that the complex exponential function has period 2 7 i, we have 
zk = rk (cosk@ + isinke). 


which is the single-valued kth power of z that we discussed in Section 1.5. This is easily verified by 
the computation 
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zk = exp[klogz] = exp[k log (re?®) ] 
=exp([klnr+ ik (6+2n7) } 


=exp[Inrk + ike+i2knz] 


= exp[Inr*] exp[ike] exp[i2kn7] 
= rk exp (i k 6) 
= rk (cosko + isinke) 


which is the single-valued kth power of z that we discussed in Section 1.5. 


Case (ii). If c = e where k is an integer and z = re?® ¢ @, then 


(5-23) ~ log (z) = {=1n (r) + a: Nn isan integer}. 


Hence Equation (5-21) becomes 


1 1 
ze = re (cos S587 + asin as for n=@,1, ..,k-1. 


When we again use the periodicity of the complex exponential function, Equation (5-23) gives k 
distinct values corresponding to n = @,1, ...,.k-—1. Therefore, as Example 5.6 illustrated, the 


fractional power zi is the multivalued kt" root function. Equation (5-23) is easily verified by the 
computation 
Zk = exp| = log (z) | = exp| = log (r ei) | 


7 exp | (Inr + i (@+2n7)) | 


= exp|Inre + i (242")] 


- exp| In ri | exp[i (“*"*) | 


4 
- ie e+2n7 5 .. O+2n7T 
= rk (cos ant + isin an) 


Case (iii). If | and k are positive integers that have no common factors and c = i, then Equation 
(5-21) becomes 


i i 7 ts 7 
ze = rk (cos 2°25") 3 + isin tt for n=@,1, ..,k-1. 


This is easy to establish. If z = re*° then 


Chapter05Section03.nb | 5 


zi = exp [2 log (z) | = exp [2 log (re*9) | 


= exp| 3 (Inr + i (@+2n7))| 


: i 
= exp/Inr« + i 


Ul 
0) 
x 
n°) 
=) 
= 
o 
x 
n°) 


and again there are k distinct values corresponding to n = @,1, ...,k-1. 
Case (iv). Suppose c is not a rational number, then there are infinitely many values for z‘, pro- 


vided z=re!®°+@, 


Example 5.8. The values of of 2e*s are 


ae exp| (++ =) (In2 + i2nnz7) | 
o exp [ =? nz i (+s z)] 


= eo[ 4] em [35] eww[s (5+ 22] 


1 i 
where n is an integer. The principal value of 22° is 
1 i 1 nx . 
23° = 23¢ 2% [cos (-2*)+isin (7) | 
= 1.07995595696 + 0.01497232767 i 
Figure 5.6 shows the terms for this multivalued expression corresponding to 


n=-9,-8, ..,-1,0,1, .., 8,9. They exhibit a spiral pattern that is often present in complex 
powers. 


Explore Solution 5.8. 
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Figure 5.6 Some of the "spiral pattern" of values for 21/9 + #/58, 


The Rules for exponents. 


Some of the rules for exponents carry over from the real case. In the exercises we ask you 
to show that if c and d are complex numbers and z # @, then 


(5 — 24) ge =, 
(5 — 25) zoo ogo, 
(5 — 26) a 2e4, 
(= 27) (ze) "= 25", 


where n is an integer. 


The following example shows that Identity (5-21) does not hold if n is replaced with an 
arbitrary complex value. 


Example 5.9. (a) (i2)' = exp[ilog (-1)] = {e-(+2") 7: n iganinteger}, 
and (b) i2*= exp[2ilogi] = {e-'4" 7: n isaninteger}. 
Since these sets of solutions are not equal, Identity (5-21) does not always hold. 


Explore Solution 5.9. 


We can compute the derivative of the principal branch of z‘°, which is the function 
f (z) = exp[cLogz]. By the chain rule, 


(5-28) f' (z) = < exp[c Log z]. 
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If we restrict z° to the principal branch, z° = exp[c Log z], then Equation (5-28) can be written 
in the familiar form that you learned in calculus. That is, for z + @ and z not a negative real number, 


| 

N 
fay 
I 


z¢ < =czel, 


Exploration 


We can use Identity (5-21) to define the exponential function with base b, where b ¢ @ is a com- 
plex number: 


b? = exp[z log (b) ]. 


If we specify a branch of the logarithm, then b? will be single-valued and we can use the rules of 
differentiation to show that the resulting branch of b? is an analytic function. The derivative of b2 is 
then given by the familiar rule 


(5-29) <b? = b? log, (b) 


where log, (z) is any branch of the logarithm whose branch cut does not include the point z = b. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
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5.4 Trigonometric and Hyperbolic Functions 
Based on the success we had in using power series to define the complex exponential, we 
have reason to believe this approach will be fruitful for other elementary functions as well. The 


power series expansions for the real-valued sine and cosine functions are 


2 _ (<1) x24 
Sin (x) = She ~Gman? and 


(-1)" x2" 
cos (x) = Tm “3% 


Thus, it is natural to make the following definitions. 


Definition 5.5. The series for Sine and Cosine are 


sin (2) = (2n4+1)!’ 


cos (2) = Siig Ge 


Clearly, these definitions agree with their real counterparts when z is real. Additionally, it is 
easy to show that cos (z) and sin (z) are entire functions. (We leave the proof as an exercise.) 


Exploration (i). Investigate the series sin (z) = Le rere 


Exploration (i). 


Exploration (ii). Investigate the series cos (z) 


Exploration (ii) . 
With these definitions in place, it is now easy to create the other complex trigonometric 
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functions, provided the denominators in the following expressions do not equal zero. 


Definition 5.6. tanz = =92, cotz = ©S4, secz = —~, and escz = —. 
cos Zz sinz cosz sinz 


Exploration for Definition 5.6. 


Since the series for the complex sine and cosine agree with the real sine and cosine when z 
is real, the remaining complex trigonometric functions likewise agree with their real counterparts. 
What additional properties are common? For starters, we have 


Theorem 5.4. sin (z) and cos (z) are entire functions, with a in (Zz) = cos (z) and 


dz 
d 


qe COS (Z) = - sin (Z). 


Proof of Theorem 5.4. 


Exploration for Theorem 5.4. 


We now list several additional properties, providing proofs for some and leaving others as 
exercises. For all complex numbers z, 


(cosz)? + (sinz)? =1 


The verification that sin (-z) = -sin (z) and cos (-~z) = cos (z) comes from substitut- 
ing -z for z in Definition 5.5. We leave verification of the identity (cos z)? + (sinz)?=1 asan 
exercise (with hints). 


Exploration for identities. 

A series exploration (i) The derivative of sin(z) is cos(z). 
A series exploration (i). 

A series exploration (ii) The derivative of cos(z) is -sin(z). 


A series exploration (ii). 


For all complex numbers z for which the expressions are defined, 


d = 2 

= tanz = (secz)*, 

a e6te = & (ese 

dz , 
<= Secz = secz tanz, 
4 esez = - cotz Cscz. 


dz 


Proof. 
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Exploration for the identities. 

To establish additional properties, it will be useful to express cos z and sin z in the Carte- 
sian form u+ iv. (Additionally, the applications in Chapters 10 and 11 will use these formulas.) We 
begin by observing that the argument given to prove part (iii) in Theorem 5.1 easily generalizes to 
the complex case with the aid of Definition 5.5. That is, 

(5-30) e'2 = cosz + isinz, 


for all z, whether z is real or complex. Hence, 


(5-31) ei2 = cos (-z) + isin (-z) = cosz - isinz 


Adding the above two expressions and solving for cos z gives 


(5-32) cosz = == a ’ 


and subtracting (5-32) from (5-31) and solving for sin z gives 


(5-33) 


Figure 5.A The mapping w =u+iv = sinz. 


These equations in turn are used to obtain the following important identities 


(5-34) sinz = sin (x+iy) = sinxcoshy + icosxsinhy, 


(5-35) cosz = cos (X+iy) = cosxcoshy - isinxsinhy. 


Proof. 
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Subtracting Equation (5-31) from Equation (5-30) and solving for sin z gives 


; _ 1. sy Se 2 2 i (x+y) _ g-i (x+iy) 
sinz = 5 (e e ) sy 1S e ) 
._ J -y+ix y-ix 
ale ea 
= sz (e¥ (cosx+isinx) - (cos X- i Sinx) ) 
L 
° y y i Ye y 
= sx ——— + 2 cos — 
= Sinxcoshy + i cosxsinhy 
ey+e¥ -eY 


where coshy = 


and sinhy = oe 


, respectively, are the hyperbolic cosine and hyper- 


bolic sine functions that you studied in calculus. 


Similarly cos z 


= 5 (ef? + eiZ) = > (ef Ori) " e-i (iy) ) 


_ = (evix ey-iX) 


(e¥ (cosx+isinx) +e¥ (cos x-isinx) ) 


N[B 


Yeey ie atts yey 
See ot a sinx = 


= COS X 


= cosxCoshy - i sinxsinhy 


Exploration for the real and imaginary parts of Sin and Cos. 


Equipped with Identities (5-32) - (5-35), we can now establish many other properties of the 
trigonometric functions. We begin with some periodic results. For all complex numbers z = x + i y, 


Sin (z+27) 
cos (z+27) 
Sin (zZ+7) 
cos 


Z+7t) 


tan (Z+7t) 


cot (Z+7t) 


Clearly, sin (z+27) = 


= - Sinz, 


= tanz, 


= cotz. 


sin ((x+27) +iy). By Identity (5-34) this expression is 
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Sin (z+27) = sin (x+27) coshy + icos (x+27) sinhy 


= Sinxcoshy + icosxsinhy 


= sinz 


Again, the proofs for the other periodic results are left as exercises. 


Exploration for trigonometric identities. 


If z, Z1 and Z2 are any complex numbers, then 


Sin (Z1+2Z2) = Sin (Zi) COS (Z2) 
COS (Z1+Z2) = COS (Zi) COS (Z2) 


+ COS Z1SiNZ2, 


— sinz,sinzZ2, 


Sin (2z) = 2sinzcosz, 
cos (22) = (cos z)* = fsinzy?, 
sin (+z) = sin(2-z) = cosz. 


We demonstrate that cos (Z1 + Z2) = CoS (Z1) Cos (Z2) — Sin Zz; sin z2 by making use of 


Identities (5-32) - (5-35): 


COS Z1 COS Z2 = : ( et (21422) 4 @t (21-22) 4 @t (22-21) 4 @-t (21*22)) | and 
=~ SiN 2, Sitizy = ; (ei (21+22) _ @i (21-22) _ @i (22-21) 4 Eni (21422) ) 
Adding these expressions gives 
COS Z, COS Z) - Sinz,sinZ, = > (et (Z1+22) 4 @-t (Z41422)) = COS (Z1+2Z2) 


which is what we wanted. 


Demonstration. Establish the identity cos (z1+2Z2) = cos (Z1) COS (Z2) 


Exploration Method (i). 
Exploration Method (ii). 


A solution to the equation f (z) = @ is called a zero of the given function f (z). Aswe 


5 


- sin (Z1) sin (Z2). 


now show, the zeros of the sine and cosine function are exactly where you might expect them to be. 


We have sinz = @ iff z = nz, where nis any integer, and cos z = @ iff z = (n i =) m, where n 


is any integer. 
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We show the result for cos z and leave the result for sin z as an exercise. When we use 
Identity (5-35), cos z = @ iff 


@ = cosxcoshy - isinxsinhy. 
Equating the real and imaginary parts of this equation gives 
@=cosxcoshy and @=sinxsinhy. 


The real-valued function cosh y is never zero, so the equation @ = cos x cosh y implies that 
@ = cos x, from which we obtain x = (n + =) for any integer n . Using the values for 


z=X+iy=x (n+ >) 7+iy inthe equation @ = sinxsinhy yields 
@=sin ( (n+ =) m) sinhy = (-1)"sinhy. 


which implies that y = @, so the only zeros for cos z are the values z = (n + =) xm for n an inte- 


ger. 


Exploration. 


What does the mapping w = sin z look like? We can get a graph of the mapping 
w= Sinz = sin (x+iy) = sinxcoshy+ icosxsinhy by using parametric methods. Let's 
ka 


consider the vertical line segments in the z plane obtained by successfully setting x = - A ar for 


k = @,1, ...12, and for each x value and letting y vary continuously, 3 < y < 3. In the exercises we 
ask you to show that the images of these vertical segments are hyperbolas in the uv plane, as 
Figure 5.7 illustrates. In Section 10.4, we give a more detailed analysis of the mapping w = sinz. 


Figure 5.7 Vertical segments mapped onto hyperbolas by w = sinz. 
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Exploration. 


Figure 5.7 suggests one big difference between the real and complex sine functions. The 
real sine has the property that | sinx | <1 forall real x. In Figure 5.7, however, the modulus of 
the complex sine appears to be unbounded, which is indeed the case. Using Identity (5-34) gives 

|sinz|* = | sin (x+iy) |? 
= |sinxcoshy + icosxsinhy |? 
= sin*x cosh? y + cos? x sinh’ y 
= sin’x (cosh*y-sinh*y) + sinh*y (cos?x +sin* x) 
The identities cosh? y-sinh?y = 1 and cos?x +sin?x = 1 then yield 
(5-36) | sinz |? = sin*x + sinh’y. 
A similar derivation produces 


(5-37) | cosz|2 = cos?x + sinh’y. 


If we set z = Xg+iy in Identity (5-36) and let y > ~, we get 
limy,.. | sin (xg+iy) |? = sin*xq + lim,,.. sinh*y = o 


As advertised, we have shown that sin z is not a bounded function; it is also evident from Identity 
(5-37) that cos z is unbounded. 


Exploration. 
The periodic character of the trigonometric functions makes apparent that any point in their 
ranges is actually the image of infinitely many points. 
Example 5.10. Find all the values of z for which cos z = cosh2. 


Solution. Starting with Identity (5-35), we write 
cosz = cosxcoshy - isinxsinhy = cosh2. 
If we equate real and imaginary parts, then we get 
cos xcoshy = cosh2 and sinxsinhy = @. 
The equation sin x sinhy = @ implies either that x = n 7, where n is an integer, or that y = @. 


Using y = @ in the equation cos x cosh y = cosh 2 leads to the impossible situation 


com = cosh2 > 1. Therefore x = nx, where nis an integer. Since cosh y > 1 for all 


values of y, the term cos x in the equation cos x coshy = cosh2 must also be positive. For this 


COS X = 
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reason we eliminate the odd values of n and get x = 2 k x, where k is an integer. 


Finally, we solve the equation cos (2k 7) coshy = coshy = cosh2 and use the fact that 
cosh y is an even function to conclude that y = +2. Therefore the solutions to the equation 
cos z = cosh2 are z=277k+2i, where k is an integer. 


Explore Solution 5.10. 


The hyperbolic functions also have practical use in putting the tangent function into the 
Cartesian form u + i v. 
Using Definition 5.6, and Equations (5-34) and (5-35), we have 


(5-38) tan z - tan (x re y) _ sin (x+i y) _  sinxcoshy + 7 cos x sinh y 
cos (X+i y) cos x coshy - i sinx sinhy 


If we multiply each term on the right by the conjugate of the denominator, the simplified result is 


cos X sinx + icoshy sinhy 


tanz cos? x cosh? y + sin? x sinh? y 


We leave it as an exercise to show that the identities cosh? y - sinh” y = 1 and 
sinh 2 y = 2 coshy sinhy can be used in simplifying Equation (5-38) to get 


z - sin (2x) ee sinh (2y) 
(5 39) tanz cos (2x) +cosh (2y) va cos (2x) +cosh (2y) 


Exploration. 


As with sin z, we obtain a graph of the mapping w = tan z parametrically. Consider the 


vertical line segments in the z plane obtained by successively setting x = - a + = for 


k = @,1, ..,.8, and for each z value letting y vary continuously, 3 < y < 3. In the exercises we ask 
you to show that the images of these vertical segments are circular arcs in the uv plane, as Figure 
5.8 shows. In Section 10.4, we give a more detailed investigation of the mapping w = tan z. 

Vv 


a 


Figure 5.8 Vertical segments mapped onto circular arcs by w = tanz. 


Exploration. 


How should we define the complex hyperbolic functions? We begin with 


Definition 5.7. The hyperbolic cosine and hyperbolic sine functions are 
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coshz = (e7+e7) 


Ni eR 


Sinhz = (e%-e7) 


Ni 


With these definitions in place, we can now easily create the other complex hyperbolic 
trigonometric functions, provided the denominators in the following expressions are not zero. 


Definition 5.8. Identities for the hyperbolic trigonometric functions are 


tanhz - sinhz 
~  coshz ’ 

cothz - coshz 
~  sinhz ’ 

sechz = a 
coshz 

eschz = =—"—, 
sinhz 


As the series for the complex hyperbolic sine and cosine agree with the real hyperbolic sine 
and cosine when z is real, the remaining complex hyperbolic trigonometric functions likewise agree 
with their real counterparts. Many other properties are also shared. We state several results with- 
out proof, as they follow from the definitions we gave using standard operations, such as the quo- 
tient rule for derivatives. We ask you to establish some of these identities in the exercises. 


The derivatives of the hyperbolic functions follow the same rules as in calculus: 


< cosh z = sinhz, and < Sinhz = coshz, 

d 2 d 2 

gz panhz = sech*z, and gz cothz = —- csch*z, 

< sechz = —~ sechzTanhz, and < cschz = —~cschzcothz. 


The hyperbolic cosine and hyperbolic sine can be expressed as 


coshz = cosh (x+iy) = cosy coshx + isinhxsiny 


Sinhz = sinh (x+iy) = sinhxcosy + icoshx siny 


Some of the important identities involving the hyperbolic functions are 
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cosh? z — sinh*z = 1, 
Sinh (Z1+Z2) = Sinhz,coshz, + coshz,sinhZ2, 
cosh (Z1+2Z2) = coshz,coshzz + sinhz,sinhz2, 


cosh (z+27i) = coshz, 


Sinh (z2+271) = sinhz, 


cosh (-z) = coshz, 


Sinh (-z) = - sinhz. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 


Initialization Cell 


Complex Analysis for Mathematics and Engineering 
by 
John H. Mathews and Russell W. Howell 


Jones and Bartlett Learning 


Prof. John H. Mathews 
Department of Mathematics 
California State University Fullerton 
Fullerton, CA 92634 
mathews@fullerton.edu 


Prof. Russell W. Howell 
Mathematics & Computer Science Department 
Westmont College 
Santa Barbara, CA 93108 
howell@westmont.edu 
5.5 Inverse Trigonometric and Hyperbolic Functions 


We expressed trigonometric and hyperbolic functions in Section 5.4 in terms of the exponen- 
tial function. In this section we look at their inverses. When we solve equations such as w = sinz 
for z, we will obtain formulas that involve the logarithm. Because trigonometric and hyperbolic 
functions are all periodic, they are many-to-one; hence their inverses are necessarily multivalued. 
The formulas for the inverse trigonometric functions are 


(5 — 45) arcsinz = - i log (i z+ (1-z?)*/2), 


arccos Z 


- i log (z+a (1-z?)*/?), 


arctanz = = log (=). 


We derive the first equation and leave the others as exercises. If we take a particular 
branch of the multivalued function, w = arcsin z, we have 


which we can also write as 


ee’ _2iz-e 3" = @. 


Multiplying both sides of this equation by e*” gives 
(et™)7 = 2ize* 1. @, 


which is a quadratic equation in terms of e*“. Using the quadratic equation to solve for e*”, we 
obtain 
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2a z+(-42244)*? 


2 


eiW = 224+ (1-z22)'4, 


where the square root is a multivalued function. Taking the logarithm of both sides and obtain 
iw = log (iz + (1-z?)*/?), then simplify this and obtain the desired result: 


w = arcsinz = -i log (iz 7 Mew 27); 


where the multivalued logarithm is used. To construct a specific branch of arcsin z, we must first 
select a branch of the square root and then select a branch of the logarithm. 


Remark. The function arcsin z is known to be an odd function and therefore 
arcsin (-z) = arcsinz. As an immediate consequence we have 


- i log (-iz+(1-z?)*/*) = i log (iz+(1-2z2?)*). 


TT 


We can now use the trigonometric identity arccosz = ac arcsinz and obtain an alternate 


expression for arccos 2: 


arccos Z = S —arcsinz 


| 
N/A 
+ 


i log (i z+ (1-2?)*/?) 


= 2 - i log (-iz+ (1-2?)*/?) 


ee > - i log (-iz+ (1-z?)*/?) 


=~ ilog (i) - i log (-iz+ (1-2z?)*) 


=~- i ( log (i) + log (-iz+ (1-2z?)*/*)) 


= - log (i (-i) z+ i (1-27) /?) 
= - log (z+4 (1-2z?)1/) 


We mention this derivation because Mathematica uses the second line for determining the principal 
value, i.e. 


arccosz = 5 + ilog (a z+ (1-2?) */?) 


an we will see shortly that ArcCos [z] = a + i Log[iz+Sqrt[1-2z?]]. 


The principal value used by Mathematica for the inverse trigonometric functions are 
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ArcSinz = - ilog[iz+ (tog?)?* |, 
ArcCos z = 3+ i Log[iz+ (1-z2)%/2], 
ArcTan z = = Log[ ==]. 
Exploration 
When the principal value is used, w = Arcsinz = - i Log[iz+ Gaz)" | maps the 


upper half-plane {z: Im (z) > @} ontoa portion of the upper half-plane {z: Im (w) >} that 


a 


lies in the vertical strip {w : = < Re (w) < ae The image of a rectangular grid in the z plane is a 


"spider web" in the w plane, as Figure 5.10 shows. 


a 
ae AKO a 


Figure 5.10 A rectangular grid is mapped onto a spider web by w = Arcsin z. 


The derivatives of arcsin(z), arccos(z), arctan(z) 


We can find the derivatives of any branch of these functions by using the chain rule: 


(5 — 46) 4 aresinzZ = 
dz 2 
1-z 

< arccosz = =5 
4.7? 

4arectanz = => 

dz 14+z 


Exploration. 


We get the derivative of w = arcsinz by starting with the equation sinw = z and differen- 
tiating both sides, using the chain rule: 
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cosw —= 1 


dz cos Ww 


Then cos?w+sin*w = 1 is used to get the substitution cosw = \/1-sin?w = V1-2z? forthe 
preceding equation, and we obtain the desired result: 
d 


az aresinz one Pa 


Derivation of the other formulas are left as exercises for the reader. 


The Inverse Sine arcsin(z). Verify that the formula 
(i) Arcsinz = -ilogliz+V1-2? | 
is correct. (At least for values of z in the upper half plane Im (z) > @.) 


Explore Formula (ii). 


The Inverse Cosine arccos(z). Verify that the formula(s) 
(ii a) Arccos z = -ilog/z+iV1-z? |, 


(ii a) Arccosz = 2+ ilog[iz+ (1-z?)*/?]. 


2 
are correct. (At least for values of z in the upper half plane Im (z) > @.) 


Explore Formula (iia). 


Explore Formula (iib). 


The Inverse Tangent arctan(z) . Verify that the formula 


(iii) Arctanz = S Log [ ee | 


vila 4 
is correct. (At least for values of z in the upper half plane Im (z) > @.) 


Explore Formula (iii). 


When the principal value is used, w = Arctanz = 3 Log [ — : | maps the upper half- 


i 


plane {z: Im (z) >} ontoa portion of the upper half-plane {z:Im (w) > 0} thatlies in the 
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vertical strip {w : Ss < Re (Ww) < * I. 


Figure 5.B The mapping w = Arctanz. 
Example 5.11. The values of arcsin (/2 ) are given by 


arcsinvV/2 = - i log[i V2 + (1- (v2 )*) "| = -ilog[ivV2 +i]. 


Using straightforward techniques, we simplify this equation and obtain 


(5 —47) arcsinVv2 = -i log |i (V2 +1) ] 


= -i[In (V2 #41) + 4 (F+2n7) | 
= 242nn - iln (V2 £1), 


2 


where n is an integer. We observe that 


In (V2 -1) = In aes = In eer = -1n (V2 +1) 


and then write 


arcsinv2 = Penn + a1n (V2 +1), where n is an integer. 
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Explore Solution 5.11. 


Example 5.12. Suppose that we make specific choices in equation (5-47) by selecting +1 as the 


value of the square root (1 - (V2 ) *) ca and using the principal value of the logarithm. With 


f (z) =Arcsinz, the result is 


(V2) -Arcsinv2 = - ilog[i V2 +i] = i. i ln (V2 +1), 


and the corresponding value of the derivative is given by 


Explore Solution 5.12. 


The Inverse Hyperbolic Functions 
The inverse hyperbolic functions are 
(5 — 48) arcsinhz = log[z+ (z?+1)*/?], 


arccoshz = log|z + i2oi |, 


arctanhz = > log (<=) 


1-z 


To establish the last identity given above, we start with w = arctanhz and obtain 


2 =the = oS 
e"+e ee ed 
which we solve for e2”, getting e2” = +2. Taking the logarithms of both sides gives 
1-2 
1 1+z 
w = arctanhz = > log (=*), 


which is what we wanted to show. 


The Inverse Hyperbolic Sine arcsinh(z). Verify that the formula 
(iv) Arcsinhz = Log E +Vz24+1 | 


is correct, we can verify this graphically. (At least for values of z in the upper half plane first 
quadrant.) 


Explore Formula (iv) . 


The Inverse Hyperbolic Cosine arccosh(z) . Verify that the formula 
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(v) Arccoshz = Log|z +Vz2-1 | 


is correct, we can verify this graphically. But it is correct only in quadrants | and IV. 
Explore Formula (v) . 


The Inverse Hyperbolic Tangent arctanh(z) . Verify that the formula 


A 1 1+Z 
(vi) Arctanhz = > Log | is 


is correct, we can verify this graphically. 


Explore Formula (vi) . 


The derivatives of the inverse hyperbolic functions are 


d + 1 

—arcsinhz = ; 

da af/1+z? 

& arccoshz = : 
21 

2 arctanhz = — =. 

dz 1-z 


Exploration. 


Example 5.13. Calculation reveals that 


arctanh (1+ 21) = 1 log (eae 


2 1-1-2i 
_ i log (4) 
= 27 

= og (-1+1) 


where n is an integer. 


Explore Solution 5.13. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 


Initialization Cell 


Complex Analysis for Mathematics and Engineering 
by 
John H. Mathews and Russell W. Howell 


Jones and Bartlett Learning 


Prof. John H. Mathews 
Department of Mathematics 
California State University Fullerton 
Fullerton, CA 92634 
mathews@fullerton.edu 


Prof. Russell W. Howell 
Mathematics & Computer Science Department 
Westmont College 
Santa Barbara, CA 93108 
howell@westmont.edu 
Chapter 6 Complex Integration 


Overview 


Of the two main topics studied in calculus - differentiation and integration - we have so far 
only studied derivatives of complex functions. We now turn to the problem of integrating complex 
functions. The theory you will learn is elegant, powerful, and a useful tool for physicists and engi- 
neers. It also connects widely with other branches of mathematics. For example, even though the 
ideas presented here belong to the general area of mathematics known as analysis, you will see as 
an application of them one of the simplest proofs of the fundamental theorem of algebra. 


6.1 Complex Integrals 


In Chapter 3 we saw how the derivative of a complex function is defined. We now turn our 
attention to the problem of integrating complex functions. We will find that integrals of analytic 
functions are well behaved and that many properties from calculus carry over to the complex case. 


We introduce the integral of a complex function by defining the integral of a complex-valued 
function of a real variable 


Definition 6.1 (Definite Integral of a Complex Integrand). Let f (t) = u(t) +iv (t) where 
u(t) and v(t) are real-valued functions of the real variable t for a< t <b. Then 


(6-1) PP (t)dt = P(u(t)+iv(t))dt = Pu(t) dat + i Pv (t) at. 


We generally evaluate integrals of this type by finding the antiderivatives of u(t) and v(t) 
and evaluating the definite integrals on the right side of Equation (6-1). Thatis, if U' (t) = u (t) 
and V' (t) = v (t), we have 


(6-2) 
Pf (t) at = PPu(t)dt + i Pv(t) dt = U(b)-U(a) + i (V(b) -V(a)). 


Example 6.1. Show that is (t-i)3dt = - >. 
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Solution. We write the integrand in terms of its real and imaginary parts, i.e., 
f (t) = (t-i)3? = t3-3t + a (-3t24+1). Here, u(t) = t?-3t and v(t) = - 3t?+1. 
The integrals of u(t) and v(t) are 


1 _ 1 3 +4 3t2\ t=1 7 5 
fu(t)dt = [(t3-3t) at (4 : ) -5, and 
fv (t)dt = [(-3t?+1)dt = (-t3+t) eon: 

() ~ Je ~ | ~ 


Hence, by Definition (6-1), 


*(t-i)3at = [Pu (t) dt+ if v(t) at 
Q (2) 


Explore Solution 6.1. 


Example 6.2. Show that [7 et*itat = i (ez 1) . 3 [er +1). 


Solution. We use the method suggested by Definitions (6-1) and (6-2). 


i ettttat = fr eteitat = fg et (cost+isint) dt 


fet cost dt + if et sint dt 


We can evaluate each of the integrals via integration by parts. For example, 


t=n/2 

f etcost dt = (etsint) i. = fsint et dt 

(2) t=0 (2) 
7 be ches a Sp ad jas : 
= {e?sint -e sin@) - ['*sint etdt 
= (e/21-1%0) - [*etsint dt 


2 - 
= @t/2 _ fei et sint dt 


t=n/2 
= e/2 _ (et (-cost)) | + Rec costet) dt 
t=0 


t=7/2 2 
= e/2 4 (etcost) | - fr etcost dt 
t=0 7 


= gale 4 gh eG 4 24). f et cost dt 


= ev/2_41 — K et cost dt 
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Adding (ae et cost dt to both sides of this equation and then dividing by 2 gives 


lide etcostdt = 5 (e"/2-1). Likewise, i [/7et sintdt = i ; (e”/2 +1). Therefore, 


T/2 teat _o1 = _ i =| 
fr? eit at +(e 1) + £ (er +4). 


Explore Solution 6.2. 


Complex integrals have properties that are similar to those of real integrals. We now trace 
through several commonalities. Let f (t) =u (t) +iv (t) and g(t) =p (t) +iq (t) be 
continuous on a < t < b. 


Using Definition (6-1), we can easily show that the integral of their sum is the sum of their integrals, 
that is 


(6-3) PPC (t) +g (tp) at = PP F(t) dat + [Pg (t) at. 


If we divide the interval a < t <b into as t<c and c <t<b andintegrate f(t) over these 
subintervals by using (6-1), then we get 


(6-4) PF(tyat = FF (tpat + PF (t) at. 


a 
Similarly, if a+ i 8 denotes a complex constant, then 


(6-5) fP(c+id) f(t) dt = (c+id) 


E(t) ole, 
If the limits of integration are reversed, then 


(6-6) Er @ydt = = Fre) at. 


The integral of the product f (t) g(t) becomes 


(6-7) 
fPF (t) g(t) dt = [P(u (t) +iv (t)) (p(t) +i (t)) at 


= [(u (t) p (t) -v (t) q (t)) dt + a [?(u (t) q (t) +v (t) p (t)) at 
Example 6.3. Let us verify property (6-5). We start by writing 
(c+id) f(t) = (c+id) (u(t) +iv (t)) 
= cu(t)-dv(t) + i (cv (t) + du (t)) 


Using Definition (6-1), we write the left side of Equation (6-5) as 
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which is equivalent to 
fP(c+aid) (u(t) +iv (t)) dt 
= ewe) dt+id [Pu (t) dt + ci [Pv (t) dt +ida [Pv (t) dt 


= (c+ ad) fPu(t) dt + (c+id) i [Pv (t) at 


a 


= (c+ ad) ( fu (t) dt + i Pv (t) at) 
Therefore, [?(c+id) f (t) dt = (c+id) [PF (t) dt. 


Explore Solution 6.3. 


It is worthwhile to point out the similarity between equation (6-2) and its counterpart in 
calculus. Suppose that U and V are differentiable on a<t<b 
and F (t) =U (t) +iV(t). Since F' (t) =U' (t) +aV' (t) =u (t) +av (t) =f (t), 
equation (6-2) takes on the familiar form 


(6-8) ft (t) at = F(t) [EB = F (b) -F (a). 


where F' (t) = f (t). Wecan view Equation (6-8) as an extension of the fundamental theorem of 
calculus. In Section 6.5 we show how to generalize this extension to analytic functions of a complex 
variable. For now, we simply note an important case of Equation (6-8): 


(6-9) fpf (t) at = f(b) -F (a). 


m/ 2 


Example 6.4. Use Equation (6-8) to show that ji 


ettitqt = = (er? 1) 4 2 (e7/241). 


Solution. We seek a function F with the property that F' (t) = e(1+t) t. We note that 
F (t) = => e(1+1) t satisfies this requirement, so 


m2 tad 1 ten/2 il 1 
f etrit dt = ( : ees) | ~ @ (1A) 1/2 = ee? 
(2) Tea t=0 dea 1+a 
1 m/2 pi m/2 1 1 m/2 « 1 
_ S = 1 
dea . . Tea Tei . dea 
= — (ie? -1) + (1-i) (-1+ie%/2) 
Tsai 2 


which is the same result we obtained in Example 6.2, but with a lot less work. 
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Explore Solution 6.4. 
Remark 6.1 Example 6.4 illustrates the potential computational advantage we have when we lift 
our sights to the complex domain. Using ordinary calculus techniques to evaluate i etcost dt, 


for example, required a lengthy integration by parts procedure (Example 6.2). When we recognize 
this expression as the real part of ie et+it dt, however, the solution comes quickly. This is just 


one of the many reasons why good physicists and engineers, in addition to mathematicians, benefit 
from a thorough working knowledge of complex analysis. 


Extra Example 1. Show that [7 eitdt = 2i. 


Explore Solution for Extra Example 1. 
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6.2 Contours and Contour Integrals 
In Section 6.1 we learned how to evaluate integrals of the form fP f (t) dt, where f£ (t) 


was complex-valued and [a, b] was an interval on the real axis (so that t was real, with 
t¢ [a, b]). In this section, we define and evaluate integrals of the form i f (z) dz, where f (t) 


is complex-valued and Cc is a contour in the plane (so that z is complex, with z ¢ C). Our main 
result is Theorem 6.1, which shows how to transform the latter type of integral into the kind we 
investigated in Section 6.1. 


We will use concepts first introduced in Section 1.6. Recall that to represent a curve C we 
used the parametric notation 


(6-10) C: z(t) = x (t) +ay (t) fora<t<b, 


where x(t) and y(t) are continuous functions. We now place a few more restrictions on the type 
of curve to be described. The following discussion leads to the concept of a contour, which is a type 
of curve that is adequate for the study of integration. 


Recall that c is simple if it does not cross itself, which means that z (ti) # z (t2) when- 
ever ti # t2, except possibly when t; = a and t2 = b. Acurve Cc with the property that 
z (a) =z (b) is aclosed curve. If z (a) =z (b) is the only point of intersection, then we say 
that C is a simple closed curve. As the parameter t increases from the value t = a to the value 
t = b, the point z (t) starts at the initial point z (a) , moves along the curve Cc , and ends up at the 
terminal point z (b). If Cc is simple, then z (t) moves continuously from z (a) toz (b) ast 
increases and the curve is given an orientation, which we indicate by drawing arrows along the 
curve. Figure 6.1 illustrates how the terms simple and closed describe a curve. 
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z(b) 


z(t) 
z(a) = z(b) 
(a) A curve that is simple. (b) A simple closed curve. 
z(b) 
z(t) 
z(a) = z(b) 
(c) A curve that is not simple (d) A closed curve that is not simple. 


and not closed. 


Figure 6.1 The terms simple and closed used to describe curves. 


The complex-valued function z (t) = x (t) +iy (t) is said to be differentiable on [a, b] 
if both x (t) andy (t) are differentiable for a < t < b. Here we require the one-sided derivatives 
of x (t) andy (t) to exist at the endpoints of the interval. As in Section 6.1, the derivative z' (t) 
is 


z' (t) = x' (t)+aiy' (t) for a<t<b. 

The curve C defined by Equation (6-10) is said to be a smooth curve if z' (t) is continuous 
and nonzero on the interval. If c is a smooth curve, then Cc has a nonzero tangent vector at each 
point z (t), which is given by the vector z' (t). If x' (tg) =, then the tangent vector 
z' (te) =iy' (tg) is vertical. If x' (tg) +0, then the slope a of the tangent line to c at the 
point z (tg) is given by er Hence for a smooth curve the angle of inclination 6 (t) of its 


tangent vector z' (t) is defined for all values of t <¢ [a, b] and is continuous. Thus a smooth 
curve has no corners or cusps. Figure 6.2 illustrates this concept. 


2(t) z(t) 


2(b) 2(b) 


2(a) z(a) 


(a) A smooth curve. (b) A curve that is not smooth. 


Figure 6.2 The term smooth used to describe curves. 


If c is a smooth curve, then ds, the differential of arc length, is given by 


ds = V(x" (t)]?+[y' (t)]? dt = |z' (t) | dt. 
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The function s (t) = 4 [x' (t)]2+ [y' (t)]? is continuous, as x' (t) andy' (t) are 
continuous functions, so the length L (C) of the curve C is 


(6-11) L(c) = Pf tx! (t) 12+ Ly! (t)]? at = PP jz! (t) at. 


Now consider c to be a curve with parameterization 
C: Zz, (t) = x (t) +aiy (t) for a<st<b. 


The opposite curve -C traces out the same set of points in the plane, but in the reverse 
order, and has the parametrization 


-C: zz (t) = x (-t)+iy(-t) for a<t<b. 


Since zz (t) = Z1 (-t), —C is merely C traversed in the opposite sense, as illustrated in Figure 
6.3. 


z(0) AG) 


z(a) Z>(—a) 


Figure 6.3 The curve C and its opposite curve -C. 


A curve C that is constructed by joining finitely many smooth curves end to end is called a 


contour. Let C;, C2, ...,C, denote n smooth curves such that the terminal point of the curve C, 
coincides with the initial point of Cy.1 for k = 1,2, ...,n-1. We express the contour C by the 
equation 


C=C, +Co+...4+Cp. 


A synonym for contour is path. 


Example 6.5. Find a parameterization of the polygonal path C = C, +C2+C3 from -1+i to 3-12 
shown in Figure 6.4. 
Here C, is the line from -1+ i to -1, Cy isthe line from -1 to 1+ i, and C3 is the line from 


1+1 to 3-1. 
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Figure 6.4 The polygonal path C = C, + C2 +C3 from -1+ i to 3-i. 


Solution. We express C as three smooth curves, or C = C, + C,+C3. Ifweset zg = -1+ 4 and 
Z1 = -1, we can use Equation (1-48) to get a formula for the straight-line segment joining two 
points: 


Ci: Z1 (t) = Zeg + t (21- Ze) = (-1+2) +t(-1 (-14+1)), 


for @ < t < 1. When simplified, this formula becomes 


Ge ath) S$ =e det), for e@<t24. 


Similarly, the segments C2 and C3 are given by 


Co: Zz (t) = -1+2t+ it, for @<t<1, and 


Cet 23 (t) = de2zt 44-24%), for @<t 24, 


Explore Solution6.5. 


We are now ready to define the integral of a complex function along a contour Cc in the plane 
with initial point A and terminal point B. Our approach is to mimic what is done in calculus. We 


create a partition Py = {Ze =A, Z1, Z2, .--, Zn = B} of points that proceed along c from A to B and 
form the differences Az, = Z,- Z,.1 for k = 1,2, ...,n. Between each pair of partition points 
Zk-1 and z, we select a point c, on, as shown in Figure 6.5, and evaluate the function f (c,). 
These values are used to make a Riemann Sum for the partition: 


(6-12) S (Pn) = Rea f (Ck) (Zk-Zk-1) = Dear F (Ck) AZk. 


J f 


Figure 6.5 Partition points {z,} and function evaluation points {c,} 
for a Riemann sum along the contour c from z = Atoz = B. 


Assume now that there exists a unique complex number L that is the limit of every sequence 


{S (Pn) } of Riemann sums given in Equation (6-12), where the maximum of | Az, | tends toward 0 
for the sequence of partitions. We define the number L as the value of the integral of the function 
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f (z) taken along the contour c. 


Definition 6.2 (Complex Integral). Let c be a contour. Then 
Jef (2) dz = Ditty sy Ma F (ce) Aze, 


provided that the limit exists in the sense previously discussed. 


Note that in Definition 6.2, the value of the integral depends on the contour. In Section 6.3 
the Cauchy-Goursat theorem will establish the remarkable fact that, if f(z) is analytic, then 
fc f (z) dz is independent of the contour. 


Example 6.6. Use a Riemann sum to get an approximation for the integral fc e* dz wherecisa 


the line segment joining the point A =@ to B=2+ a 


Solution. Set n=8 in Equation (6-12) and form the partition 


Pg { Zk “ + for k = @,1,2, ..., 8}. For this situation, we have a uniform increment 
AZ, = La 
4 32 
For convenience we select c, = Zt = 2k2,4 22K for k-@ 1,2, ...,8. Figure 6.6 
2. 8 64 


shows the points {z,} and {cx}. 


) , 


Figure 6.6 Partition and evaluation points for the Riemann sum § (Pg). 


One possible Riemann sum, then, is 


S (Pg) = Dp.af (ck) AZk = DB. exp ec +a | (7+i S) 


By rounding the terms in this Riemann sum to five decimal digits, we obtain an approximation for the 
integral: 


S (Pg) = @.27749+ 0.125011 + 0.33885 + 0.19467 1 + @.40850+ 0.29140 i 
+ @.48532+ 0.42378 1 + 0.56683 + 0.60261 1 + 0.64848 + 0.84138 1 
+ @.72276+1.15676 1 + 0.77798 + 1.56912 i 


S (Pg) = 4.226201 + 5.20473 i 
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This result compares favorably with the precise value of the integral, which you will soon see equals 


exp (2+42)-1 = -14e?2 4 ie? = 4.224854 5.224851. 


Explore Solution 6.6. 


In general, obtaining an exact value for an integral given by Definition 6.2 is a daunting task. 
Fortunately, there is a beautiful theory that allows for an easy computation of many contour inte- 


grals. Suppose that we have a parametrization of the contour C given by the function z (t) for 
a<t<b. Thatis, cis the range of the function z (t) over the interval [a, b], as Figure 6.7 shows. 


zn) 


==--@ o—ee 


a te Te b 


Figure 6.7 A parametrization of the contour c by z (t) fora<t<b 
It follows that 


limps. Rea F (CK) AZ = 


lim... dhe F (CK) (ZK - Zk-1) 


Limpso D2k-1 F(Z (Tk)) (Z (tk) -Z (tk-1) ) 


where rt, and t, are the points contained in the interval [a, b] with the property that cy = Z (Tx) 


and Zz, = z (tx), as is also shown in Figure 6.7. If for all k we multiply the kth term in the last sum 
by 4 then we get 
—Uk-1 


Litas Yaa (Ck) A2k = Litas Wea f (Z (te) ) (2S2Z Ge) (te tea) 


= Limyso Raf (Z (te) ) (2 H=Z Me) ty 


The quotient inside the last summation looks suspiciously like a derivative, and the entire 
quantity looks like a Riemann sum. Assuming no difficulties, this last expression should equal 
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E f (z (t)) z' (t) dt, as defined in Section 6.1. Of course, if we're to have any hope of this 


happening, we would have to get the same limit regardless of how we parametrize the contour C. 
As Theorem 6.1 states, this is indeed the case. 


Theorem 6.1. Suppose that f (z) is a continuous complex-valued function defined on a set contain- 
ing the contour c. Let z (t) be any parametrization of c for a< t < b. Then 


ff (z)az = PF (z (t)) z' (t) at. 
Proof. 


Two important facets of Theorem 6.1 are worth mentioning. First, Theorem 6.1 makes the 
problem of evaluating complex-valued functions along contours easy, as it reduces the task to the 
evaluation of complex - valued functions over real intervals - a procedure that you studied in Section 
6.1. Second, according to Theorem 6.1, this transformation yields the same answer regardless of 
the parametrization we choose for Cc. 


Example 6.7. Give an exact calculation of the integral in Example 6.6: ile e* dz where C is a the 


line segment joining the point A =@ to B=2+ x 
Mi 


Solution. We must compute if e7dz = fc exp (z) dz, where C is the line segment joining 
A =®@ to B=2+ > According to Equation (1-48), we can parametrize Cc by z (t) = (2 +i 7 t, 
for @<t<1. As z' (t) = (2+i a) Theorem 6.1 guarantees that 


fetdz = f.exp(z)dz = ff Exp[z[t]] z‘[t] dt 


7 feExp[ (2+3 )t] (2+4 7) at 


= (2+i 4) § Exp[(2+i 2) t] at 


ra *t 
ee e* dt 


= (2+i 7) § e2t (cos[4*] +a Sin[4]) at 


= (2+i 4) (f e?tcos[**] dt + iff e?tsin[4*] at) 


—- (24+i2 2V2 e2 (7+8) 320s [Pe _ An }) 


4 72464 72464 72464 " 72464 


= 4.2248516741 +5.2248516741 i 
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Each integral in the last expression can be done using integration by parts. (There is a simpler way- 
see Remark 6.1.) We leave as an exercise to show that the final answer simplifies to 


exp (2+ i 7) -1 = 4.2248516741 + 5.2248516741 i, as we claimed in Example 6.6. 


Explore Solution 6.7. 


Example 6.8. Evaluate the contour integral ye s dz where c is a the upper semicircle with radius 


1 centered at x = 2. 


Solution. The function z (t) = 2+e't, for @< t < 7 is a parametrization for c. We apply Theo- 
rem 6.1 with f (z) = et (Note: f (z (t)) = se) and z' (t) = iet.) Hence 


1 _ 1 ' _ 1 + it _ [% war 
sya eer (t)dt = fie dt = fidt = in. 


Explore Solution 6.8. 


To help convince yourself that the value of the integral is independent of the parametrization 
chosen for the given contour, try working through Example 6.8 with z (t) = 2+ e%"*t, for @<t<1. 


A convenient bookkeeping device can help you remember how to apply Theorem 6.1. 


Because [. dz = ie S —z' (t) dt, you can symbolically equate z with z(t) and dz with 


z° (t) dt. 


These identities should be easy to remember because z is supposed to be a point on the contour C 
parametrized by z(t), and = = z' (t), according to the Leibniz notation for the derivative. 


If z (t) = x (t) +aiy (t), then by the preceding paragraph we have 
(6-13) dz = z' (t) dt = (x' (t)+aiy' (t)) dt = dx + idy 
where dx and dy are the differentials for x (t) andy (t), respectively (i.e., dx is equated with 
x' (t) dt, etc.). The expression dz is often called the complex differential of z. Just as 


dx and dy are intuitively considered to be small segments along the x and y axes in real variables, 
we can think of dz as representing a tiny piece of the contour c. Moreover, if we write 


| dz] = | 
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we can put Equation (6-11) into the form 


(6-14) L(c) = Py bet (12+ [y' (ty)? at = f jaz). 
C 


so we can think of | dz | as representing the length of dz. 


Suppose f (z) =u (z) +iv(t) ,and z (t) =x (t) + iy (t) is a parametrization for 
the contour c. Then 


(6-15) f.f (z) az = [PF (z (t)) z' (t) at 


= iP ik a yale 4 i [P(vx'+uy') dt 


where we are equating u(t) with u(z(t)), x' with x' (t), and soon. 


If we use the differentials given in Equation (6-13), then we can write Equation (6-15) in 
terms of line integrals of the real-valued functions u(t) and v(t) , giving 


(6-16) jet (2) ae fPudx -vay # i PP vax +udy, 


which is easy to remember if we recall that symbolically 


f(z) dz = (u+iv) (dx+idy) 


= udx -vdy + i(vdx +udy) 


We emphasize that Equation (6-16) is merely a notational device for applying Theorem 6.1. 
You should carefully apply Theorem 6.1as illustrated in Examples 6.7 and 6.8 before using any 
shortcuts suggested by the latter. 
Example 6.9. Show that le zdz = Tes zdz = 442i, 


where C, is the line segment from -1-i to 3+ i, and C; is the portion of the parabola 
x = y*2+2y joining -1-i to 3+1, as indicated in Figure 6.8. 
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(a) The line segment. (b) The portion of the parabola. 


Figure 6.8 The two contours C; and C2 joining -1-i to 3+1. 


Solution. The line segment joining (—1, -1) to (3, 1) is given by the slope intercept formula 


y = >x~- >, which can be written as x = 2y+1. 


If we choose the parametrization y = t and x = 2t +1, wecan write segment C; as 
Cy: z(t) =2t+1+ait and dz= (2+i) dt 
for -1<t<1. 


Along Ci we have f (z (t)) = 2t+1+it. Applying Theorem 6.1 gives 


[242 = tas z'(t)dt = = [,(2t+1+it) (2+i) at. 
We now multiply out the integrand and put it into its real and imaginary parts: 


1 i ‘ 
i, 22 = [i,(2t+1+it) (2+i) dt 


fi, (Bt+2+a (4t+1)) at 


1 a. fl 
= [,(3t+2) dt +a [7 (4t+1) at 


= 44+21 


Similarly, we can parametrize the portion of the parabola x = y2+2y joining (-1, -1) to (3,1) by 
y=t andx=2t+1and x =t*+2tso that 


Co: z(t) =t?+2t+at and dz= (2t+2+i) dt 
for -1<t<1. 


Along C2 we have f (z (t)) = t#+2t+it. Theorem 6.1 now gives 
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f.zdz = fi, (t?+2t+ait) (2t+2+4) dt 
Co -1 
= fi, (2t?+6t?2+3t+a (3t2+4t)) dt 
o [28 +bt243%) dt +a (34444) dt 


= 44+21 


Explore Solution 6.9 (a) 
Explore Solution 6.9 (b) 


Extra Example 1. Evaluate the contour integrals of f (z) = z? starting at the points 

Z1 = -1-i and Z2 = 3+i. 

(a) Use the line segment joining the points. 

(b) Use a portion of a parabola joining the points. 

Remark. The example in the text used the function f (z) = z which is difficult for hand computa- 
tions but it is not a challenge for Mathematica, hence we choose to use the function f (z) = z?. 


Explore Solution for Extra Example 1 (a) 


Explore Solution for Extra Example 1 (b) 


Extra Example 2. Evaluate the contour integrals of f (z) = Z starting at the points 
Z1 = -1-i and z, = 3+i. 

(a) Use the line segment joining the points. 

(b) Use a portion of a parabola joining the points. 

Remark. This example illustrates the situation when f(z) is not analytic. 


Explore Solution for Extra Example 2 (a) 


Explore Solution for Extra Example 2 (b) 


In Example 6.9, the value of the two integrals is the same. This outcome doesn't hold in 
general, as Example 6.10 shows. 


Example 6.10. (a) Show that i, Zaz = -x i but that i, Zaz = -4i, 


where C, is the semicircular path from - 1 to 1, in the upper half plane, and C; is the polygonal path 
from -1 to -1+i to 1+ to 1, respectively, shown in Figure 6.9. 
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x x 
—l —1 
(a) The semicircular path. (b) The polygonal path. 


Figure 6.9 The two contours Ci and C2 joining -1 to 1. 
Solution. We parametrize the semicircle C; as 


Ci: z(t) =-cost+isint and dz= (sint+icost) dt, 
for @<t<7. 


Applying Theorem 6.1, we have f (z) = Z, so 


—~cost+isint 
=-cost - isint 


and 


je 282 fg (- cost-isint) (sint+icost) dt 


= [U(- a (cos*t+ sin*t)) dt 
= =a) (2) dt = -7i 
We parametrize C, in three parts, one for each line segment: 


Zt) Se Sa dz=idt, and f(z; (t)) = -1-it; 
Zz. (t) = -14+2t+i, dz=2dt, and f (z2 (t)) = -14+2t-i; 
74 (t) S Isa Got), dze-idt, god fiz (t)) = Ti Gt), 


where @ < t < 1 ineachcase. Integrating over these three line segments we obtain 


fz (t) ze (t) dt-< [ (-1-1%) G@) dt< ( (t-a) ats 


75 (0) ze (tH) at = (9428-4) 2) at = (224 4t429) a= —23, 
(2) (2) Q 
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fp 23 (t) 2g (t) dt = f} (1-4 (1-t)) (-i) dt = [(-1+t-a) dt = -F-i. 


We get our answer by adding the three integrals along the three segments: 


f, Zaz = fp(t-a) dt+ 0 (-2+4t-2i) dt + 9 (-1+t-i) at 


Note that the value of the contour integral along C, isn't the same as the value of the contour inte- 
gral along C2, although both integrals have the same initial and terminal points. 


Explore Solution 6.10 (a) 
Explore Solution 6.10 (b) 


Contour integrals have properties that are similar to those of integrals of a complex function 
of a real variable, which you studied in Section 6.1. If c is given by Equation (6-10), then the inte- 
gral for the opposite contour -c is 


Using the change of variable t = —c in this last equation and the property that 
[Pf (t) at = - [Pf (t) dt, we obtain 


(6-17) ff (z) dz = -{ f(z) dz. 


If two functions £ and g can be integrated over the same path of integration C, then their 
sum can be integrated over Cc, and we have the familiar result 


fc (Ff (z) +8 (z)) dz = [.f(z) dz + [g(z) dz. 
Constant multiples also behave as we would expect: 
f. (a+b) #(z) dz = (a+ib) {[ f (z) dz. 
If two contours C; and C2 are placed end to end so that the terminal point of C; coincides with 


the initial point of C2, then the contour C = C, + C2 is a continuation of C1, and 


(6-18) Jeet (z) dz = lat (z) dz + Jef (z) dz. 


If the contour c has two parametrizations 


C: z(t) = x1 (t) +iy1 (t) for a<st<b, and 


C: Z2 (vt) = X2(t)+iy2(t) for c<t<d, 
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and there exists a differentiable function t = ¢ (t) such that 
(6-19) c= ¢(a), d=¢(b), and ¢' (t)>® for a<st<b, 


then we say that z2 (ct) is areparametrization of the contour c. If £ is continuous on C, then we 
have 


(6-20) JP (za (t)) ze (t) at = [PF (za ()) zg (t) dt. 

Equation (6-20) shows that the value of a contour integral is invariant under a change in the 
parametric representation of its contour if the reparametrization satisfies Equations (6-19). 

We now give two important inequalities relating to complex integrals. 


Theorem 6.2 (Absolute Value Inequality). If f (t) =u (t) + av (t) is a continuous function of 
the real parameter t, then 


(6-21) | [Pt (t) at | < fp | f(t) | at. 


Proof. 


Theorem 6.3 (ML - Inequality). If f (z) =u (x, y) +i-v (x, y) is continuous on the contour C, 
then 


(6-23) i) #2) | diz = Mb 


Proof. 


Example 6.11. Use Inequality (6-23) to show that | fc ie dz | a 


where C is the straight-line segment from 2 to 2+ i. 


Solution. Here | z*+1|= |z-i||z+ij|, andtheterms | z-i| and | z+i| represent the 
distance from the point z to the points i and - i, respectively. Referring to Figure 6.10 and using a 
geometric argument, we get 


| z= | >2 and | z+ | > V/5, forzonc. 


Figure 6.10 The distances | z-i| and |z+i]| forzonc. 
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Thus we have 


+ <—_=M. 


— 1 — 
| f (Z) | | 2741 | |Z-a | |Z+a] 2/5 


Because L, the length of c, equals 1, Inequality (6-23) implies that 


| lc eq dz | < ML< a 
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6.3 The Cauchy-Goursat Theorem 


The Cauchy-Goursat theorem states that within certain domains the integral of an analytic 
function over a simple closed contour is zero. An extension of this theorem allows us to replace 
integrals over certain complicated contours with integrals over contours that are easy to evaluate. 
We demonstrate how to use the technique of partial fractions with the Cauchy-Goursat theorem to 
evaluate certain integrals. In Section 6.4 we will see that the Cauchy-Goursat theorem implies that 
an analytic function has an antiderivative. To begin, we need to introduce some new concepts. 


Recall from Section 1.6 that each simple closed contour Cc divides the plane into two 
domains. One domain is bounded and is called the interior of c; the other domain is unbounded 
and is called the exterior of c. Figure 6.15 illustrates this concept, which is known as the Jordan 


curve theorem. 


Interior c Interior 


Exterior Exterior 


Figure 6.15 The interior and exterior of simple closed contours. 


Recall also that a domain D is a connected open set. In particular, if z; and z2 are any 
pair of points in D, then they can be joined by a curve that lies entirely in D. A domain D is said to be 
a simply connected domain if the interior of any simple closed contour Cc contained in D is contained 
in D. In other words, there are no "holes" in a simply connected domain. A domain that is not 
simply connected is said to be a multiply connected domain. Figure 6.16 illustrates uses of the 
terms simply connected and multiply connected. 
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(b) A simply connected domain 


= 
= 


(c) A multiply connected domain (d) A multiply connected domain 
Figure 6.16 Simply connected and multiply connected domains. 


Let the simple closed contour Cc have the parametrization C: z (t) = x (t)+iy (t) for 
a <t <b. Recall that if c is parametrized so that the interior of c is kept on the left as z (t) moves 
around C, then we say that c is oriented positively (counterclockwise); otherwise, C is oriented 
negatively (clockwise). If C is positively oriented, then —c is negatively oriented. Figure 6.17 illus- 
trates the concept of positive and negative orientation. 


(a) A positively oriented contour. (b) A negatively oriented contour. 
Figure 6.17 Simple closed contours that are positively and negatively 
oriented. 


Green's theorem is an important result from the calculus of real variables. It tells you how to 
evaluate the line integral of real-valued functions. 


Theorem 6.4 (Greens Theorem). Let Cc be a simple closed contour with positive orientation and 
let R be the domain that forms the interior of c. If P and Q are continuous and have continuous 
partial derivatives P,, Py, Qx, and Q, atall points on C and R, then 


Chapter06Section03.nb | 3 


{P(x y) dx + fQ(% y) dy = [fp (Qk (x y) - Py (xX y)) dx dy. 
Proof. 
We are now ready to state the main result of this section. 


Theorem 6.5 (Cauchy-Goursat Theorem). Let £(z) be analytic in a simply connected domain 
D. If C is a simple closed contour that lies in D, then 


Jef (2) az =. 
Proof. 


Example 6.12. Let us recall that e?, cos (z), and z" (where nis a positive integer) are all 
entire functions and have continuous derivatives. The Cauchy-Goursat theorem implies that, for 
any simple closed contour, 


(a) fc eZdz = Q, 
(b) f.cos (Zz) dz = @, and 
(c) Leraz. = ©. 


Explore Solution 6.12 (a) 
Explore Solution 6.12 (b) 
Explore Solution 6.12 (c) 


Example 6.13. If c is a simple closed contour such that the origin does not lie interior to c, then 


there is a simply connected domain D that contains C in which f (z) = 5 is analytic, as is indi- 


n 


cated in Figure 6.22. The Cauchy-Goursat theorem implies that he dz = @. 


y 


Figure 6.22 A simple connected domain D containing the simple closed 
contour Cc that does not contain the origin. 


We want to be able to replace integrals over certain complicated contours with integrals that 
are easy to evaluate. If Ci is a simple closed contour that can be "continuously deformed" into 
another simple closed contour C2 without passing through a point where f is not analytic, then the 
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value of the contour integral of f over C, is the same as the value of the integral of f over C,. To be 
precise, we state the following result. 


Theorem 6.6 (Deformation of Contour). Let C; and Cz be two simple closed positively oriented 
contours such that C, lies interior to C2. If £(z) is analytic in a domain D that contains both C, 
and C, and the region between them, as shown in Figure 6.23, then 


jet (z) dz = jer (z) dz. 


y 


Figure 6.23 The domain D that contains the simple closed contours Ci 
and C2 and the region between them. 
Proof. 

We now state as a corollary an important result that is implied by the deformation of contour 
theorem. This result occurs several times in the theory to be developed and is an important tool for 
computations. You may want to compare the proof of Corollary 6.1 with your solution to Exercise 23 
from Section 6.2. 


Corollary 6.1. Let zg denote a fixed complex value. If Cc is a simple closed contour with positive 
orientation such that zg lies interior to c, then 


(i) Jeg dz = 27i, and 

— £0 
(ii) =e dz = @, where nis any integer except n = 1. 
Proof. 


Demonstration for (i). 


Demonstration for (ii). 


The deformation of contour theorem is an extension of the Cauchy-Goursat theorem to a 
doubly connected domain in the following sense. Let D be a domain that contains C, and C2 and the 
region between them, as shown in Figure 6.23. Then the contour C = C2 - C; is a parametrization of 
the boundary of the region R that lies between C, and C2 so that the points of R lie to the left of casa 
point z (t) moves around c. Hence C is a positive orientation of the boundary of R, and Theorem 
6.6 implies that Je f (z) dz=@. 
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We can extend Theorem 6.6 to multiply connected domains with more than one "hole." The 
proof, which is left for the reader, involves the introduction of several cuts and is similar to the proof 
of Theorem 6.6. 


Theorem 6.7 (Extended Cauchy-Goursat Theorem). Let C, Ci, Co, ...,C, be simple closed 
positively oriented contours with the property that C, lies interior toc for k=1,2, ...,n andthe 
set of interior to C, has no points in common with the set interior to Cj if k # Jj. Let f(z) be 
analytic on a domain D that contains all the contours and the region between c and 

Cy +C2+...+C,, as shown in Figure 6.26. Then 


jet (z) dz = et et (z) dz. 


bs 


Figure 6.26 The multiply connected domain D and the contours 
C, Ci, C2, ..., Cy in the statement of the extended Cauchy-Goursat theorem. 


Proof. 
Example 6.14. Show that ie 


positive orientation. 


5 dz = 471i, where Cis the circle C: | z| = 2 taken with 


22 


Solution. Using partial fraction decomposition gives 


2Z = 2Z _ 1 ; 1 
27+2 (z+i 2) (z-i 2) z+iv2 Ee al 
2 1 1 
(6-38) cpg dz = lex = dz hue 92 
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The points z = + i V2 lie interior toc, so Corollary 6.1 implies that 


1 . 
Ze 2 ; 
ony 2 me 


Substituting these values into Equation (6-38) yields 


22 


_ 1 a: 
cma 92 = lo + hn ® 


271 + 271 


I 


= 471 


Explore Solution 6.14. 


Example 6.15. Show that fe 


a dz = 271i, where Cisthe circle C: | z-i | =1 taken with 


22 
positive orientation. 


bi 


4 


Figure 6.27 Thecircle C: | z-i|-=1 andthepoints z=+i V2. 


Solution. Using partial fractions again, we have 


2Zz 1 1 
dz = dz + dz 
Cz7+2 le te 


In this case, z = i 2 lies interior to c but z = - i 2 does not, as shown in Figure 6.27. By 
Corollary 6.1, the second integral on the right side of the above equation has the value 2 7 i. The 


first integral equals zero by the Cauchy-Goursat theorem because the function f (z) = eo is 
Z+1 


analytic on a simply connected domain that contains c. Thus 


2:7 1 He 
dz = dz + dz 
C2742 ls eer 


= @+ 271i 


= 271 
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Explore Solution 6.15. 


Example 6.16. Show that i = dz = -671i, where C is the "figure eight" contour shown in 
Figure 6.28. 


xX 
Figure 6.28 The contour C = Cy + Co. 
Solution. Again, we use partial fractions to express the integral: 
z-2 2 1 1 1 
(6-39) ewig 7 Is =) dz = 2{.5dz ea dz. 


Using the Cauchy-Goursat theorem, Property (6-17), and Corollary 6.1 (with zg = @), we compute 
the value of the first integral on the right side of Equation (6-39): 


2 {[.5dz = 2 |45 42 2 [45 dz 


= -2[.5dz + @ 
= -2 (271) 


= -47i 


Similarly, we find that 


de al dz Je I dz + le aI dz 
= @-271 


= -271 


If we substitute the results of the last two equations into Equation (6-39) we get 


eee aie 2 [dz lege az 


Cz2-z 


= -4Anxmi - 271 


= -671 
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Explore Solution 6.16. 
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6.4 The Fundamental Theorems of Integration 


Let £ be analytic in the simply connected domain D. The theorems in this section show that 
an antiderivative F can be constructed by contour integration. A consequence will be the fact that in 
a simply connected domain, the integral of an analytic function f along any contour joining zi; to Zz2 
is the same, and its value is given by F (z2) -F (zi). As aresult, we can use the antiderivative 
formulas from calculus to compute the value of definite integrals. The next two theorems are general- 
izations of the Fundamental Theorems of Calculus. 

Theorem 6.8 (Indefinite Integrals or Antiderivatives). Let f(z) be analytic in the simply con- 
nected domain D. If zg is a fixed value in D and if C is any contour in D with initial point zg and 
terminal point z, then the function 


is well-defined and analytic in D, with its derivative given by F' (z) = f (z). 

Proof. 

Remark 6.2. It is important to stress that the line integral of an analytic function is independent of 
path. In Example 6.9 we showed that te, zdz = de zdz = 4+2 i, where C, and C, were differ- 
ent contours joining -1- i to 3+ i. Because the integrand f (z) = zis an analytic function, 
Theorem 6.8 lets us know ahead of time that the value of the two integrals is the same; hence one 
calculation would have sufficed. If you ever have to compute a line integral of an analytic function 
over a difficult contour, change the contour to something easier. You are guaranteed to get the 
same answer. Of course, you must be sure that the function you're dealing with is analytic in a 
simply connected domain containing your original and new contours. 


Exploration. 


If we set z = Z1 in Theorem 6.8, then we obtain the following familiar result for evaluating a 
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definite integral of an analytic function. 


Theorem 6.9 (Definite Integrals). Let f(z) be analytic in a simply connected domain D. If Zg 
and z, are two points in D joined by a contour C, then 


Sef (z) dz = F (21) -F (ze), 


where F(z) is any antiderivative of f(z) in D. 
Proof. 
Proof of Theorem 6.9 is in the book. 


Theorem 6.9 gives an important method for evaluating definite integrals when the integrand 
is an analytic function in a simply connected domain. In essence, it permits you to use all the rules 
of integration that you learned in calculus. When the conditions of Theorem 6.9 are met, applying it 
is generally much easier than parametrizing a contour. 


Example 6.17. Show that fc say dz = 1+ 1 where z?/? is the principal branch of the square root 


function and c is the line segment joining 4 to 8+6 1. 


8+ 64 7-1/2 


Remark. Sometimes we write this as dz=1+41. 


4 2 


Solution. We showed in Chapter 3 that if F (z) = z:, then F' (z) = where the principal 


1 
branch of the square root function is used in both the formulas for F(z) and F' (z). We note that c 
is contained in the simply connected domain D, (6 + 3 i), which is the open disk of radius 4 cen- 


tered at the midpoint of the segment C. Since f (z) = ee is analytic in the domain Dy (6 +3 1) 


and F (z)is an anti-derivative of f (z) , Theorem 6.9 guarantees that 


1 8+6i 2-1/2 : 
\oggpr dz = f°" -dz = F (8+6i) - F (4) 


4 2 
= (8+6i)2 - (4)2 = 3+i - 2 
= 1+i 
Explore Solution 6.17. 
Example 6.18. Show that le cos (z) dz = -sin1 + isinh1, where c is the line segment 


between 1 and i. 
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Solution. An antiderivative of f (z) = cosz is F (z) = sinz. Because F(z) is entire, we use 
Theorem 6.9 to conclude that 


= Sini - sin1l 

= isinhi - sin1 

= - Sinl + isinhi 

= - 0.841471 + 1.1752 i 


Explore Solution 6.18. 


Example 6.19. We letD = {z =re*®: r>@and - 7 < 6 < 7} be the simply connected domain 
which is the z-plane slit along the negative x-axis, shown in Figure 6.32. We know that f (z) = : is 


analytic in D, and has an antiderivative f (z) = Log (z) forall z in D. If C is a contour in D that joins 
the point z; to the point z2, then Theorem 6.9 implies that 


fe dz = Log z2 - Log 23. 


Figure 6.32 The simply connected domain D shown in Examples 6.19 and 
6.20. 


Example 6.20. Show that + dz = 274i, where Cis the unit circle C: | z| =1, taken with 
Cz | | 
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positive orientation. 


Solution. We let c be that circle with the point -1 omitted, as shown in Figure 6.32(b). The contour 


C is contained in the simply connected domain D of Example 6.19. We know that f (z) = - is 


analytic in D, and has an antiderivative F (z) = Log (z), forall ze D. Therefore, if we let z, 
approach -1 on Cc through the upper half-plane and z; approach -1 on Cc through the lower half- 


plane, 
f.tdz = lim fP 2 az 
Cz 229-1 (z2€C,Imz.>0) ~71 2 
Z13-1 (z1 € C,Imz1<@) 
= lim Log (Z2) - lim Log (Z1) 
Z2>-1 (Z2 € C, Im Z2>0) Z1>-1 (21 € C,Imzi<@) 
= im - (-17) 
= 271 
Explore Solution 6.20. 
E 2+— 5 _ (1+i) e? 
xtra Example 1. Show that [°° + e7dz = ZT di 
2 


Explore Solution for Extra Example 1. 
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6.5 Integral Representations for Analytic Functions 


We now present some major results in the theory of functions of a complex variable. The 
first result is known as Cauchy's integral formula and shows that the value of an analytic function 
£ (z) can be represented by a certain contour integral. The nt” derivative, f‘") (z), willhavea 
similar representation. In Chapter 7, we use the Cauchy integral formulas to prove Taylor's theorem 
and also establish the power series representation for analytic functions. The Cauchy integral 
formulas are a convenient tool for evaluating certain contour integrals. 


Theorem 6.10 (Cauchy Integral Formula). Let f(z) be analytic in the simply connected domain 
D, and let c be a simple closed positively oriented contour that lies in D. If zg is a point that lies 
interior to c, then 


1 + (z 


f (Ze) = 2ri oe az. 
Proof. 
Example 6.21. Show that fc + dz = i127 e, wherecisthecircle C: | z | = 2 with positive 
orientation. 
= bX 


Solution. We have f (z) = e? and f (1) =e. The point zg = 1 lies interior to the circle, so 
Cauchy's integral formula implies that 
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_ _ 1 f (Zz) 7 1 z 
e = f (1) Qnri dee dz Qri Sega a2: 
and multiplication by 2 i establishes the desired result. 


Explore Solution 6.21. 


Example 6.22. Show that {. ane: dz = -i ae where C is the circle C: | z | =1 with 


positive orientation. 


y 


Solution. Here we have f (z) = sin (z). We manipulate the integral and use Cauchy's integral 
formula to obtain 


sin (Zz) _ 1 sin (Z) = 1 sin (Z) 
C4z+7 dz 4 JC z+o dz 4 Cz- (-4) dz 
= a ae = . . Tt 
~ (2mi) f (-2) = q (271) Sin (-<) 


Explore Solution 6.22. 


Example 6.23. Show that (= dz = =", where Cis the circle C: | z | =1 with positive 


orientation. 


hg 


Solution. We see that 227-5z+2 = (2z-1) (z-2) = 2 (z- >) (z- 2). The only zero of 
this expression that lies in the interior of C is zg = > 


We set f (z) = = and use Theorem 6.10 to conclude that 
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(za dz = Ses a dz = ; Je — 3 dz 
> fe eH dz = (27 i) F (5) 
2 
s 2(niy 2 = Gray 
Ge (-F] 
27 


Explore Solution 6.23. 


Theorem 6.11 (Leibniz's Rule). Let G be an open set, and let I: a<t <b bean interval of real 
numbers. Let g (z, t) and its partial derivative g, (z, t) with respect to z be continuous functions 
for all z in G and all t in I. Then 


F(z) = fre (z, t) dt is analytic for z in G, and 
PY (z) = |) ge (2s t) at: 
Proof. 


Demonstration for Theorem6.11. 


We now generalize Theorem 6.10 to give an integral representation for the nt’ derivative, 
#‘") (z). We use Leibniz's rule in the proof and note that this method of proof is a mnemonic device 
for remembering Theorem 6.12. 
Theorem 6.12 (Cauchy's Integral Formulae for Derivatives). Let f (z) be analytic in the simply 


connected domain D, and let c be a simple closed positively oriented contour that lies in D. If zis a 
point that lies interior to c, then for any integer n = @, we have 


(n) _ n! F (f) 
Fin (2) ae 


Proof. 


Example 6.24. Let zg denote a fixed complex value. Show that, if c is a simple closed positively 
oriented contour such that Ze lies interior to c, then 


f= dz = 2mxi, and 
Cz-2Z9 


(6-50) 
Sa dz = ®, foranyinteger n > 1. 
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Solution. We let f (z) = 1. Then f'") (z) = @forn => 1. Theorem 6.10 implies that the value of the 
first integral in Equations (6-50) is 


1 ‘ ; 
Ere = 2nrif (Zg) = 271, 


and Theorem 6.12 further implies that 


This result is the same as that proven earlier in Corollary 6.1. Obviously, though, the technique of 
using Theorems 6.10 and 6.12 is easier. 


Explore Solution 6.24 (a). 
Explore Solution 6.24 (b). 


Example 6.25. Show that |. ieee dz = =. where C is the circle C: | z | = 2 with positive 


Solution. If we set f (z) = e2', then a straightforward calculation shows that 


orientation. 


f(3) (z) = (12z+82z3) e2. Using Cauchy's integral formulas with n = 3, we conclude that 
e? _ 2ri (3) . —  2rk +2 
lee a2 a* £0) (i) = (12i+8i3) e2 
_ 270i * -1 2nmi 4i 
= “*(12i-8i)et = + 
4n 


Chapter06Section05.nb | 5 


Explore Solution 6.25. 


We now state two important corollaries of Theorem 6.12. 


Corollary 6.2. If f (z) is analytic in the domain D, then all derivatives f' (z),f'' (z), 
f(") (z), ... exists for z ¢D (and therefore are analytic in D). 

Proof. 

Remark 6.3. This result is interesting, as it illustrates a big difference between real and complex 
functions. A real function f (z) can have the property that f' (z) exists everywhere in a domain D, 
but £'' (z) exists nowhere. Corollary 6.2 states that if a complex function f (z) has the property 
that f' (z) exists everywhere in a domain D, then, remarkably, all derivatives of f (z) exist in D. 
Corollary 6.3. If u (x, y) is a harmonic function at each point (x, y) in the domain D, then all 
partial derivatives uy, (x, y), Uy (X,Y), Uxx (X,Y), Uxy (% Y), Uyy (X,Y), ... exists and are 
harmonic functions. 

Proof. 


Extra Example 1. Show that the partial derivatives of u (x, y) = x? -21 x? y? +35 x3 y4-7-x y® 
are harmonic functions. 


Explore Extra Solution 1. 
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6.6 The Theorems of Morera and Liouville and Extensions 
In this section we investigate some of the qualitative properties of analytic and harmonic 

functions. Our first result shows that the existence of an antiderivative for a continuous function is 
equivalent to the statement that the integral of £ (z) is independent of the path of integration. This 
result stated in a form that will serve as a converse to the Cauchy-Goursat theorem. 


Theorem 6.13 (Morera's Theorem). Let f(z) be a continuous function in a simply connected 
domain D. If fc f(z) dz = @® for every closed contour in D, then f(z) is analytic in D. 
Proof. 


Cauchy's integral formula show how the value f (zg) can be represented by a certain 
contour integral. If we choose the contour of integration c to be a circle with center zo, then we 
can show that the value f (zg) is the integral average of the values of f (z) at points z on the 
circle C. 


Theorem 6.14 (Gauss's Mean Value Theorem). If £(z) is analytic in a simply connected domain 
D that contains the circle C: | z-Zg | =R, then 


f (zo) = + ("fF (zo+Ret®) do. 
Proof. 

We now prove an important result concerning the modulus of an analytic function. 
Theorem 6.15 (Maximum Modulus Principle). Let f(z) be analytic and nonconstant in the 
bounded domain D. Then | £ (z) | doesnot attain a maximum value at any point Zg in D. 
Proof. 

We sometimes state the maximum modulus principle in the following form. 

Theorem 6.16 (Maximum Modulus Principle). Let f(z) be analytic and nonconstant in the 
bounded domain D. If £(z) is continuous on the closed region R that consists of D and all of its 
boundary points B, then | f (z) | assumes its maximum value, and does so only at point(s) zg on 
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the boundary B. 
Proof. 


Example 6.26. Let f (z) = az +b. IfwesetourdomainDtobe D: | z | < 1, then f(z) is 
continuous on the closed region R: | z| < 1. Prove that 


max)z)<1 | f(z) | = |a|+ |b], 


and this value is assumed by £(z) ata point zg = e* on the boundary of D. 


Solution. From the triangle inequality and the fact that z < 1 in D, it follows that 
(6-58) | f(z) | = |az+b| < |az|/+ |b|j < Ja /+ by. 
If we choose zg = e*%, where 6g = Arg (b) -Arg (a), then 
arg (aZg) = arg (a)+arg (Ze) = arg (a) +arg (e* &) 
= arg (a) +arg (e* (Arg (6) -Arg (a) ) ) 


= arg (a) +arg (b) - arg (a) 


= arg (b) 


so the vectors a Zg and b lie on the same ray through the origin. This is the requirement for the 
Inequality (6-58) to be an equality (see Exercise 19 in Section 1.3). 
Hence | aZg+b| = | az@|+|b| < |aj|+ |b], andthe result is established. 


Explore Solution 6.26. 


Extra Example 1. Let f (z) = z?-z*+z-1. If wesetourdomain Dtobe D: | zj| < 1, then 
f(z) is continuous on the closed region R: | zj| < 1. Showthat max), <1 | f (z) | =4, and 
this value is assumed by f (z) ata point zg = e*” = -1 on the boundary of D. 
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Explore Solution for Extra Example 1. 


Extra Example 2. Let f (z) z>-z*+z3-z*+z-1. If we set our domain D to be 

D: |z| < 1, then f(z) is continuous on the closed region R: | z| < 1. Show that 
max)z,<1 | f (Z) | = 6, and this value is assumed by f (z) ata point ze = e17 = -1 onthe 
boundary of D. 


Explore Solution for Extra Example 2. 


Theorem 6.17 (Cauchy's Inequalities). Let f(z) be analytic in the simply connected domain D 
that contains the circle Cg (Z9) = {Z: | Z-Zg9| =R}. If | f(z) | < M holds forall points 
Z ECR (Ze), then 


| #'") (ze) | < —_ for n=1, 2, 
Proof. 
Theorem 6.18 shows that a nonconstant entire function cannot be a bounded function. 


Theorem 6.18 (Liouville's Theorem). If f(z) is an entire function and is bounded for all values of 
z in the complex plane, then f (z) is constant. 


Proof. 
Example 6.27. Show that the function sin(z) is not a bounded function. 


Solution. We established this characteristic with a somewhat tedious argument in Section 5.4. All 
we need do now is observe that £ (z) is not constant, and hence it is not bounded. 
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Explore Solution 6.27. 


We can use Liouville's theorem to establish an important theorem of algebra. 


Theorem 6.19 (Fundamental Theorem of Algebra). If 2 (z) is a polynomial of degree n = 1, then 
P(z) has at least one zero. 


Proof. 


Corollary 6.4. Let P(z) be a polynomial of degree n > 1. Then P(z) can be expressed as the 
product of linear factors. That is, 


P(z) = A(Z-2Z1) (Z-Z2) ... (Z-Zn) 


where Zi, Z2, .--,2Zn are the zeros of P(z) counted according to multiplicity an A is a constant. 
Proof. 
Extra Example 3. Find the n zeros of the equation z"7 - 1 = @. 

Explore Solution for Extra Example 3. 


Extra Example 4. Find the n zeros of the equation z7+z"1+...+2z7+zZ4+1 = @. 


Explore Solution for Extra Example 4. 


Extra Example 5. Find the roots of the nt Chebyshev polynomial. 


Explore Solution for Extra Example 5. 
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Chapter 7 Taylor and Laurent Series 


Overview 


Throughout this book we have compared and contrasted properties of complex functions 
with functions whose domain and range lie entirely within the real numbers. There are many similari- 
ties, such as the standard differentiation formulas. However, there are also some surprises, and in 
this chapter you will encounter one of the hallmarks that distinguishes complex functions from their 
real counterparts: It is possible for a function defined on the real numbers to be differentiable 
everywhere and yet not be expressible as a power series (see Exercise 20, Section 7.2). Fora 
complex function, however, things are much simpler! You will soon learn that if a complex function 
is analytic in the disk D, (a) , its Taylor series about z = a converges to the function at every point in 
this disk. Thus, analytic functions are locally nothing more than glorified polynomials. 


7.1 Uniform Convergence 


Complex functions are the key to unlocking many of the mysteries encountered when power 
series are first introduced in a calculus course. We begin by discussing an important property 
associated with power series-uniform convergence. 


Recall that, for a function £ (z) defined on a set T, the sequence of functions {S, (z) } 
converges to the function f(z) at the point z2¢T providedthat lim,,.S (Ze) = f (Ze). Thus, 
for the particular point ze, we know that for each e« > @, there exists a positive integer N-,,, 
(which depends on both ¢ and Zg) such that 


(7-1) if n>=>Nez,, then |S (Za) - f (Ze) | < é€. 
IfS, (z) isthe nt* partial sum of the series D¥_, cx. (z-a)*, Statement (7-1) becomes 


if n=Ne,z, then | dP: cx (Za-a)* - f (Ze) | < e€. 


For a given value of e, the integer N.,,, needed to satisfy Statement (7-1) often depends 
on our choice of Zg. This is not the case if the sequence {S, (z) } converges uniformly. Fora 
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uniformly convergent sequence, it is possible to find an integer N- (depending only on ¢) that 
guarantees Statement (7-1) no matter what value for zg ¢ T we pick. In other words, if n is large 
enough, the function S, (z) is uniformly close to the function f(z) forall z ¢ T. Formally, we have 
the following definition. 


Definition 7.1 (Uniform Convergence),. The sequence {S, (z) } converges uniformly to f(z) on 
the set T iffor every < > @, there exists a positive integer N- (depending only on €) such that 


(7-2) if n>=N, then |S, (z) -f (z) | < € forall zeT. 


If S, (z) isthe nt* partial sum of the series Dv_4 cx, (z- a), we say that the series 
YR-e Ck (Z- a)* converges uniformly to f(z) on the set T. 


Example 7.1. The sequence {S, (Zz) } = { ©? + =} converges uniformly to the function f (z) = e2 


on the entire complex plane because for any € > @, statement (7-2) is satisfied for all z for n => Ne, 
where N- is any integer greater than =. We leave the details of showing this result as an exercise. 


A good example of a sequence of functions that does not converge uniformly is the 
sequence of partial sums comprising the geometric series. Recall that the geometric series has 
Sn (Z) = DR-g z* converging to f (z) = a for all z <¢ D; (@). Because the real numbers are a 


subset of the complex numbers, we can show statement (7-2) is not satisfied by demonstrating it 
does not hold when we restrict our attention to the real numbers. In that context, D; (@) becomes 
the open interval (-1,1), and the inequality, | S, (z) -f (z) | < €, becomes 

| Sn (X) - * (x) | < e€, which for real variables is equivalent to f (x) - € < Sn (x) < f (x) +. If 
Statement (7-2) were to be satisfied, then given € > @, S, (x) would be within an e-bandwidth of 
f (x) for all x in the interval (-1, 1) provided n were large enough. Figure 7.1 illustrates that there 
is an such that, no matter how large n is, we can find xg « (-1, 1) such that S, (xq) lies outside 
this bandwidth. In other words, Figure 7.1 illustrates the negation of Statement (7-2), which in 
technical terms we state as: 


(7-3) There exists ¢ > @, such that for all positive integers N, 
there is some n = Nand some Zg «€ T 
such that | S, (Ze) -f (Ze) | = «. 


In the exercises, we ask you to use Statement (7-3) to show that the partial sums of the geometric 
series do not converge uniformly to £ (z) = os for z < Dy (@). 


1 


5 0.5 


Figure 7.1 The geometric series does not converge uniformly on (-1,1). 
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Exploration. 
A useful procedure known as the Weierstrass M-test can help determine whether an infinite 
series is uniformly convergent. 


Theorem 7.1. (Weierstrass M-Test) Suppose the infinite series >, u, (Zz) has the property that 
foreach k, wehave | ux (z) | < Mx forall zeT. If >e9M, converges, then >P_9 Ux (Z) 
converges uniformly on _ T. 


Proof. 
Theorem 7.2 gives an interesting application of the Weierstrass M-test. 
Theorem 7.2. Suppose the power series >¥_, cx (z-a)* has radius of convergence p > @. Then 
foreach r, (where @<r <p), the series converges uniformly on the closed disk 
De) S422 [zo | 2) 
Proof. 
An immediate consequence of Theorem 7.2 is Corollary 7.1. 
Corollary 7.1. Foreach r, (where @<r< 1), the geometric series >P_,z" converges uniformly 
on the closed disk D, (@) = {z: |z| <r}. 
Proof. 
Theorem 7.3 gives important properties of uniformly convergent sequences. 


Theorem 7.3. Suppose {S, (Zz) } is a Sequence of continuous functions defined on a set T con- 
taining the contour Cc. 
If {S,. (Z)} converges uniformly to f (z) onthe set T, then 


(i) f (z) is continuous on T, and 
(ii) lithe: [Se (2) dz = |. Lithss Se (Zz) dlz = [fF (z) dz. 
Proof. 


Corollary 7.2. If the series >¥_,¢, (Z- a)" converges uniformly to f (z) onthe set T, and C is 
a contour contained in T, then 


Yao JeCn (z-a)"dz = [eres (z-a)"dz = ar (z) dz. 
Proof. 


Example 7.2. Show that - Log (1-z) = Yea = forall z<¢D, (®) = {z: |z| < 1}. 
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Solution. For zg « Dy (8), we choose rand R so that @< | zg | <r<R<41, thus ensuring that 
Zea <« Dp (@) and that D, (@) c Dr (@). By Corollary 7.1, the geometric series >*_, z" converges 


uniformly to f (z) = ara on D, (@). If c is any contour contained in D, (@), Corollary 7.2 gives 


(7-4) fc = az =. Jy5 | 2 az. 


HZ 


Clearly, the function f (z) = - is analytic in the simply connected domain Dp (8), and 


F(z) = -Log (1-z) isan antiderivative of f(z) for all z ¢ Dr (@), where Log is the principal 
branch of the logarithm. Likewise, g (z) = z" is analytic in the simply connected domain Dp (@), 
and G (z) = = z™1 js an antiderivative of g(z) for all z ¢ Dk (@). Hence, if c is the straight-line 


segment joining @ to 2g, we can apply Theorem 6.9 to Equation (7-4) to get 


2 1 a, 
= ee (2p 2™ | \ 


z=0 
which becomes 

- Log (1-Ze) + Log (1) = Ro zg", 
which can be written as 


- Log (1-20) = Yea 7 28- 
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The point zg < Dy (@) was arbitrary, so we are done. 


Explore Solution 7.2. 
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7.2 Taylor Series Representations 


In Section 4.4 we showed that functions defined by power series have derivatives of all 
orders (Theorem 4.16). In Section 6.5 we demonstrated that analytic functions also have deriva- 
tives of all orders (Corollary 6.2). It seems natural, therefore, that there would be some connection 
between analytic functions and power series. As you might guess, the connection exists via the 
Taylor and Maclaurin series of analytic functions. 


Definition 7.2 (Taylor Series). If f (z) is analytic at z = a, then the series 


is called the Taylor series for f (z) centered at z = a. When the center is a = @, the series is called 
the Maclaurin series for f(z) . 


To investigate when these series converge we will need the following lemma. 


Lemma 7.1. If z, Zg and a are complex numbers with z + Ze, and za, then 


where n is a positive integer. 
Proof. 
We are now ready for the main result of this section. 


Theorem 7.4 (Taylor's Theorem). Suppose f (z) is analytic in a domain G, and that 
Dg (a) = {Z: | Z-a| <R} is any disk contained in G. Then the Taylor series for f (z) converges 
to £(z) for all Zin Dr (a); thatis, 
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F(Z) = Deg mia (z-a)* forall ze Dp (a). 


Furthermore, for any r, O<r<R, the convergence is uniform on the closed subdisk 
D. (je {2 | z2-a|/ =f) fore <r = R. 


Proof. 


A singular point of a function is a point at which the function fails to be analytic. You will see 
in Section 7.4 that singular points of a function can be classified according to how badly the function 
behaves at those points. Loosely speaking, a nonremovable singular point of a function has the 
property that it is impossible to redefine the value of the function at that point so as to make it 
analytic there. For example, the function f (z) = a has a nonremovable singularity at z = 1. We 


give a formal definition of this concept in Section 7.4, but with this language we can nuance Taylor's 
theorem a bit. 


Corollary 7.3. Suppose that £(z) is analytic in the domain G that contains the point z = a. Let zg 


be a nonremovable singular point of minimum distance to the point z =a. If | ze-a |= R, then 
(i) the Taylor series >”, fe ie (z- a)" converges to f (z) onall of Dp (a), 
and 
(ii) if | z1-a | =S>R, theseries 3, ois (z,- a)" does not converges to f (z;). 
Proof. 


Example 7.3. Show that ——~ = 57, (n+1) z" is valid for all ze D; (80) = {z: |z| <1}. 


(1-2) 


Solution. In Example 4.24 we established this identity with the use of Theorem 4.17. We now do so 


via Theorem 7.4. If f(z) = ETE then a standard induction argument (which we leave as an 
exercise) will show that £(") (z) ree for z<D, (@). Thus f'" (@) = (n+1)!, and 
Taylor's theorem gives 
(n) a, 1 
f (2) = ae = he 2h = She Ez" = Sg (nea) 2h, 


and since £ (z) is analytic in D, (@), this series expansion is valid for all z ¢ Dy (@). 


Explore Solution 7.3. 


Example 7.4. Show that, for z <¢ D; (@), 


(7-12) “z= DRe2?" and > = Yee (-1)"27", 


1-22 


Remark. For the real variable case we have the following series approximations that were studied 
in calculus. Observe that their interval of convergence is the open interval (-1, 1). 
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1 5 in 6 in 1 5 nin 6 nyin 
Xx x — -l)"x pa x 
1-a * Caer pee lex * pe ions . ae (-1) 


Solution. For z <¢ D, (@), 


(7-13) —— = Rez". 


If we let z* take the role of z in (7-13), we get that 


= = ea = Spel 2) = Dees 


for z2 —D, (@). But z2 © D, (@) iff z <¢ D, (@), thus we have proven that era = ye _z2" for 


ze Dy, (@). 


Next, let -z? take the role of z in Equation (7-13), we get that 


1 1 
a 1- (-2?) = Daze ( rae = dn-o ( ve a aes 
gives the second part of Equations (7-12). 


Explore Real Solution 7.4 (a). 
Explore Complex Solution 7.4 (a). 
Explore Real Solution 7.4 (b). 


Explore Complex Solution 7.4 (b). 


Remark 7.1 Corollary 7.3 clears up what often seems to be a mystery when series are first intro- 
duced in calculus. The calculus analog of Equations (7-12) is 
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74 1 = y@_x2" and —+. =y™, (-1)"x2" for xe (-1, 1). 
>n-8 2 8 


1-x2 14x 


For many students, it makes sense that the first series in Equations (7-14) converges only on the 
interval (-1, 1) because —*. is undefined at the points x = +1. It seems unclear as to why this 


1- x? 
should also be the case for the series representing — a , since the real-valued function 
f (XxX) = + _ is defined everywhere. The explanation, of course, comes from the complex domain. 


1+ x? 


The complex function # (z) = = z 


+2? 


is not defined everywhere. In fact, the singularities of £ (z) 


are at the points z = +i, and the distance between them and the point z = a = @ equals 1.Accord- 
ing to Corollary 7.3, therefore, Equations (7-14) are valid only for z « Di; (@), and thus Equations 
(7-14) are valid only for the real numbers x € (-1, 1). 


Alas, there is a potential fly in this ointment: Corollary 7.3 applies to Taylor series. To form 
the Taylor series of a function, we must compute its derivatives. We didn't get the series in Equa- 
tions (7-12) by computing derivatives, so how do we know that they are indeed the Taylor series 
centered at z = a = @? Perhaps the Taylor series would give completely different expressions from 
those given by Equations (7-12). Fortunately, Theorem 7.5 removes this possibility. 


Theorem 7.5 (Uniqueness of Power Series). Suppose that in some disk D, (a) we have 


f (Z) = DRean (Z-a)" = DP 9bn (Z- 2)". 


Then a, =b, for n=@, 1, 2, 
Proof. 
Example 7.5. Find the Maclaurin series for f (z) = sin? z. 


Solution. Computing derivatives for f (z) would be an onerous task. Fortunately, we can make use 
of the trigonometric identity 


sin z= 26in®. = = sing, 
4 4 
Recall that the series for sin z (valid for all z)is sinz = 9 1" z2™1_ Using the identity for 
® (2n+1)! 
sin? z, we obtain 
+3 x (-1)° 2n+1 1 (-1)° 2n+1 
i z 2n-@ nate © q 2n-0 near (32) 
_ 3 (-1)? 2n+1 3 (-1)"9" Sanit 
4 2n-0 (2n+1) ! = 4 Dn-0 (2n+1) ! - 


_ ayn 3(1-9")) 52n+1 
= Ya-0 (~1) 4 (2n+1)! . 


By the uniqueness of power series, this last expression is the Maclaurin series for sin? z. 


Explore Solution 7.5. 


In the preceding argument we used some obvious results of power series representations 
that we haven't yet formally stated. The requisite results are part of Theorem 7.6. 
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Theorem 7.6. Let £(z) and g(z) have the power series representations 
f (Z) = >-ean (Z-a)" for zeDrp, (a), 
and 


8 (Z) =Dn-g bn (Z-a)" for zeDrp, (a). 


If r = min {rz, r2} and £ is any complex constant, then 


(7-15) BF (Z) = DPe Ban (Z2-a)" for ze Dr, (a), 

(7-16) f {zy +ge(z) = 3%, (an+ bay (2-@)" for ze D, (a), and 
(7-17) f (Z) *g(Z) = DP etn (Z-a)" for zeD, (a), where 
(7-18) Cn = >Re ak Dn-x. 


Identity (7-17) is known as the Cauchy product of the series for f(z) and g(z). 
Proof. 


Example 7.6. Use the Cauchy product of series to show that 


= J, (n+1) z" for zeD, (@). 


Solution. We let f (z) = g(z) = = for zeD, (@). In terms of Theorem 7.6, we have 


an = b, = 1, forall n, and thus Equation (7-17) gives 


= Dnee (Dk-0 ak Dp_~) 2" 


= Dn-o (de 1) 2" 


dneg (N+1) 2" 


Explore Solution 7.6. 


Extra Example 1. Use the Cauchy product of series to show that 


z _ n (4+n) (2+n) on 
=i Dh-e - z" for zeD, (@). 


Explore Solution for Extra Example 1. 


Extra Example 2. Show that = P,nz" for zeDy, (@). 


re 
(1-2)? 


Solution. Use the result of Example 7.6 and (7-16) and obtain 
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1 -1 
(1-z)? ~ (1-2) 


= Pree (hed) 2" = prez 
= Dn-e 12" 
= Dn-e 12" 


Explore Solution for Extra Example 2. 
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7.3 Laurent Series Representations 
Suppose f (z) is not analytic in Dr (a), but is analytic in 
Dg (a) = {Z: @< | z-a| < R}. Forexample, the function f (z) = s e” is not analytic when 
z = ®@ butis analytic for | z | > @. Clearly, this function does not have a Maclaurin series represen- 
tation. If we use the Maclaurin series for g (z) = e7, however, and formally divide each term in 
that series by z?, we obtain the representation 
1 


f(Z) = e* = 


23 ZB 2 2iz 3! 4! OBE OE 


that is valid for all z suchthat |z | > @. 


eZ 


Extra Example 1. Use Mathematica to find the series for f (z) = z 


Explore Solution for Extra Example 1. 


This example raises the question as to whether it might be possible to generalize the Taylor 
series method to functions analytic in an annulus 


A(a,r,R)={Z:r<|Z-a| < R}. 


Perhaps we can represent these functions with a series that employs negative powers of z in some 
way as we did with f (z) = = e7. As you will see shortly, we can indeed. We begin by defining a 


series that allows for negative powers of z. 


Definition 7.3 (Laurent Series). Let c, be acomplex number for n= 0, +1, +2, +3, .... The 
doubly infinite series 5“... Cn (z- a)", called a Laurent series, is defined by 


(7-21) yee Cn (Z-A)" = DPC ny (Z-A)" + DP och (Z- A)", 
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provided the series on the right-hand side of this equation converge. 


Remark 7.2. Recall that >P_9¢n (z-a)" is asimplified expression for the sum 
Cne + Dn-1 Cn (Z-a)". At times it will be convenient to write DP... cn (Z-a)" as 


ye en (Z-a)" = Det oc (Z-a)" + Degen (Z-a)", 


rather than using the expression given in Equation (7-21). 


Definition 7.4. Given @ <r < R, we define the annulus centered at a with radii r and R by 
A(a,r,R) = {z:r<|Z-a| < R}. 


The closed annulus centered at with radii r and R is denoted by 


A(a,r,R)={Z:r<|Z-a| < R}. 


Figure 7.3 illustrates these terms. 


Figure 7.3 The closed annulus A (a, r, R). The shaded portion is the 
open annulus A (a, r, R). 
Theorem 7.7. Suppose that the Laurent series >... Cc, (Z -a)" converges on an annulus 
A(a,r,R) ={z:r<|zZ-a]| < R}. Then the series converges uniformly on any closed 
subannulus A (a, s,t) = {z: 5S <|zZ-a| < t} wherer <s<t<R. 
Proof. 

The main result of this section specifies how functions analytic in an annulus can be 
expanded in a Laurent series. In it, we will use symbols of the form C3 (a), which - we remind you 
- designate the positively oriented circle with radius and center a. Thatis, 

Cz (a) = {z: | Z-a | < p}, oriented counterclockwise. 


Theorem 7.8 (Laurent’s Theorem). Suppose @ <r <R, and that f(z) is analytic in the annulus 
A=A(a,r,R) ={z:r< |zZ-a]| < R} shownin Figure 7.3. If o is any number such that 
r <p < R, then forall zg¢A (a, r, R) the function value f (zg) has the Laurent series representa- 


tion 

{f=22)} F (Zo) = Dhe-w Cn (Zo- a)" = Ppa C-n (Zo- a)" + Dh Cn (Zo- a1)", 
where for n = @,1, 2, ..., the coefficients c_, and c, are given by 

(7-23) C= sa fe bi ees dz and c,= — les a a dz. 
Proof. 


Remark. What happens to the Laurent series if £ (z) is analytic in the disk Dg (a)? If we look at 


equation (7-23), we see that the coefficient c,, for the positive power (Z9 - a)" equals oe Le). by 


using Cauchy's integral formula for derivatives. Hence, the series in equation (7-22) involving the 
positive powers of (Zg- a) is actually the 

Taylor series for £ (z). The Cauchy-Goursat theorem shows us that the coefficients for the nega- 
tive powers of (Zg- a) equal zero. In this case, therefore, there are no negative powers involved, 
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and the Laurent series reduces to the Taylor series. 
Theorem 7.9 delineates two important aspects of the Laurent series. 


Theorem 7.9 (Uniqueness and differentiation of Laurent Series). Suppose that f (z) is 
analytic in the annulus A (a, r, R), and has the Laurent series representation 


(27) = 58... Gy (z-a)" forall 2eA (a, FR). 


(i) If f(z) = 3”. by (z-a)" forall ze A (a, r, R), thenb, = c, forall n. 
(In other words, the Laurent series for f(z) in a given annulus is unique.) 


(ii) For allz eA (a, r, R), the derivatives for f (z) may be obtained by 
termwise differentiation of its Laurent series. 


Proof. 


The uniqueness of the Laurent series is an important property because the coefficients in 
the Laurent expansion of a function are seldom found by using Equation (7-23). The following 
examples illustrate some methods for finding Laurent series coefficients. 


3 
24+2z-2? 


Example 7.7. Find three different Laurent series representations for the function f (z) = 


involving powers of z. 


Solution. The function £ (z) has singularities at z = -1, 2 and is analytic in the disk 

D: |z| <1, inthe annulus A:1<|z| <2, andintheregion R: | zj| >2. Wewanttofinda 
different Laurent series for £ (z) in each of the three domains D, A, and R. We start by writing f (z) 
in its partial fraction form: 


(7-30) f(z) = 3 1,1 i. 4 ba 


(1+z) (2-z) 1+z 242 1+z 2 1-2" 


We use Theorem 4.12 and Corollary 4.1 to obtain the following representations for the terms on the 
right side of Equation (7-30): 


(7 - 31) Lp = neo (-1)" z” validfor | z| <1, 
-1)m1 : 
(7 - 32) ar = a SS validfor | z| >1, 
(7 - 33) a See validfor |z| <2, 
2 
_ nt ' 
(7 - 34) sor = a validfor |Z | >2. 


Representations (7-31) and (7-33) are both valid in the disk D: | z | <1, and thus we have 
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1 


F(z) = SR» (-1)"2" + hoger = Die ((-1)"+ sec) 2" valid for 


| z| <1, 


which is a Laurent series that reduces to a Maclaurin series. 


Inthe annulus A:1<|zj| < 2, representations (7-32) and (7-33) are valid; hence we get 


yn 


i226 ey 


zn 


chan - valid for 1<|z| <2. 
Finally, in the region R: | z| > 2 Wweuse Representations (7-32) and (7-34) to obtain 


n-1 


Fiz & 3 Se ey 


Zz z 


n 


n+1 -1 7 
= a SS -2"" valid for 


| Z| >2. 


Explore Solution 7.7. 


cos (Z 


Example 7.8. Find the Laurent series representation for f (z) = = -+ that involves powers of 


Le 
. -1)"z2" a : : 
Solution. We know that cosz = DP, a and hence the Maclaurin series for cos z - 1 is 
7 (-1)" 22" _ 22 ; z4 76 78 718 ; 
cosz-1 dn-1 (2n)! 2: 4: 6: 8: Je °°"? 
then we can write 
= 1 (aynigen _ (=1) 220-4 
f(z) z4 dn-1 (2n)! dn-1 (2n)! 
or in another way we can write 
22 z4 26 z zie 
= + = + = + 
£ (z) ae 4. 1 4) 6! a 10 


f(z) = 1 1 1 22 Ze 26 
21 2 4! 6! 8! 10! 
1 1 Zz 2 zé 


2z2.' 24 720 40320 3628800 — 


Explore Solution 7.8. 
Example 7.9. Find the Laurent series for f (z) = exp (=) centered at a = @. 


Solution. The Maclaurin series for exp z is expz = dpa > z", which is valid for all z. We let 


=+ take the role of z in this equation to get 
Z 


exp (>) = dhe nm 


n! 


which is valid for | z | > @. 
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Explore Solution 7.9. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap." The 
following Initialization Cell will load these subroutines. 


Initialization Cell 
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7.4 Singularities, Zeros, and Poles 


Recall that the point z = ais called a singular point, or singularity of the complex function 
f(z) if £(z) is not analytic at z = a, but every neighborhood Dp (a) of a contains at least one 


point at which £ (z) is analytic. For example, the function f (z) = fa is not analytic at z = 1, 


but is analytic for all other values of z. Thus the point z = 1 is a singular point of £(z). As another 
example, consider g (z) = Log (z). We saw in Section 5.2 that g(z) is analytic for all z except 
at the origin and at all points on the negative real-axis. Thus, the origin and each point on the 
negative real axis is a singularity of g (z) = Log (z). 

The point a is called a isolated singularity of the complex function f (z) if f is not analytic at 
z =a, but there exists a real number R > @ such that f (z) is analytic everywhere in the punctured 
disk Dg (a). The function f (z) = zs has an isolated singularity at z = 1. 


The function g (z) = Log (z), however, the singularity at z = @ (or at any point of the 
negative real axis) that is not isolated, because any neighborhood of contains points on the nega- 
tive real axis, and g (z) = Log (z) is not analytic at those points. Functions with isolated singulari- 
ties have a Laurent series because the punctured disk Dj (a) is the same as the annulus 
A (a, @, R). The logarithm function g (z) = Log (z) does not have a Laurent series at any point 
z = -a onthe negative real-axis. We now look at this special case of Laurent's theorem in order to 


classify three types of isolated singularities. 


Definition 7.5 (Removable Singularity, Pole of order k, Essential Singularity). Let £ (z) have 
an isolated singularity at a with Laurent series expansion 


f(z) = DP..4Cn (Z-a)" validfor zeA (a, @, R). 


Then we distinguish the following types of singularities at a. 


(i) If cy, = @ for n = -1, -2, -3, ..., then we say that f (z) has a removable singularity at a. 
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(ii) If k is a positive integer such that c_.#@ butc,=@® for n=-k-1,-k-2,-k-3 
then we say that f(z) has a pole of order k at a. 


(iii) If c, # @ for infinitely many negative integers n, then we say that f (z) has an essential 
singularity at z = a. 
Let's investigate some examples of these three cases. 


(i). If £(z) has a removable singularity at z = a, then it has a Laurent series 
f(z) = dRecn (z-a)" validfor zeA (a, @,R). 


Theorem 4.17 implies that the power series for f (z) defines an analytic function in the disk 
Dp (a) - 
If we use this series to define f (a) = Cg, then the function £(z) becomes analytic at 
z = a, removing the singularity. 


sin (Zz) 


For example, consider the function f (z) = . Itis undefined at z = @ and has an 


isolated singularity at z = @, as the Laurent series for f(z) is 


1 z3 2° 27 2? gil 
€ (Zz) = Zz 
z Bi 5! 7! Fd 
22 z4 76 78 zie 
1 


valid for | z| >. 


We can remove this singularity if we define f (@) = 1, for then £(z) will be analytic at z = @ in 
accordance with Theorem 4.17. 


Exploration 1. 


cos (z)-1 
2 


Another example is g (z) = , which has an isolated singularity at the point z = @, 


as the Laurent series for g (z) is 


1 22 z4 76 z8 zie 
& (2) 22 2! 4! 6! 8! 10! 
1 2? z4 zé z8 
2! 4! 6! 8! 10! 
valid for | z | >. Ifwedefine f (@) = - 7 then g (z) will be analytic for all z. 


Exploration 2. 


(ii). If £(z) has a pole of order k at z = a, the Laurent series for £ (z) is 


f(z) = SP. 4 Cn (2Z-a)" validfor zeA (a, Q, R). 
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where c_, ¢ @. 
Extra Example 1. The following example will help this concept. Consider the function 
f (z) = cot z. The leading term in the Laurent series expansion S(z) is - and S(z) goes to 


co as z>@inthe same manner as cot z. 
4 


Explore Solution Extra Example 1. 


For example, 
sin (Z) 
f(z) = SY 
1 z3 2° z7 Zz? gil 
23 3! 5! 7! 9! 11! 
— 1 1 z? zt zé zie 


has a pole of order k = 2 at z =@. 


Exploration 3. 


If £(z) has a pole of order 1 at z = a, we say that f(z) has a simple pole at z = a. 


For example, 
—~ i,z _ i 1 Sn 
8 (Z) 5 © 5 Dn-8 nr 2 
_ 1 sn-1 
= )n-e7Z 
Bg ik, EE ge Ee eg 
z 2! Bt AE OBE OE 


has a simple pole at z = @. 


Exploration 4. 
(iii). If infinitely many negative powers of (z - ~) occur in the Laurent series, then f(z) has an 


essential singularity at z = a. For example, 
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f(z) = z?sin (=) 
= pia ag lel elg tel 2k, 
Z. 3! 5! 7! 9! 11! 
Ga ge Sg pe PGT x, gs 
3! 5! 7! 9! 11! 


has an essential singularity at the origin. 


Exploration 5. 


Definition 7.6 (Zero of order k). A function f(z) analyticin D, (a) has a zero of order k at the 
point z = a if and only if 


f(") (x) =@ for n=0,1,2, ...,k-1, and f‘*) (a) ¥@. 


A zero of order one is sometimes called a simple Zero. 


Theorem 7.10. A function f (z) analytic in Dg (a) has a Zero of order k at the point z = a iffits 
Taylor series given by f (Zz) = >P.9 Cn (Z-a)" has 


Co C1 Pace Ck-1 @ and c, #2. 


Proof. 


Example 7.10. From Theorem 7.10 we see that the function 


gil zis 


_ ‘ 2 3.52). 
f(z) = zsin(z*) = 2z Tie Tak 


has a zero of order k = 3 at z = 8. Definition 7.6 confirms this fact because 


f' (z) = 22z?Cosz? + Sinz? 
f'' (z) = 6zCosz? - 4z? Sinz? 
f''' (z) = 6Cosz* - 82z*Cos z? - 2427 Sinz? 


Then, f (@) = £'' (8) = f'' (@) = 8, but f''' (@) = 6 + @. 


Explore Solution 7.10. 


Theorem 7.11. Suppose f (z) is analytic in Dg (a). Then f(z) has a zero of order k at the point 
z = aif and only if it can be expressed in the form 


(7-35) f(y) = oa)’ s (2), 


where g(z) is analytic at z = a and g (a) #29. 


Proof. 
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Proof of Theorem 7.11 is in the book. 


An immediate consequence of Theorem 7.11 is Corollary 7.4. The proof is left as an exer- 
cise. 


Corollary 7.4. If £(z) and g(z) are analytic at z = a, and have zeros of orders m and n, respec- 
tively at z = a, then their product h (z) = f (z) g (z) hasazerooforder m+n at z=a. 


Proof. 


Example 7.11. Let f (z) = z3 sin z. Then f(z) can be factored as the product of z? and sinz, 
which have zeros of orders m = 3 and n = 1, respectively, at z = @. 
Hence z = @is a zero of order 4 of f(z). 


Explore Solution 7.11. 


Theorem 7.12 gives a useful way to characterize a pole. 


Theorem 7.12. A function £ (z) analytic in the punctured disk Dp* (a) has a pole of order k at 
z = aif and only if it can be expressed in the form 


(7-37) f(z) =e 


where the function h (z) is analytic at the point z = a and h (a) #2. 
Proof. 


Corollaries 7.5-7.8 are useful in determining the order of a zero or a pole. The proofs follow 
easily from Theorems 7.10 and 7.12 and are left as exercises. 


Corollary 7.5. If £(z) is analytic and has a zero of order k at the point z = a, then g (z) = — 


f (z) 
has a pole of order k at z = a. 
Proof. 
Corollary 7.6. If £(z) has a pole of order k at the point z = a, then g (z) = a has a removable 


singularity at z = a. If we define g (a) = @, theng(z) hasa zero of order k atz =a. 
Proof. 


Corollary 7.7. If £(z) and g(z) have poles of orders m and n, respectively at the point z = a, 
then their product h (z) = f (z) g (z) hasapole of order m+n at z =a. 

Proof. 

Corollary 7.8. Let £(z) and g(z) be analytic with zeros of orders m and n, respectively at 


z =a. Then their quotient h (z) = a has the following behavior: 


(i) If m>n, then h(z) has a removable singularity at z =a. Ifwedefine h (a) =9, thenh(z) 
has a zero of order m-n at z=a. 


(ii) If m<n, thenh(z) has a pole of order n-m at z =a. 


(iii) If m=n, then h(z) has aremovable singularity at z = a, and can be defined so that h (z) is 
analytic at z =a, by h (a) = lim, ,, h (z). 


Proof. 
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Example 7.12. Locate the zeros and poles of h (z) = ae, and determine their order. 


Solution. In Section 5.4 we saw that the zeros of f (z) = sinz occuratthe points z = n7, 


where n is an integer. Because f' (nz) = cosnz + @, the zeros of f(z) are simple. Simi- 
~) x, where 


larly, the function g (z) = zcosz has simple zeros at the points z = @ and z = (n +5 


n is an integer. From the information given, we find that h (z) = . a behaves as follows: 


i. h(z) has simple zeros at z=nz, where n=+1, +2, ...; 
ii. h(z) has simple poles at z = (n + >) zm, where n is an integer; and 


iii. h(z) is analytic at z - @ifwedefine h (@) = lim,,gh (z) = 1. 
Explore Solution 7.12. 


Example 7.13. Locate the poles of g (z) = =a and specify their order. 


Solution. The roots of the quadratic equation 5 z? + 26z +5 = ® occurat the points 


+ If we replace z with z2 in this equation, the function f (z) = 5z4 + 26z2 +5 


z=-5 and Z = — =. 
has simple zeros at the points z= +i 5 and z= + ‘cs Corollary 7.5 implies that g(z) has 


simple poles at z=+i~5 and z= + . 
V5 


Explore Solution 7.13. 


Example 7.14. Locate the zeros and poles of g (z) = aoe, and determine their order. 


Solution. The function f (z) = z*sinzz hasazero of order k = 3 at z = @ and simple zeros at 


the points z = +1, +2, .... Corollary 7.5 implies that g (z) has a pole of order 3 at the point 


z =@ and simple poles at the points z = +1, +2, 


Explore Solution 7.14. 
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7.5 Applications of Taylor and Laurent Series 


In this section we show how you can use Taylor and Laurent series to derive important 
properties of analytic functions. We begin by showing that the zeros of an analytic function must be 


"isolated" unless the function is identically zero. A point a ofa set T is called isolated if there exists 
adisk D, (a) about a that does not contain any other points of T. 


Theorem 7.13. Suppose f (z) is analytic in a domain D containing the point z = a and that 
f (a) = @. If £(z) is not identically zero, then there exists a punctured disk D-* (a) in which 
f(z) has no zeros. 
Proof. 

The proofs of the following corollaries are given as exercises. 
Corollary 7.9. Suppose that f(z) is analytic in the domain D, and that a « D. If there exists a 
sequence of points {Z,} in D suchthat z, > a, and f (zn) = @, then f (z) =@ forall aeD. 
Proof. 


Corollary 7.10. Suppose that £(z) and g(z) are analytic in the domain D, where a c«<D. If there 
exists asequence {Zn} in Dsuchthat z, > a, and f (z,) = g (Zn) forall n, then 
f (z) =g (z) forall aeD. 


Proof. 
Theorem 7.13 allows us to give a simple proof for one version of L'Hdpital's rule. 


Corollary 7.11 (L'Hospital's Rule). Suppose f(z) and g(z) are analytic at z = a. If 
f (a) =@ and g (a) =@ butg' (a) #0, then 


f(z) _ lim, .4 = (2) _ F' (@) 


lim : 
BoE’ Biz) g'(z) gt (a) 


Proof. 


We can use Theorem 7.14 to get Taylor series for quotients of analytic functions. Its proof 
involves ideas from Section 7.2, and we leave it as an exercise. 
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Theorem 7.14 (Division of Power Series). Suppose f (z) and g(z) are analytic at z = a with 
power series representations 


f(z) = DPean (Z-a)" and g(z) = dv bn (z-a)" forall 


Zz eD, (a). 
If g (a) #0, then the quotient =a has the power series representation 
a = ym gCp (z-a)" forall zeD, (a), 


where the coefficients satisfy the equations a, = be Cy +bi Ch-1 +--+: + Dn-1 C1 + Dn Co. 


f (2) 


In other words, the series for the quotient iz) can be obtained by the familiar process of dividing 


the series for £ (z) by the series for g (z) using the standard long division algorithm. 


Proof. 


Example 7.15. Find the first few terms of the Maclaurin series for h (z) = sec z, if | z | < a 


and then compute h‘*) (@). 


Solution. Using long division, we see that 


secZ 


I 


cos Z 


= Coty Z+Cz2*+C3 2744244 


Using ag=1, be = 1 in ag = be Ca 


weget 1 = 1xCg whichyields Cg = 1. 


Using a4 Q, De 1, by Q, Coe 1 in ay = be C1 + by Ce 


weget @ = 1xcC1 + @x1 whichyields cy, = @. 


Using a2 =90, be = 1, bi = @, bea cg=1, C1 = 9 in a2 = bg C2 + bi C1 + b2 Cg 


weget @ = 1xC2 + OxO - sx which yields C2 = >. 


Using a3 = @, be 1. bi 0, bo = b3 = 0, Ce=1, 11 =9, C2= > 


1 
2? 


in a3 = bg c3 + by C2 + bz C1 +: D3 Cg 
weget @ = 1xc3 4 Q@x > =*@ + @x1 whichyields C3 = 0. 


: 1 
Using aq = 0, bg = 1, b; = @, ba=-35; b3 = @, ba= =, ce=1, C1 =90, C2=45 c3 = 


in ag = be C4 + by C3 + D2 C2 + D3 C1 + bg CQ 


weget @ = 1xcq + @xO =*5 + Ox® 4 =z «1 which yields C4 = =. 
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Thus, we obtain 


SCC Z = Co+C1Z+ Cz 2274+ C3 Z74+ C424 +4 
- 14+0z+122+02734 2243 
2 24 
7 a (4) 
Moreover, using Taylor's theorem, we see that if h (z) = secz, then " ra = s and we 


obtain h‘*) (@) = 5. 


Explore Solution 7.15. 


We close this section with some results concerning the behavior of complex functions at 
points near the different types of isolated singularities. Theorem 7.15 is due to the German mathe- 
maticia G. F. Bernhard Riemann (1826--1866). 


Theorem 7.15 (Riemann's Theorem). Suppose that f(z) is analytic in D,.* (a). If £(z) is 
bounded in D,* (a), then either f(z) is analytic at z = a or £(z) has a removable singularity at 
Z=a. 


Proof. 
The proof of Corollary 7.12 is given as an exercise. 


Corollary 7.12. Suppose that f(z) is analytic in Ds (a), then £(z) can be defined to be analytic 
at z =a iff lim, ,. f (z) exists and is finite. 


Proof. 

Theorem 7.16. Suppose that f(z) is analytic in Dx (a). The function £(z) has a pole of order k 
at z=a iff limz,, | f(z) | ==. 

Proof. 

Theorem 7.17. The function f(z) has an essential singularity at z = a iff lim, ,, | f (z) | 
does not exist. 

Proof. 


Example 7.16. Show that the function g(z) defined by 


exp (=), when Z # @, and 


(2) = {) 


when Z = 8, 


’ 


is not continuous at z = @. 
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Solution. In Exercise 20, Section 7.2, we asked you to show this relation by computing limits along 
the real and imaginary axes. Note, however, that the Laurent series for g(z) in the annulus D; (@) 
is 


g(z) = eee 


n! 


(3)" = mei’ s. 


22 


so that z = @ is an essential singularity for g(z). According to Theorem 7.17, limz,29 | g (Z) | 
doesn't exist, so g(z) is not continuous at z = @. 


Explore Solution 7.16. 
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Chapter 8 Residue Theory 
8.1 The Residue Theorem 


Overview 


We now have the necessary machinery to see some amazing applications of the tools we 
developed in the last few chapters. You will learn how Laurent expansions can give useful informa- 
tion concerning seemingly unrelated properties of complex functions. You will also learn how the 
ideas of complex analysis make the solution of very complicated integrals of real-valued functions 
as easy - literally - as the computation of residues. We begin with a theorem relating residues to the 
evaluation of complex integrals. 


The Cauchy integral formulae in Section 6.5 are useful in evaluating contour integrals over a 


simple closed contour C where the integrand has the form a S : 
— £0 


this case, the singularity of the integrand is at worst a pole of order k at zg. We begin this section by 
extending this result to integrals that have a finite number of isolated singularities inside the contour 
Cc. This new method can be used in cases where the integrand has an essential singularity at z 
and is an important extension of the previous method. 


and f is an analytic function. In 


Definition 8.1 (Residue). Let £(z) have a nonremovable isolated singularity at the point zg. Then 
f(z) has the Laurent series representation for all z in some disk Dg (Ze) given by 


f (Z) = DR. an (Z- Ze)". 


The coefficient a_, of sS is called the residue of f (z) at z@ and we use the notation 
— £8 


Res[f, Zo] =a-1. 


Example 8.1. If f (z) = a then the Laurent series of f about the point zg = @ has the form 
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fiz) =< e224 Pht, ek ae Ces +..., and 
Res[f, @] = ay = 2. 


Explore Solution 8.1. 


3 
2:7 4222?" 


Example 8.2. Find Res[g, Ze] if g (z) = 


Solution. Using Example 7.7, we find that g (z) has three Laurent series representations involving 
powers of z. The Laurent series valid in the punctured disk Dj (@) = {z:@<|zj| <1} is 


non+1 
Zz) - 3 —1)n4 4) gn1 _ 7 (<1)? 2h" +1 5n-1 
g Q pnei (2) pnei 
Computing the first few coefficients, we obtain 
@51 192 293 3954 
g(z) = one +1 : ( un +1 cy" +1 cu +1 52 
(-1)4 2541 13 (-1)5 241 4 (-1)" 22441 099-4 
2° 26 20 1 
3 1 3 9 15 2 33 53 63 4 
22 2? 23 = yi = 2° = 26 = 
Therefore, Res[f,@] = ay = 2. 


Explore Solution 8.2. 


Recall that, for a function f(z) analytic in Ds (ze) and for any r with @ < r < R, the Laurent 
series coefficients of f(z) are given by 


i __1 f (E) 2 
(8-1) An = 55 Ses (29) oar GE for n=0 21,22, ..., 
where C* (Z@) denotes the circle C; (zg) = {z: | Z-Ze@ | =r} with positive orientation. This 


gives us an important fact concerning Res[f, Za]. If we set n = -1 in Equation (8-1) and replace 
Cf (Ze) with any positively oriented simple closed contour Cc containing Ze, provided Zg is the still 
only singularity of £ (z) that lies inside c, then we obtain 


(8-2) ff (z) dz = 2nmiasa = 2miRes[F, Zo]. 


If we are able to find the Laurent series expansion for £ (z) , then above equation gives us an 
important tool for evaluating contour integrals. 


Example 8.3. Evaluate ie a) &XP (2) dz where Cj (@) denotes the circle 


Cj (@) = {z: | z | = 1} with positive orientation. 
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Solution. In Example 8.1 we showed that the residue of f (z) = ez at zg=-@ is 
Res[f, @] = 2. Using Equation (8-2), we get 
te a) ©XP (=) dz = 2miRes[f,@] = 471i. 


Explore Solution 8.3. 


Theorem 8.1 (Cauchy's Residue Theorem). Let D be a simply connected domain, and let c bea 
simple closed positively oriented contour that lies in D. If £ (z) is analytic inside C and onc, except 
at the points zi, Z2, ..., Zn, that lie inside c, then 


{c.f (Zz) dz = 2mi DP.yRes[f, zx]. 


The situation is illustrated in Figure 8.1. 
Proof. 


Proof of Theorem 8.1 is in the book. 


x 


Figure 8.1 The domain D and contour c and the singular points z1, z2, ..., Zn in the state- 
ment of Cauchy's residue theorem. 


The calculation of a Laurent series expansion is tedious in most circumstances. Since the 
residue at Zg involves only the coefficient a_; in the Laurent expansion, we seek a method to calcu- 
late the residue from special information about the nature of the singularity at zg. 


If £(z) has a removable singularity at zg, then a. = for n=1,2, .... Therefore, 
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Res[f, Zg] = @. Theorem 8.2 gives methods for evaluating residues at poles. 


Theorem 8.2 (Residues at Poles). 
(i) If £(z) has asimple pole at ze, then Res[f, Zo] = lim,.7, (z-Ze) f (z). 


(ii) If £(z) has a pole of order 2 at zo, then Res[f, ze] = lim,.z, = ((Z- 29)? f (z)). 


—_ 


(iii) If £(z) has a pole of order 3 at Ze, then 


— 


Res[f, Zo] = =~ lim, 2, So ((Z- Ze)? (z)). 


(v) lf £(z 
Res[f, Zo] 


has a pole of order k at Za, then 


1 
(k-1) ! 


—_ 


; k-1 
Time 5; oa ((z-Ze)* f (z)). 


Proof. 


at Zo = @. 


_ mcot (7 Z) 
2 


Example 8.4. Find the residue of f (z) 


= Zoot(n2) _ 70S ("2) Because z2 sin (7 z) has a zero of order 3 


2? z* sin (72) 


Solution. We write f (z) 


at Ze =-@and mcot (7z) #0. Thus f(z) hasapole of order 3 at Zg = @. By part (iii) of Theorem 
8.2, we have 


14; d? 14; d? t 
Res[f, @] = 3-lim.9 = (z?f (z)) = lime & iz? aoe ae 
1 4; d? 
= 5, Lim, 0 ae (7 Z cot (7 Z)) 


= = lim, 9 = (sr cot (Zz) - m*zcsc* (7Z)) 


= = lim, 9 (-7? csc? (Zz) - nm? (csc* (7 Z) —-2mzCSC* (1Z) Cot (7 Z) )) 
= = lim, 9 (27? z cot (71Z) csc? (1 Z) -2 7? csc? (7Z)) 
= mr? lim, .9 (1 z cot (mz) csc? (mz) - cSc* (7Z)) 


= m* lim, 9 (7 Zz cot (7 z) -1) csc? (7Z) 


(7 z cot (7 z)-1) sin (7z) 


= 274 
= 1° Lim, + sin? (7 z) 


m™ZCOS (7 Z)-Sin (7Z) 


= 274 
= 7° Lim, + sin? (7 Zz) 


This last limit involves an indeterminate form, which we evaluate by using L'H6pital's rule: 
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_ 215 m2ZCOS (7Z) — Sin (7Z) 
Res[f, Q@] = 7? lim, .9 Sg 
. — 2 i = 
= 72 lim, 50 m ZSin (7 Z) +7 COS (7Z) —MCOS (7Z) 


370 CoS (1 Z) Sin? (7 z) 


-7* z sin (72) 
3 cos (1 z) Sin? (7 Zz) 


= nt lim, 30 


“Zz 
(7 Z) sin (7 z) 


= m* lim 
at 2-8 30s 


—s . TZ 

7 37 lim, ¢ cos (7 z) sin (7Z) 
72 . nZ a 

-— 3" lim, +¢ sin (7 Zz) lim, 5¢ cos (72) 
a2 72 

= = (1) @). = =4 

Explore Solution 8.4. 
Example 8.5. Find Te (e) aa az where C3 (@) denotes the circle C3 (@) = {z: | zJ| = 3} 


with positive orientation. 


1 7 1 
ZA 79.22? z* (z+2) (z-1) ° 


The singularities of f (z) that lie inside C3 (@) are simple poles at the points z = 1 and z = -2, and 
a pole of order 2 at the origin. We compute the residues as follows: 


Solution. We write the integrand as f (z) = 


2 Haug ae = 1i aerreerr 
Res[f, @] = limz.g — (z°f (z)) = lime 5 [z Z2 (z+2) =a] 
: d 1 i a 
= -haMe 9) a, hae (2-4) lime ge (area) 
= lim jets 8 
sc (z2+z-2)? 4 


Res[f, 1] = lim,., (z-1) f(z) = lim,., (z-1) 


. 1 
= lim, = 5 
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Res[f, -2] = lim,,. (z-(-2)) f(z) = lim,,. (z+2) 


: 1 
= lim, .-2 z(z-1) ~+~«12 


Finally, the residue theorem yields 


Jes re aa dz = 2mi (Res[f, @] + Res[f, 1] + Res[f, -2]) 
7 1 1 
= 8 ee ee 


1 
Drage 22" 


The answer, de (0) dz = @Q, isnotatall obvious, and all the preceding calculations are 
3 


required to get it. 
Explore Solution 8.5. 


Example 8.6. Find Ie ‘jee 82 where C3 (1) denotes the circle C3 (1) = {z: | z-1] =2} 


with positive orientation. 


1 
z444 


occurring at the points z =1+1, asthe points z = -1+1i, lie outside C3 (1). Factoring the 
denominator is tedious, so we use a different approach. If ze is any one of the singularities of £ (z) 
, then we can use L'H6pital's rule to compute Res [f, Zo]: 


Solution. The singularities of the integrand f (z) = 


that lie inside C3 (1) are simple poles 


Res[f, Za] = lim,,,, (2-Ze) f (z) = lim,,,, (Z- Ze) a 


423 
Since z§ = -4, we can simplify this expression further to yield 
1 Ze Ze = 1 
Res[f, Za] 423 424 4 (-4) 16 70 


We now use the residue theorem to get 
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= 27 eae cre 7 2 ni ( iS =) 
= 270 (- =) 

iL 
ar 


Explore Solution 8.6. 


The theory of residues can be used to expand the quotient of two polynomials into its partial fraction representation. 


Example 8.7. Let P(z) be a polynomial of degree at most 2. If a , b and c are distinct complex 


numbers, then 


where 
A = Res[f, a] = 


= = P (b) 
B = Res[f, b] = ay ee and 
C = Res[f,c] = sa, 


(c-a) (c-b) * 


| 7 


Solution. It will suffice to prove that A = Res[f, a]. We expand f (z) in its Laurent series about 


A B , and Cc 
z-a’ z-b z- 


the point z = a by writing the three terms 


A 
Z-a 


z = aand adding them. The term 


term — is analytic at the point z = a, and its Laurent series is actually a Taylor series given by 


which is valid for | z-a| < | b-a}. 


Likewise, the Laurent expansion of the term — is 


which is valid for | z-a | < | c-aJ. Thus the Laurent series of f(z) about the point z = a is 


: in their Laurent series about the point 


is itself a one-term Laurent series about the point z = a. The 
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_ A B (z-a)” C (z-a)" 
f (Z) >n-8 (b-a)™1 >n-8 (c-a)™1? 


Z-a 


which is valid for | z-a| < R, where R=min{|b-a|, | c-aj|}. Therefore 
Res[f, a] = A, and calculation reveals that 


+ . P(z 
Res[f, a] = limz., (z-a) f (z) = lim,.a (z-a) aa a a 
= * P (2) = P (a) 
= Tim, +a (z-b) (z-c) (a-b) (a-c) 


Explore Solution 8.7. 


32z2+2 


Example 8.8. Express f (z) = TER Ey in partial fractions. 


Solution. In Example 8.7 use a= 0, b=1, c = 2 and P (z) = 3z+2. Computing the residues, 


we obtain 
Be Rest Os Cia . ages a od 
B = Res[f,1] = = = a = = = —5, and 
b= Resif, 2] = Gogo = Ma ast 


A B Cc 
f(Z) = 
( ) z-8 z-1 z-2 
1 -5 4 
z-0 z-1 z-2 
1, 5 4 
Z z-1 z-2 


Explore Solution 8.8. 


Remark 8.1. If a repeated root occurs, then the process is similar, and it is easy to show that if 
P(z) has degree of at most 2, then 


where 


z27432+2 
Zz? (23 


Example 8.9. Express f (z) = in partial fractions. 


Solution. Using the Remark 8.1 and a = @, b=1 and P (z) 
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= z2 + 3z + 2, wehave 


P (z) = A B Cc 
F(z) (z-@)? (z-1) (z-@)? z-0 Z=4 
where 
A = Res[(z-®) f (z), @] = Res|z =. Q 
z-+32+2 
Re Z(@H1). 7 
: +3242 
= lim,9 (2-0) S245 
& 2S = 
aa 
z°+32+2 
B = Res[f, 0] Res | 2 722~ , @| 
a * 2 27+32z+2 
= limz 5 d [(z Q@) 22 (z-1) 
ei d z2432+2 
= lim, ae PEE 
: (2z+3) (z-1)-(1) (z7+32z+2 
= lim, te 
. z?-2 2-5 
= lim, .e “Gn 
= S25 
1 
Cc - Res | 222+? 4 
z* (z-1) 
- z*+32+2 
= lim,,1 (z-1) army 
. +32+2 
= lim, +=} 
= 1+3+2 - 6 
1 
Thus, 
a 2743242 A B Cc 
f(z) z? (z-1) (z-@)? z-@ Zo 
_ -2 5 6 
z? Zz z-1 
2 5 6 
z? z z-1 
Explore Solution 8.9. 
1 


Extra Example 1. Express of f[z] = 3— 


Explore Solution for Extra Example 1. 


in partial fractions. 
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8.2 Trigonometric Integrals 


As indicated at the beginning of this chapter, we can evaluate certain definite real integrals 
with the aid of the residue theorem. One way to do this is by interpreting the definite integral as the 
parametric form of an integral of an analytic function along a simple closed contour. 


Suppose we wish to evaluate an integral of the form 
2 7 . 
(8-3) Jo. F (cose, sine) do, 


where F (u,v) is a function of the two real variables u and v. Consider the unit circle 
C, (@) = {z: | z| = 1} with parametrization 


Cj (®): z= cos@+isine = e?°, for @<e<27; 


which gives us the following symbolic differentials. 


dz = (-sine+icose) do = ie?®do, and 
(8-4) 
de = =. + 2 
ae? iz 


Combining z = cos@ + isine with : = cos© - isin®, wecan obtain 


(8-5) cose = > (z+) and sine = =~ (2-4). 


1 Zz 
Using the substitutions for cos 6, sine@ , and de in Expression (8-3) transforms the definite 
integral into a contour integral 


2 7 . 
Jo. F (cose, sine) de = Ge, @ f (2) dz, 
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where the new integrandis f (z) = =F (> (z+=), = (z-=)). 


z/? 2i z 
Suppose that £ (z) is analytic inside and on the unit circle C, (@) , except at the points 
Ziy Z2» +++, Zn thatlie interior to C, (8). Then the residue theorem gives 


(8-6) i F (cos@, sin@) dO = 2ridP_,Res[f, zx]. 


The situation is illustrated in Figure 8.2. 


0 2n 
(a) The interval [O, 27] of (b) The contour C of 
integration for Ficos 9, sin 8). integration for /(z). 


Figure 8.2 The change of variables from a definite integral on [@, 2 7] to a contour inte- 
gral around c. 


Some of these problems can be solved using Mathematica's table of integrals. 
We need to use the following substitution procedure. 


Clear [f®, F, sub, 6, z]; 
sub[F_, 69_] := 


Module| {}, 
Clear [f9]; 
1) = [FS 
z+ z-+ 
f@ = ReplaceAll[f@, {Cos[e] + 2, Sin[e] 3 Sj 
a5 
Z2 + + z2-+ 
f@ = ReplaceAll|fe, {Cos[26] =, Sin[2e] 3 =}]; 
22 
234% z3- +4 
f@ = ReplaceAll|fe, {Cos[36] = 2, Sin[3 6] > a 
22 
FO 
f0 = —; 
1Z 


f® = Together [f0]; 
f®@ = Cancel[f6@] ; 
Return[f0]; |; 


a 
1+3cos*e 


Example 8.10. Evaluate i de by using complex analysis. 
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1 1 -412Z 
9c; (®) zet\? ji ae $e; (®) 374+10 2243 dz = $e, (@) F(z) dz 


where f (z) = ee The singularities of £ (z) are poles located at the points where 


| 3 


3z4+1@z2+3 = 80 or equivalently, where 3 (z2)* +10z?2+3 = @. Using the quadratic formula, we 
ae ~— which implies that 


see that the singular points satisfy the relation z? = : 


z* =3 or z*=- > Hence the only singularities that lie inside the unit circle are simple poles 


corresponding to the solutions of z? = - > which are the two points z, = - = and z= 


use Theorem 8.2 and L'H6pital's rule to get the residues at z; and z2: 


Res[f, Zc] = lim, ,7, (Z-Zx) f (Z) 


-4iz 


= Litz+a (2-2) syy7e2%3 


-4iZ (Z-Zx) 
3 24410 2743 


7 Ai (2?- ZZ) 1 O14 
= lim = 
292k 374410 2243 Q 
* -4i (22 -2Zx) 
= lim pean get eae 
292k 42 23420z 
* -4i (22% - Zk) 
= lim aes Sal 
22k 412 28+20 zx 
-i42z, 


(12 z%+20) zx 


-i4 
(12 2%+28) 


1 


ira 


We 
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Res[f, Zk] = Res |f, us | SS = ~. We now use Equation (8-6) to compute 


the value of the integral: 


2 i 
So” ss 1 = 2mi (Res[f, z1] + Res[f, Z2]) 


Explore Solution 8.10. 


27 1 


8 ivyarz at by using a computer algebra system. 


Example 8.11. Evaluate 


ee 
1+3cos*t 


MAPLE. It is Sen dt = - ; Arctan (cott) = g(t). 
Since cot @ and cot 27 are not defined, the computations for both g (@) and g (2 7) are indeter- 
minate. The graph s = g (t) shown in Figure 8.3 reveals another problem: 


The integrand pest is a continuous function for all t, but the function g (t) has a discontinuity 


at t = x. This condition appears to be a violation of the fundamental theorem of calculus, which 
asserts that the integral of a continuous function must be differentiable and hence continuous. The 


problem is that g (t) is not an antiderivative of EE for all t in the interval [@, 2 7]. Oddly, it 


is the antiderivative at all points except @, 7, and 2 7, which you can verify by computing g' (t) and 
showing that it equals whenever g (t) is defined. 


Solution. We can obtain the antiderivative of by using software such as Mathematica or 


a 
1+3cos?t 


s 


aon 


at | 


Figure 8.3 Graph of g (t) = [—~{- dt = ArcTan[ @8!21). 


1+3cos?t 


The integration algorithm used by computer algebra systems here (the Risch-Norman 
algorithm) gives the antiderivative g (t) = - > Arctan ( cot t), and we must take great care in 
using this information. We get the proper value of the integral by using g (t) on the open subinter- 
vals (@, 77) and (@, 27) where it is continuous, and taking appropriate limits: 
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Ba 
2m 1 a 1 a 1 27 1 
i=: [3 dt + [,? dt + fx, dt 
[ Tadeott > @ 1+3cos?t + 1+3cos?t <7 1+3cos’t 


P 1 Fi 1 . 1 
= lim dt + lim —.—— dt + lim ——, dt 
toz S1+3cos*t 37- YS 1+3cos*t torn °S 1+3cos*t 
a a soit 
s>@ 3 7* 2 
2 


= (Lim.yx g (t) - Limsig: g (s)} + (Lim,,s.- g(t) - Lim,s g (s) 


+ [Lime sa 6 (0) = Lam ser 6 (5) 


Explore Solution 8.11. 


cos (20) 
5-4 cos (0) e 


Example 8.12. Evaluate i 


¥ 


24 


Solution. For values of z that lie on the unit circle C; (@) , we have 
z2 = cos26+ isin206 and z? = cos26 - isin20 
We solve for cos 26 and sin2 6 to obtain the substitutions 


cos20 = > (2242) and sin206 = x (22-27). 


Using the identity for cos 2 6 along with Substitutions (8-4) and (8-5), we rewrite the integral as 


Z 2742-7) 


( 1 i (2441) 
2 = ————— 
bes (0 5-4 (22) iz dz = $4; De (2z25 202) 27 

_ 1 (z4+1) _ 

~ $e, (@) 22? (z-2) (2z-1) dz $e, (@) f (Z) dz 
where f (z) = nee 7" The singularities of f (t) lying inside C; (@) are poles located at 


2:22 (2-2) (22-1 
the points z; = Z2 = @ and Z3 = > We use Theorem 8.2 to get the residues: 
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Res[f, @] = lim Bee ay = Ain, (2? le 
? 238 a Bete. dz 2z2 (z-2) (22-1) 
. d |. z441 = ‘ d z4+1 
= lime dz [3 2 (z-2) (22-1) Lim +2 dz ( 2 (227-5 z+2) 


= lim, 590 | 


423 (222-5 z+2)-(42z-5) (z4+1) | 
2 (222-5 242)” 


(4x83) (2x@%-5x@+2)-(4x8-5) (8441) 
2 (2x02-5x0+2)* 2 (2)? 


Bi 
8 


1 (z4+1) 
2/ 22% (z-2) (22-1) 


. aed . 4, 
= lim, x (2-3) a fa = nea mes 
_ bys ie : 
= i ci - 
4 (2) (72) 4 (3) (7-2) ee 
5 17i 
~ 34 


Therefore we conclude that 


dba cos (20) 


a Seaccee de = 27i (Res[f, 21] + Res[f, Z2]) 


I 


2a (Res[f, @] + Res|f, =|) 


I 


ani ($4 - 4) = 20a (-4) 


ae 
6 


Explore Solution 8.12. 
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8.3 Improper Integrals of Rational Functions 


An important application of the theory of residues is the evaluation of certain types of 
improper integrals. Let £ (x) be a continuous function of the real variable x on the interval 
@ < x < «w. Recall from calculus that the improper integral of £ (x) over [@, «) is defined by 


ft (x) dx = lims. fF (x) dx, 


provided that the limit exists. If f(x) is defined for all real x, then the integral of f (x) over 
(—co, co) is defined by 


(8-7) ff (x) dx = Lim. (PF (x) dx + Lim PF (x) dx, 


provided both limits exist. If the integral in Equation (8-7) exists, we can obtain its value by taking a 
single limit: 


(8-8) et ik = Uittines [FR aX. 


For some functions the limit on the right side of Equation (8-8) exists, but the limit on the right side 
of Equation (8-7) doesn't exist. 


Example 8.13. lime. fax dx = lim... (fF x ax + ff x ax) 


= THiiese (- = + *) = limps (@) 


but Equation (8-7) tells us that the improper integral of f (x) =x over (-«, «) doesn't exist, 
because the calculation 
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fe, x dx = lima. [ox dx + lim... fe xdx = 'o-o' is unde- 
fined . 


Therefore we can use Equation (8-8) to extend the notion of the value of an improper integral, as 
Definition 8.2 indicates. 


f(x) =x 


Explore Solution 8.13. 


Extra Example 1. lime... ie |x| dx 


Il 
H 
H- 
3 
wn 

ay 

8 
ze 
x< 
Q, 
x< 
+ 
fav) 2 
x< 
Q, 
x< 


= Limp sc (= + *) = limgs« (R2) 


and Equation (8-7) tells us that the improper integral of f (x) = | x | Over (-«, o) also diverges 
to '«', because 


" 1x) dx = lims._. x|dx + lim... x | dx = w+0o = o. 
—c a (2) 


f(x) = |x| 


Explore Extra Solution 1. 


Definition 8.2 (Cauchy Principal Value - P.V.). Let £ (x) be a continuous real valued function for 
all x. The Cauchy principal value (P.V.) of the integral iv f (x) dx is defined by 


P.V.[° f(x) dx = limps {*,f (x) dx, 


provided the limit exists. 


Example 8.13 shows that P.V. {" xdx = @. 
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Example 8.14. Find the Cauchy principal value of ie 1 ax. 


x41 


f(x) = lf (x*Z41) 


Solution. 
P.V. |” —1_ dx = lim... fea 


o x241 


= lime... [Arctan (R) - Arctan (-R) ] 
= lime... Arctan (R) - limp... Arctan (-R) 
=F 


Explore Solution 8.14. 


If £ (x) = a , where P(x) and Q(x) are polynomials, then £ (x) is called a rational 


function. Techniques in calculus were developed to integrate rational functions. We now show how 
the Residue Theorem can be used to obtain the Cauchy principal value of the integral of £ (x) over 


(-co, co). 


P (2) 


Theorem 8.3 (Contour Integration for Rational Functions). Let f (z) = aa where P(x) and 
Q(x) are polynomials, of degree m and n, respectively. IfQ (x) + @ forall real x and n=m+2, 
then the Cauchy Principal Value (P.V.) of the integral is 


00 =P (xX) = . P : 
Se OA ors dx = 2m i Dh Res|?, 25]. 


where Zi, Z2, ..-, Z,. are the poles of oe that lie in the upper half plane. The situation is 


illustrated in Figure 8.4. 
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—-R R 


Figure 8.4 The poles z1, Z2, ..., Zk of , . that lie in the upper half-plane. 


Proof. 
1 
Example 8.15. Evaluate a ea dx. 


-1 1 


: : : _ 4 _ 1 
Solution. We write the integrand as f (z) [zs 4) (224) aay ee ee We see 


that £ (z) has simple poles at the points z = +i and z = +21, and thatthe points z2 = i and 
Zq4 = 2 i, are the only singularities of £ (z) in the upper half-plane. Computing the residues, we 


obtain 
* . i ‘6 é 1 
Res[f, i] = lim,,;,; (z-1) f (z) = lim,,; (z-1i) CELE REET CEES TT 
7 : 1 = 1 a 1 
= lim. i (z+i) (Z+2i) (z-2i) (i4+i) (1424) (4-21) (24) (Bi) (-i) 
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Res[f, 2i] = lim,.2; (z2-21) f (z) 


; 1 
= lim, 2; (2-21) (z+i) (z-i) (z+2i) (z-2i) 


= . 1 = 1 
= lim, 2; (z+i) (Z-i) (Z+2 i) (2i+i) (2i-i) (2i1+21) 


(34) (4) (414) 


I 


ani (-b + 5) 


= 271 (-4) 


| 


Explore Solution 8.15. 


Example 8.16. Evaluate |” ae dx 
—co x4 


¥ ¥ 
z 24,25 , 25 
x 
~202) 5 22,23 -1 1 
Solution. The integrand f (z) = ai = 5 Trae spr has a poles of order 3 at the points 
Ze+ a = 


zZ=+2i,and z=2 i is the only singularity of f(z) in the upper half-plane. Computing the 
residue at Z, = 2 i, we get 
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Res[f, 2i] 


Therefore 


Explore Solution 8.16. 


1 +) 3 
= <-limsai Sy ((Z-24)9 F (z)) 
_o1 d? 3 1 
> Lim, .2i dz2 [(z 21) aati! 
1 d? 1 
= Hitz 24. gz (aan) 
14; d -3 
7 zy lim, 2 i dz (3) 
: 12 
= 5 Lim,.2i (25) 
- £(s3 er) - EEE) - FA) 
2 \ (2i+2i)5 2 \ (4i)> 2 \1024i 
So Be 
= 512 
a i . 3a 37 
= 271i Res[f, 21] = 2m i ( ) — 
512 256 
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8.4 Improper Integrals Involving Trigonometric Functions 


Let P(x) and Q(x) be polynomials of degree m and n, respectively, where n>=>m+1. We 
can show (but omit the proof) that if Q (x) + @ for all real x, then 


(xX) cos (ax) (x) sin (ax) 
P.v, [~ 20 os (%) ax and PV. pe ax 


are convergent improper integrals. You may encounter integrals of this type in the study of Fourier 
transforms and Fourier integrals. We now show how to evaluate them. 


Particularly important is our use of the identities 
cos (ax) = Re[e*®*] and sin (ax) = Im[e*%*] 


where a is a positive real number. The crucial step in the proof of Theorem 8.4 wouldn't hold if we 
were to use cos (az) and sin (az) are used instead of e*%2, as you will see when you get to 
Lemma 8.1. 


Theorem 8.4 (Contour Integration for Improper Trig. Integrals). Let P(x) and Q(x) be polynomi- 
als with real coefficients, of degree m and n, respectively, where n=>m+1 and Q(x) ¢ @ forall 
realx. If a> and 


e _ ef 22P (2) 
(8-12) f(z) = = ey then 
(8-13) P.V. Ce ) dx = - 27 YX, Im (Res[f, zj]), and 
(8-14) P.Vv. fee in (ax) dx = 2m YK, Re (Res[f, zj]), 


where Zi, Z2, ..-,Z« are the poles of f(z) that lie in the upper half plane and Re (Res[f, z5]) 
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and Im (Res[f, z;]) are the real and imaginary parts of Res[f, z;], respectively. 


y 


—-R R 


Figure 8.4 The poles z1, Z2, ..., Zk of ates (ax) or a sin (ax) that 


lie in the upper half-plane. 
Proof. 


The proof of Theorem 8.4 is similar to the proof of Theorem 8.3. Before turning to the proof, 
we illustrate how to use Theorem 8.4. 


Example 8.17. Evaluate P.v. [° *=*"* ax. 


x744 


23 


-1 1 


Solution. The function f (z) in Equation (8-12) is f (z) = ze =e ICT which has a 


simple pole at the point zz = 2 1 in the upper half-plane. Calculating the residue yields 


Res[f, 2i] = limz.2; (z-21) f (Zz) 


= lim,.2; (2-21) 


: iz 2i) ef (24) 
= lim,2; 72— = $ 
222 7424 2424 
_ (214) e? 
_ 4i 
4 
~  Q@2 


Using Equation (8-14) gives 


Chapter08Section04.nb | 3 


P.V. Po dx = 27 Re (Res[f, 21]) 


= 27 Re (Res[f, 21]) 


= 2m Re (35) = 27x (55) 


2 e2 


Explore Solution 8.17. 
cos xX 
Example 8.18. Evaluate P.V. {" <** dx. 
¥ ¥ 


Solution. The function £(z) in Equation (8-12) is f (z) = £— = = 


2444 (z+1+i) (z+1-1) (z-1+i) (z-1-i)’ 
which has simple poles at the points z2 = -1+i and z,=1+ i inthe upper half-plane. We get 
the residues with the aid of L'Hépital's rule: 


Res[f, 1+i] = lim,41,; (z-1-1) f (z) 


(z-1-i) e#? 


= Lim, 51-3 (Z+4ei) (z¥1-4) (Z-1+i) (Z-4-4) 


= . _ (2-1-1) el? = 1 O04 
= lim, o1+i 7A Q 

: (1) e#2 + (z-1-i) i et? 
= lim, s1+i 


= lim, s1+i 


— (-2-i) et (-1-i) e? (cos 1+i sin 1) 
16 16 


sin1-cos1 -i (cos1+sin1) 
16e 


Similarly, 
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Res[f, -1+i] = lim,,41,,; (2+1-1) f (z) 


(z-1-i) e?? 
(Z+1+1) (z+1-1) (z-1+1) (z-1-1) 


= lim, 3>-1+i 


cos1-sin1i-i (cos1+sin1) 


16e 
Using Equation (8-13), we get 
P.V. _- dx = -27 (Im (Res[f, z1]) + Im (Res[f, Z2]) ) 


= -27 (Im (Res[f, 1+i]) + Im (Res[f, -1+i])) 


sin1-cosi1 -i (cos1+sin1 cos1-sin1-i (cosi+sin1 
= -27 (Im ( = (cos 2asine) |) + Im ( 2 igee 2 SE) | 
16e 16e 
2 2x — (cos1+sin1) —(cos tssin ih) 27 (eee | 
16e 16e 8e 


ma (cos1+sin1) 
4e 


Explore Solution 8.18. 


We are almost ready to give the proof of Theorem 8.4, but first we need one preliminary 
result known as Jordan's lemma. 


Lemma 8.1, (Jordan's Lemma). Suppose that P (z) and Q(z) are polynomials of degree m and n, 
respectively, where n= m+1. If Cg is the upper semicircle z = Re?® for @ < 6 < 27, then 
>) 


lim fe dz = 0: 
Lim |, Q (Z) a 


Proof. 
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8.5 Indented Contour Integrals 


If £ (x) is continuous on the interval b < x < c, but discontinuous at b, then the improper 
integral of £ (x) over [b, c] is defined by 


fe f(x) dx = Limp.y [FF (x) ax 


provided that the limit exists. Similarly, if £ (x) is continuous on the interval a < x < b, but discontin- 
uous at b, then the improper integral of £ (x) over [a, b] is defined by 


[Pf (x) dx = limesy [oF (x) ax 


provided that the limit exists. For example, 


1 : 1 F x=9 s 
dx = limp.o dx = lim,,e~vVx = 3- lim yevx = 3. 
baz ua I oe ci de = 


If we let £ (x) be continuous for all values of x in the interval [a, c], except at the value 
x = b, where a < b < c. The Cauchy principal value of f (x) over [a, c] is defined by 


P.V. [of (x) dx = limse ( fo" (x) dx + ff Ff (x) ax), 


a 


provided that the limit exists. 


Example 8.19. Evaluate P.V. [°, =, dx. 
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Solution. Evaluating the integrals and computing limits gives 


p.v.[i trax = Limse ([Patpax + Ptpax) 


-1 x1 r xi 


“fr 8 
= Limpser (22/3) + 2xe73 | 
r>@ 2 2 

x=-1 x=r 


. 3 3 3 
= limo (S r2/3 ~ + 6 : po) 


x (3 @2/3 2 2 6 3 92/3 | 
2 2 2 


= (-b +8) 


Explore Solution 8.19. 


In this section we show how to use residues to evaluate the Cauchy principal value of the 
integral of £ (x) over (—«, o) when the integrand f (x) has simple poles on the x axis. We state 
our main results and then look at some examples before giving proofs. 


Theorem 8.5. Let f (z) = To where P (x) and Q(x) are polynomials with real coefficients of 


degree mand n, respectively, and n= m+ 2. If Q(x) has simple zeros at the points ty, tz, ..., t, 
on the x-axis, then 


(8-20) P.v. fe a dx = 27i dk, Res| 2, 25| + wid, Res|?, ty], 
where Zi, Z2, ...-, Z,. are the poles of f(z) that lie in the upper half-plane. 


Proof. 


Chapter08Section05.nb | 3 


@ ® x 
—R fy ly ty t) R 
Figure 8.6 The poles ti, to, ..., t. of f (z) that lie on the x-axis and the poles 
Z1, Z2, .-+, Zz that lie above the semicircles Ci, C2, ..., C,. 


Theorem 8.6. Let P(x) and Q(x) be polynomials, of degree m and n, respectively, where n => m+1 
and let Q(x) have simple zeros at the points t;, tz, ..., t, on the x-axis. If a is a positive real 


e'%2P (z 
z 


number and if f (z) = ) then we can compute the Cauchy Principal Value (P.V.) of the 


following integrals 


(8-21) 
P(X) 
rs cosaxdx = - 27)>k_,Im (Res[f, 23]) - 7 Y$_, Im (Res[f, tj]), 
and 
(8-22) 


P.v. foe sinaxdx = 27 Y¥_,Re (Res[f, Zj]) + 7 Y¥_.Re (Res[f, tj]), 


where Zi, Z2, ..-, Zk are the poles of £(z) that lie in the upper half plane. 
Proof. 


Remark. The formulas in these theorems give the Cauchy principal value of the integral, which pays 
special attention to the manner in which any limits are taken. They are similar to those in Sections 
8.3 and 8.4, except here we add one-half of the value of each residue at the points ti, t2, ...,t, 
on the x-axis. 


Example 8.20. Evaluate P.V. [" dx by using complex analysis. 
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(2-2) (2?+22+4) 
Zz 


(z-2) (z+1ei v3} (z+1-i v3} 


has simple poles at the points t; = 2 onthe x axis and z; = -1+i-~/3_ in the upper half-plane. 
Computing the residues we get 


_ . _ _ . Zz 
Res[f, 2] = lim... (z-2) f(z) = lim... (z-2) ei aa) 
_ . r4 _ 2 = 2 
= Lim, ..2 (2242 z+4) (2242x244) (4+4+4) 
. 4 
~ 6 


Res[f, -1+i V3] = Lim, a (z+1-ai V3) f (z) 


= lim 


z>-l+i V3 (7-2) (z+1ei v3} 


2 -1+i V3 = -1+i V3 
(-a+i V3 -2) (-a+i 3 +1+i v3) (-3+4 v3 | (23 v3} 


— casa ve [tei V3) [-668V3) a ai VE 
-6-6i V3 (-6-6 i V3 | (-6+64 v3 | 144 
= -1-iv3 
12 


By Theorem 8.5, 
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[oy ax = 2ni Res | 2, 21| Fe miRes|*, t:| 


= 271 [44 ] + TT (=) 


12 6 
-1-iv3 * 1 
: i (3) 
Tt z Tt F 
=n -iv3 
a 6 
_ aVv3 
~ 6 


Explore Solution 8.20. 


Example 8.21. Evaluate P.V.[ *_at by using a computer algebra system. 


3-8 


Solution. Computer algebra systems such as Mathematica or MAPLE give the indefinite integral 


Arctan ae | 


t = rs _ Log (t-2) Log (t?+2 t+4) 
Jeyat We - = @ (ty. 
. = 2 . 
However, for real numbers, we should write the second term as Bui and use the equivalent 
formula: 
Arctan [z= | 5 5 
g(t) = ae Log[ (t-2)?] Log (t?+2t+4) 
2V3 12 12 
Arctan [| 
7 V3 _ Log[ (t-2)?] Log | (t+2)?] 
2/3 , 12 12 
Arctan [=| 
m 3 (t 
2V3. 12 Log| (t 2. | 
Arctan (2=| 
3 


6 
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S= g(t) 


Figure 8.5 Graphof s = g(t) = [ 


This antiderivative has the property that lim... g (t) 
also compute 


it 
car dt. 


= -o, as shown in Figure 8.5. We 


Arctan | 
Limes g(t) = Limes. = 
Arctan [z= 
= Lime se . 
2/3 


= 2 + + Log| (1- 


+ lim. = Log | (1 - | 


t+2 


Q)?] 


+ limt._.. + Log | (1.= a) 7] 


-@)?] 


2V3 12 
mv3 
12 
Arctan [z=] 
. : 3 
lim... g(t) = lim... sa 
Arctan a 
= lim,. — +4 
—>-00 2/3 
-= i 
= + — Lo 1 
air * w@ bel ( 
_ ave 
12 


The Cauchy principal limit at t = 2 as r—>@ is 
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Limpse (g (2+) -g (2-P)) = 


ArcTan 22. gee ArcTan 2 Loe 
lim, e° NED : 8 (4+r)? NED g (4-r)? 
ss 
2V3 12 2V3 12 
ArcTan 25 ArcTan = : 
é 1 4-r) 
= lim,.o : ve Lo 
. 2V3 23 12 08 (arr)? 


Therefore the Cauchy principal value of the improper integral is 


PV. [os dt = lim, ‘Som tat 4 iE t dt) 


r t3-8 


= lim... g(t) - limpse (g (2+r)-g (2-r)) lim... g (t) 


Explore Solution 8.21. 


sin x _ on 21 
Example 8.22. Show that P.v. [”_ TETECET dx = (cosl= 4) 
¥ 
Lp x 
“292 -1 1 
. . = elZ - elZ . . 
Solution. The integrand f (z) ay sa) Ses eo has simple poles at the points 


ti; = 1 onthe x axis and z,; = 21 inthe upper half-plane. Computing the residues we get 
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By Theorem 8.6, 


Res[f, 1] 


Res[f, 2i] 


1 
P.v. J (x-1) (x? +4) 


Explore Solution 8.22. 


lim, 4; (Z-1) f (z) 


lim, 4, (Z-1) ‘ 


. 1z i 
Lim, 1 [a] =. a. 


cos1+isin1 
5 


limz.2, (Z-21 


limz 21 (Z-21) 


eiZ 


(Z-1) (z+21) (z-21) 


= 27 Re (Res[f, 2i]) 


_ 3 ; eiz et (21) 
= Lim, 2 i (z-1) (z+2i) (2-1) (2i+2i) 
= e? _ e? (-8+4i) -84+4i 
(-8-4 i) (-8-4 i) (-8+4i) 80 e2 
= -2+i 
~ 20 @ 
sin xdx = 27 Re (ResS[f, Z1]) + 7 Re (Res[f, ti] ) 


+ mm Re (Res[f, 1]) 


= 27 Re (4) + mw Re (Sei +*sini) 


20 2 
- 27 2 cos1 
20 e2 
1 1 
= = (cos 1 = =) 


The proofs of Theorems 8.5 and 8.6 depend on the following result. 


Lemma 8.2. Let f(z) have a simple pole at the point tg on the x-axis. If the contour is 
Crh: zZ=tg+re?® for @ < 6 < x, then 


lim 
r3@ JCr 


Proof. 


f(z) dz = 


imRes[f, to]. 
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8.6 Integrands with Branch Points 
We now show how to evaluate certain improper real integrals involving the integrand 

are Since the complex function z* is multivalued, so we must first specify the branch to be 
used. 


Let a be a real number with @ < a < 1. In this section we use the branch of z* correspond- 
ing to the branch of the logarithm log, (z) (see Equation (5-20)) as follows: 


za = e@& (loge (Z) ) = e& (injz| +i arg Zz) = e& (Inr+ 16) = po (cos ae + isinaé), 


where z =re*? and @<6< 27. Note that this is not the traditional principal branch of z® and 
that, as defined, the function z is analytic in the domain {z =re?®: r>0@,@<6<27}. 


Theorem 8.7. Let P(x) and Q(x) be polynomials of degree m and n, respectively, where 
n>=m+2. If Q (x) + for x > @, and Q(x) has a zero of order at most 1 at the origin, and 


f (z) = + » where @ < a< 1, then 
x* P (x) = 2m K 5 
P.V. @ Q(x) dx 1—-eia2n Zi=1 Res [f, Z5], 
where 21, Z2, .--, Zk are the non-zero poles of ° a 


Q(z)" 
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Figure 8.7 The contour c that encloses the nonzero poles Z1,Z2, ..., Zk Of 


Proof. 


Example 8.23. Evaluate P.V. =o dx, where @<a<1. 


¥ 
| aA 
x —— x 
| | 4 


Solution. The function f (z) = ea has a nonzero pole at the point z,; = -1, and the denomina- 


tor has a zero of order at most 1 (in fact, exactly 1) at the origin. Calculating the residue we get 
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Res[f, -1] = lim,,1 (z+1) f (z) 


= lim,,1 (z+1) 


X (x +1) 
= * xe. te)" 
= limji- = > 
» gaye (ei”)" 

-1 -1 


Using Theorem 8.7, we have 


ia2n 


x* 27m 
PWS aeae dx = > Res[f, Z1] 


ea” — Res [fF ,..—1] 


1 eia2n 


Explore Solution 8.23. 


We can apply the preceding ideas to other multivalued functions. 


Example 8.24. Evaluate P.V. {> eax = BREE where a se, 


x? + a? 2a 
¥ 
Zi 
=L 1 
; . log_* (2) 
Solution. We use the function f (z) = —,+—. Recall that 
log «= (z) = In |z | + larg = (z) = Inr + i6, 
2 2 


37 


where z = re*® and - S <Gs > The path c of integration will consist of the segments 


4 Chapter08Section06.nb 


[-R, -r] and [r, R] of the x axis together with the upper semicircles C,: z = re*® and 
Cp: z = Re?®, for @< O< 7, as shown in Figure 8.8. 


_R -r |r R 
log _* (z) 


Figure 8.8 The contour Cc for the integrand f (z) = ae 


We chose the branch log «= (z) because it is analytic on c and its interior, hence so is the 
2: 


function £ (z) which has a simple pole in the upper half-plane at the point z2 = a 1. 


Res[f, Zi] = Res[f, ai] 


= lim,.a; (Z-ai) f (Z) 


= lim,4ai (Z-ai) 


log_* (z) 


= limz.ai a0 


This choice enables us to apply the residue theorem properly (see the hypotheses of Theorem 8.1), 


and we get 


6. f (z) dz = 2miRes[f, 271] = 27iRes[f, ai] 


lna 1 
= 2ri ( aa) 
a 2a 4a 
mina | » 7 
a 2a 


Keeping in mind the branch of logarithm that we're using, we then have 
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6, F (z) dz = re (x) dx + $f (z) dz + i (x) dx + f., f (z) dz 


—r In|x| +ai7 


dx +. f (z) dz + ee de 4 f,, F (Z) dz 


-R x? + a r x2 +a? 
mina |. ne 
+ 
a 2a 


If R* > r2, then by the ML inequality (Theorem 6.3) 


| fc, F(Z) dz | = onR+ie iRei? da 


R2 @ 129 + a2 


R (1nR +7) 
R2 - a 


and L'H6pital's rule yields lime... $c, f (z) dz = @. Asimilar computation shows that 
limpse >. f (Zz) dz = @. 


We use these results when we take limits Equations (8-33) to get 


P.V. ales dnjx| + ha ay ifs lnx dx) = Lim (fe IniX| PA ay : [a inx ax) 


x? + a2 x? + a2 R.sco -R x? + a? r x24 a? 
roe 
=. (2) dz 
Cc 
mina me 
a 2a 


Equating the real parts in this equation gives 


P.V. es An|xX| +i gy , co = nx dx) _ mina 


x? + a2 @ x24 a2 a 


1nx 1nx mina 
P.V. li a2 a4 lowe dx) a 


ro =n x mina 
P.V. ip aes dx os 


Explore Solution 8.24. 


5 
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8.7 The Argument Principle and Rouché's Theorem 


We now derive two results based on Cauchy's residue theorem. They have important practi- 
cal applications and pertain only to functions all of whose isolated singularities are poles. 


Definition 8.3 (Meromorphic Function). A function f£ (z) is said to be meromorphic in a domain 
D provided the only singularities of £ (z) are isolated poles and removable singularities. 


We make three important observations relating to this definition. 


(i). Analytic functions are a special case of meromorphic functions. 


P(z 


(ii). Rational functions f (z) = 53 


, where P(z) and Q(z) are polynomials, are meromorphic 


in the entire complex plane. 


(iii). | By definition, meromorphic functions have no essential singularities. 


Suppose that £ (z) is analytic at each point on a simple closed contour Cc and f£ (z) is 
meromorphic in the domain that is the interior of c. We assert without proof that Theorem 7.13 can 
be extended to meromorphic functions so that £ (z) has at most a finite number of zeros that lie 

al 


inside c. Since the function g (z) = —— is also meromorphic, it can have only a finite number of 
8 f (x) 


zeros inside C, and so £ (z) can have at most a finite number of poles that lie inside c. 


Theorem 8.8, known as the argument principle, is useful in determining the number of zeros 
and poles that a function has. 


Theorem 8.8 (Argument Principle). Suppose that £ (z) be meromorphic in the simply connected 
domain D. Suppose that f(z) is meromorphic in the simply connected domain D and that c is a 
simple closed positively oriented contour in D such that f (z) has no zeros or poles 

(f (z) #0 and f (z) #4) for zeC. Then 
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a 1 F' (z) = = 
(8 34) Ind i fra) dz Ze Pe, 


where Z- is the number of Zeros of £ (z) that lie inside Cc and P¢ is the number of poles that lie 
inside c. 


Proof. 


Corollary 8.1. Suppose that £ (z) is analytic in the simply connected domain D. Let C be a simple 
closed positively oriented contour in D such that for z ¢ C, f (z) # @. Then 


1 F(z) _ 
2ni Te fa oe ZF, 


where Z¢ is the number of zeros of £ (z) that lie inside c. 
Proof. 


Remark 8.3. Certain feedback control systems in engineering must be stable. A test for stability 
involves the function G (z) = 1+F (z), where F(z) is arational function. If G(z) does not have 
any zeros in the region {z : Re (z) = @}, then the system is stable. We determine the number of 


zeros of G(z) by writing F (z) = oe where P(z) and Q(z) are polynomials with no common 
zero. ThenG (z) = ee and we can check for the zeros of Q (z) +P (z) by using Theorem 


8.8. We select a value R so thatG (z) #@for {z: | z| >R} and then integrate along the contour 
consisting of the right half of the circle Cp (@) and the line segment between ii R and - i R. This 
method is known as the Nyquist stability criterion. 


Why do we label Theorem 8.8 as the argument principle? The answer lies with a fascinating 
application known as the winding number. 
Recall that a branch of the logarithm function, log, (z), is defined by 


log, (z) = In|zj|+ iarg, (z) = Inr + ig, 


where z = re‘? and @< ¢< 27. Loosely speaking, suppose that for some branch of the loga- 
rithm, the composite function log, (f (z) ) were analytic in a simply connected domain D contain- 


ing the contour Cc. This would imply that log, (f (z)) is an antiderivative of the function - a for 


all ze D. Theorems 6.9 and 8.8 would then tell us that, as z winds around the curve Cc, the quantity 
log, (f (z)) = In| f(z) | + iarg,f (z) would change by 2 7 i (Z¢-Pr¢). Since 
271 (Z¢-P-¢) is purely imaginary, this result tells us that arg, f (z) would change by 


1 F(Z) 
4 Ie AG dz would 


27 i (Z¢-P¢) radians. In other words, as z winds around C, the integral 


count how many times the curve f (C) winds around the origin. 


Unfortunately, we can't always claim that log, (f (z)) is an antiderivative of the function 
oe for all z cD. If it were, the Cauchy-Goursat theorem would imply that — [. = a dz = @. 


f' (2) 
f (z) 


Nevertheless, the heuristics that we gave - indicating that = le dz counts how many times 


the curve f (C) winds around the origin - still hold true, as shown in the book. 
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Figure 8.10 The points z, on the contour C that winds around z*. 
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Figure 8.11 The points w, on the contour f (C) that winds around @. 


Example 8.25. The image of the circle C, (@) under w = f (z) = z?+z is the curve 
{(u, Vv) = (4cos2t+2cost, 4sin2t+2sint) : @<t < 2 7}shown in Figure 8.12. 
Note that the image curve f (Cz (@)) winds twice around the origin. We check this by computing 


1 t' (z) _ 1 2z+1 
2ni Jes (®) # (z) dz 2nd je (@) z24z dz. 
The residues of the integrand are at 0 and -1. Thus 


sat Ses (0) Gey GZ «= Res[ SF, O] + Res| FS" , 1] 
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Figure 8.12 The image curve f (C2 ( under w = = 


Explore Solution 8.25. 


Finally, we note that ifg (z) = f (z) —-a, then g' (z) =f (z), and thus we can generalize 
what we've just said to compute how many times the curve f (C) winds around the point a. Theo- 
rem 8.9 summarizes our discussion. 

Theorem 8.9 (Winding Number). Suppose f (z) is meromorphic in the simply connected domain 


D. If C is a simple closed, positively oriented contour in D such that for z <¢ C, f (z) # @and 
f (Z) ¢# o, then 


W(f(C), a) = Zl dz, 


2ni te f (z)-a 


known as the winding number of f (C) about a, counts the number of times the curve f (C) winds 
around the point a. If a = @, the integral counts the number of times the curve f (C) winds around 
the origin. 


Proof. 
Remark 8.4. Letting f (z) = z in Theorem 8.9 gives 


1, ifaliesinsideC, or 
W(C, a) = Z = { . : 
(Cy a) 2ri ke z-a 2 @, if a lies outside C, 


which counts the number of times the curve C winds around the point a. If c is not a simple closed 
curve, but crosses itself perhaps several times, we can show (but omit the proof) that W (C, a) still 
gives the number of times the curve c winds around the point a. Thus winding number is indeed an 
appropriate term. 


We close this section with a result that will help us gain information about the location of the 
zeros and poles of meromorphic functions. 
Theorem 8.10 (Rouche’s Theorem). Suppose that f (z) and g(z) are meromorphic functions 
defined in the simply connected domain D, that c is a simply closed contour in D, and that f (z) and 
g(z) have no zeros or poles for z < C. If the strict inequality 
| f(z) +g (z) | < | f(z) | + |g (z) | holdsforallz eC, then Z¢- Pr = Zg - Pg. 
Proof. 


Corollary 8.2. Suppose that £(z) and g(z) are analytic functions defined in the simply connected 


6 | Chapter08Section07.nb 


domain D, that c is a simple closed contour in D, and that £(z) and g(z) have no zeros for z € C. 
If the strict inequality | f (z) +g (z) | < | f(z) | + |g (z) | holds forall z € C, then Z¢ = Zg. 


Proof. 
Remark 8.5. Theorem 8.10 is usually stated with the requirement that £(z) and g(z) satisfy the 
condition | f (z) +g (z) | < |g (z) |, for z eC. The improved theorem that we gave was 


discovered by Irving Glicksberg (see the American Mathematical Monthly, 83 (1976), pp. 186-187). 
The weaker version is adequate for most purposes, however, as the following examples illustrate. 
Example 8.26. Show that al four zeros of the polynomial g (z) = z*-72z-1 lie in the disk 


D2 (0) = {Z: |Z] < 2}. 
16 


¥ 
12 
& 
x 
4 
bad n 3x 2m 


2 2 
Solution. Let f (z) = - z*. Then f (z) +g (z) = -7z-1, and at points on the circle 
Cp (@) = {z: | Z| = 2} wehave the relation 
[F2) 48 (2) | = perz=4) 
< |-7Z|+ |-1| 


= 7|zZ|+1 = 7x2+1 


= 15 


I 

h 

N 
Ww 


Of course, if | f (z) + ) | < | (z) |, then as we indicated in Remark 8.5 we certainly 
have | f (z) +g (Z) : < 7 f (z) | + | g (z) |, so that the conditions for applying Corollary 8.2 
are il on the circle C2 (@). The function f(z) has a zero of order 4 at the origin, so g (z) 
must have four zeros inside Dz (@). 

Explore Solution 8.26. 


Example 8.27. Show that the polynomial g (z) = z*-7z-1 has one zero in the disk 
Dy (8) = {zZ: | Z| < 1}. 
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Solution. Let f (z) = 72z+1, then f (z) +g (z) = z*. At points on the circle 


C; (@) = {z: | Z| = 1} we have the relation 
| f(z) +8 (z) | = | 2*| 
= 1 
< 6 
= 7-1 2+ |7z|- |1| 
< |7z-1} 
= |F(z) | 


The function £ (z) has one zero at the point — : in the disk D, (@), and the hypotheses of Corollary 


8.2 hold on the circle C,; (8). Therefore g (z) has one zero inside D, (@). 


Explore Solution 8.27. 
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Chapter 9 z-transforms and applications 


Overview 


The z-transform is useful for the manipulation of discrete data sequences and has acquired 
a new significance in the formulation and analysis of discrete-time systems. It is used extensively 
today in the areas of applied mathematics, digital signal processing, control theory, population 
science, economics. These discrete models are solved with difference equations in a manner that 
is analogous to solving continuous models with differential equations. The role played by the z- 
transform in the solution of difference equations corresponds to that played by the Laplace trans- 
forms in the solution of differential equations. 


9.1 The z-transform 


The function notation for sequences is used in the study and application of z-transforms. 
Consider a function x[t] defined for t => @ thatis sampled at times t = T, T, 2T,3T, ..., 
where T is the sampling period (or rate). We can write the sample as a sequence using the 
notation {x, = x[nT]}_,. Without loss of generality we will set T = 1 and consider real 
sequences such as, {X, = X[N] }®9. The definition of the z-transform involves an infinite series of 
the reciprocals z-". 


Definition 9.1 (z-transform) Given the sequence {x, = x[n]}@, the z-transform is defined as 
follows 


(9-1) X(Z) = Z[{Xn}pie]l = MmH-oXnZ" = Pao X[N] 2%, 


which is a series involving powers of > 


Remark 9.1. The z-transform is defined at points z « C where the Laurent series (9-1) converges. 
The z-transform region of convergence (ROC) for the Laurent series is chosen to be 


|z| = R, where R = limsupvY | Xn]. 
Remark 9.2. The sequence notation {x,}%_9 is used in mathematics to study difference equations 
and the function notation {x[n]}°_, is used by engineers for signal processing. It's a good idea to 
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know both notations. 
Remark 9.3. In the applications, the sequence {x, = X[n]}_, will be used for inputs and the 
sequence {yn = y[n]}%9 will be used for outputs. We will also use the notations 


Z[Xn] = Z[x[n]] = X (z), and 


Z[Yn] = Z[y[n]] = Y (Zz). 
Theorem 9.1 (Inverse z-transform) Let X (z) be the z-transform of the sequence 
{Xn = X[N] }f-g@ defined in the region R < | z |. Then x, is given by the formula 
1 


we Xm = x(n] = 24K (z)]} = 3 §X(z) 2™4az, 
C 


2m 


where C is any positively oriented simple closed curve that lies in the region R < | z | and winds 
around the origin. 
Proof. 


9.1.1 Admissible form of a z-transform 


Formulas for X (z) do not arise in a vacuum. In an introductory course they are expressed 
as linear combinations of z-transforms corresponding to elementary functions such as 


S = {d6[n], u[n], b", e?", n, n4,n™, nb", ne", b"Sin[an], b°Cos[an], 
Sinh[an], Cosh[an], etc. }. 


In Table 9.1, we will see that the z-transform of each function in S is a rational function of the 
complex variable z. It can be shown that a linear combination of rational functions is a rational 
function. Therefore, for the examples and applications considered in this book we can restrict the z- 
transforms to be rational functions. This restriction is emphasized this in the following definition. 


Definition 9.2 (Admissible z-transform) Given the z-transform X (z) = >, x[n] z-" we say 
that X (z) is an admissible z-transform, provided that it is a rational function, that is 


P be+by z++b2 27+...+bp-1 ZP-++b, 2? 
(9-3) X(Z) = Zp), - : = 22 = aor 
Q(z) agtaz Z1+a2 27+... 4+aq-1 24 t+aq 29 


where P (z) andQ (z), are polynomials of degree p and q, respectively. 


From our knowledge of rational functions, we see that an admissible z-transform is defined 
everywhere in the complex plane except at a finite number of isolated singularities that are poles 
and occur at the points where Q (z) = @. The Laurent series expansion in (9-1) can be obtained 
by a partial fraction manipulation and followed by geometric series expansions in powers of -. 


However, the signal feature of formula (9-3) is the calculation of the inverse z-transform via 
residues. 


Theorem 9.2 (Cauchy's Residue Theorem) Let D bea simply connected domain, and let C be 
a simple closed positively oriented contour that lies in D. If f(z) is analytic inside C andon C, 
except at the points zi, Z2, ..., Z,. that lie inside C, then 


sie f (z) dz = Se, Res[f (z), 25]. 


Proof. 


Corollary 9.1 (Inverse z-transform) Let X (z) be the z-transform of the sequence {x,}. Then 


Xn is given by the formula 
Mp = MA] se 24K iz) ) = Mea Res(X (2) 24,23). 


where Zi, Z2, ..-, Zk arethe poles of f (z) = X (z) z™1. 
Corollary 9.2 (Inverse z-transform) Let X (z) be the z-transform of the sequence. If X (z) 
has simple poles at the points z1, z2, ..., Z« then x, is given by the formula 


Xn = X(N] = 27(X (z)] = Dhy (limesz, (2-24) X (z) 2"). 


Example 9.1. Find the z-transform of the unit pulse or impulse sequence 


1 for n=9 
Aw = Olnl s le otherwise 


Solution 9.1. This follows trivially from Equation (9-1) 
X(Z) = Z[Xn] = DReXnZz 7 = 14+)7., 02" = 1. 


Explore Solution 9.1. 


Example 9.2. The z-transform of the unit-step sequence Xn, = u[n] = {3 a is 


Solution 9.2. From Equation (9-1) 
X(Z) = Da-eXnZ" = Dy-9Z" 


= ee 


Explore Solution 9.2. 


Example 9.3. The z-transform of the sequence x, = b" is X (Zz) = ——. 


Solution 9.3. From Definition 9.1 


Explore Solution 9.3. 


Example 9.4. The z-transform of the exponential sequence X, = e?" iS X (Zz) = = 


Solution 9.4. From Definition 9.1 
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Explore Solution 9.4. 


9.1.2 Properties of the z-transform 


Given that 2[xXn] = Z[x[n]] = X(z) and Z[yn] = Z[y[n]] = Y (z). We have the 
following properties: 


(i) Linearity. Z[Ci1Xn+C2Vn] = Z[C1xX[n] +c2y[n]] = c1X (Zz) +c2Y (Zz). 
(ii) Delay Shift. zZ[x[n-N] u[n-N]] = X(z) 2%. 


(iii) Advance Shift. 


Z[x[n+N]] = 2% (X(z) - x[@] - x[1] z-? - x[2] z-*-...- x[N-1] z-%*1), or 
Z[Xnun] = ZN (X (Zz) - Xg -— Xy Z1 - xp 2-2-2... - Xy_q Z7N*4) 

(iv) Multiplication by n. Z[NxXn] = Z[nx[n]] = -z <x (Z). 

Example 9.5 (a). The z-transform of the sequence x, = cos (an) is X (z) = Traces 

Example 9.5 (b). The z-transform of the sequence x, = Sin (an) is X(z) = eI 


z?-2 cos (a) z+1° 


Solution 9.5 (a). 


Z[Mn] = Z[cos (an)] = z[ieten, A grian] 
_ i ian 1 -ian) _ 1 z 1 z 
= Salers). ee ] 2's So 


1 z (z-e #4) z (z- #8) 
2 \[e-et) (z-eF*) [ee] (2) 
_ _2 (2z-0!*e44) oll Goer, 
2 (z- ef?) (z- e748) (z- ef?) (z- e748) 
_ Z (Z-COS (a) ) _ Z (Z-COS (a) ) 
(z-e##) (z-e 7%) z*-2z cos (a) +1 


Remark 9.4. When using the residue theorem to compute inverse z-transforms, the complex form 
is preferred, i. e. 


and 


, 2 (ese) 
Z/[sin (an))] = - __2i 


Solution 9.5 (b). This is left as an exercise for the reader. 


Explore Solution 9.5 (a). 


9.1.3 Table of z-transforms 


We list the following table of z-transforms. It can also be used to find the inverse z-trans- 
form. 


a Sequence z - transform 


-2 cos (a) z+1 


n sin (a) 
b" sin can} 22-2 cos (a) bz +b? [ae 
cos (an) —7 (ets (8)) (Z-cos (a) 
Z*-2 COS (a) a 


n z __Z(z-bcos (a)) 
b" cos an) 22-2 cos (a) bz +b? 


Table 9.1. z-transforms of some common sequences. 


Exploration 


Theorem 9.3 (Residues at Poles) 


(i) If f (z) has asimple pole at zg, then the residue is 
Res[f (Z), Ze] = lim,.7, (Z- Ze) f (Zz). 
(ii) If f (z) has a pole of order 2 at zg, then the residue is 
Res[f (z), Ze] = lim,.2, = ((Z-2Ze)? f (z)). 


(iii) If f (z) has a pole of order 3 at Ze, then the residue is 


Res[f (z), Ze] = 2 Litesays e | (2=2)? € (2) | 


Proof. 
Proof of Theorem 9.3 is in the book (see Theorem 8.2). 


Subroutines for finding the inverse z-transform 


Use (a) series, (b) table 
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Example 9.6. Find the inverse z-transform x, = xX[n] = 


of z-transforms, (c) residues. 


Solution 9.6. 
Solution 9.6 (a). Method of series. 

Expand X (z) = reat in a series involving powers of -. 

: Zaye = Fn > Zz 


1 = Yn-o (5 


_ Z _ 1 
4 
—Z 
2 


X (Z) zt 
The sequence of coefficients in the Laurent series is what we desire, and we see that 


and use line 3 in the Table 9.1 to obtain 


1 


Xn = x[n] > Qn 
Solution 9.6 (b). Writing X (z) = —*+, weidentify b= = 
a 
1 
Xn = X[N] = b® = ont 
Solution 9.6 (c). Writing X (z) = ++ wesee that X (z) hasasimple pole at zo = =. Using 
the Corollary 9.1 for finding the inverse z-transform we obtain 
Xn = X[n] = Res[X (z) z™1,z9] = Res| 4, z™1, a = Res | a a 
ner 2 Za> 2 
Using the function £ (z) = X (z) z™1 andvalue zg = ~ in Corollary 9.2 we get 
_ 1 
7 3n 


lim, ,7, (Z- Ze) f (Z) 


Explore Solution 9.6. 
The following two theorems about z-transforms are useful in finding the solution to a differ- 


ence equation. 


Theorem 9.4 (Shifted Sequences & Initial Conditions) Define the sequence {x[n] = xX,}%, and 
let X (z) = Z[x[Nn]] = Z[Xn] = >*9Xnz™ be its z-transform. Then 


= Z[Xni1] 


(i) Z[x[n+1]] 


Z[x[n+2] ] 
= 23 (X (Z) - Xg - X1z77 - x2z7) 


(ii) 
Z2([x[n+3]] = Z[Xni3] 
Theorem 9.5 (Convolution) Let {x,}@., and {yn}P.9 be sequences with z-transforms 


(iii) 


X (z) and Y (z), respectively. Then 
Z[Xn * Yn] X (Z) ¥ (2) 


Proof. 


9.1.4 Properties of the z-transform 


The following properties of z-transforms listed in Table 9.2 are well known in the field of 
digital signal analysis. The reader will be asked to prove some of these properties in the exercises. 


ean 2 ansorm 
mm definition Xn = X(N] K(2) oh" 

PE aaattion |r 
[2 [constant multiple [om |X 
psp linearity [em 
P| aetaeenie step [win 


ee time delay 1 tap Xn-1 u[N-1] 


forward 1 tap 
forward 2 taps 


[= [tine Forward 
} 10 | complex translation 


frequency scale 


1 


} 12 | differentiation 
13 | integration 


integration shift 


discrete time convolution | Xp * Yn = 3-9 Xi Vn-i X (z) Y (z) 


1 
2 
3 
4 
5 
10 
1 
12 
13 


in XH 
Tita (2-1) X 


Table 9.2. Some properties of the z-transform. 


Exploration 
Example 9.7. Given w, = x[n] = n+1. Use convolution to show that the z-transform is 
22 
W(Z) = Tere 
Solution 9.7. 
Let both x, = 1 and yp, = 1 be the unit step sequence, and both X (z) = =o and 
Z 
Y (z) = aay Then 
z z 2? 
W(z) = X(Z) ¥ (Z) = aay Ga | (tao aye? 


so that w, is given by the convolution 


Wn = Xn*Yn = De-g@XiYn-i = Deeg 1 = N+1. 
9.1.5 Application to signal processing 


a ee ke! a ee ee | Se Loa PO a ee ee |e a er | al Ul ee i ee 7) ee A 


8 | Chapter09Section01.nb 


simple 3-point FIR filter can be described as 


(9-4) y[n] = x[n] + ax[n-1] + bx[n-2]. 


Here, we choose real coefficients a and b so that the homogeneous difference equation 


(9-5) X[n] + ax[n-1] + bx[n-2] = @ 


has solutions x[n] = cos (w7tn) and x[n] = sin (wzn). Thatis, if the linear combination 
x[N] = Cz, cos (w7tN) +C2 Sin (w7tn) is input on the right side of the FIR filter equation, the 
output y [n] on the left side of the equation will be zero. 


Applying the time delay property to the z-transforms of each term in (9-4), we obtain 
X (Z) + aX (z) z+ + bX (z) z-* = Y (z). Factoring, we get 


(9-6) X (z) (1+az4++bz?) = X(z) H(z), where 
(9-7) H(z) = 1+az4+bz-? 
represents the filter transfer function. Now, in order for the filter to suppress the inputs 


cos (w7tn) and Sin (w 7tn), we must have 


eazy be-* = (loeer eg) (Loe tee 4) = 2 zoe") (Zz 84 8) 


and an easy calculation reveals that 
a= -(e!#",e@ 4%) = -2Cos[wa], and 
b = eiwnt e-iun = 1. 


A complete discussion of this process is given in Section 9.3 of this chapter. 


Example 9.8. (FIR filter design) Use residues to find the inverse z-transform x[n] of 


1 1 
X (Z) 1-2 glyz2 (1-e47/4 2-1) (1-ei7/4 Zz . 


Then, write down the FIR filter equation that suppresses x [nN]. 


Solution 9.8. 


Explore Solution 9.8. 


9.1.6 First Order Difference Equations 


The solution of difference equations is analogous to the solution of differential equations. 
Consider the first order homogeneous equation 


y[n+1] - ay[n] = @ 
where a is aconstant. The following method is often used. 


Trial solution method. 


Use the trial solution y[n] = c,r", and substitute it into the above equation and get 
cz,r™t — acyr" = @. Then divide through by r" 


and simplify to obtain r = a. The general solution to the difference equation is 


y[n} = ca". 


Familiar models of difference equations are given in the table below. 


pifFerence Equation 


Exponential growth or decay 


Newton's law of cooling 


Repeated dosage drug level 


Value of an annuity due 


Table 3. Some examples of first order linear difference equations. 


Exploration 


9.1.7 Methods for Solving First Order Difference Equations 
Consider the first order linear constant coefficient difference equation (LCCDE) 


y[n+1] - ay[n] = x{[n] with the initial condition y[@] = yo. 


Trial solution method. 


First, solve the homogeneous equation yp[n+1] - ayp[n] = @ andget yp[n] = cia". 
Then use a trial solution that is appropriate for the sequence x[n] on the right side of the equation 
and solve to obtain a particular solution y,[n]. Then the general solution is 


yin} = yn(n] + yp[n]. 


The shortcoming of this method is that an extensive list of appropriate trial solutions must be avail- 
able. Details can be found in difference equations textbooks. We will emphasize techniques that 
use the z-transform. 


z-transform method. 


(i) Use the time forward property z[y[n+1]] = z (Y (Zz) —-yg) and take the z-transform of 


| ae ee en 


10 | Chapter09Section01.nb 


z (Y (Z) -Ye) - a¥(z) = X(z) 
(ii) Solve the equation in (i) for Y (z). 


(iii) Use partial fractions to expand Y (z) in asum of terms, and look up the inverse z-transfor- 
m(s) using Table 1, to get 


Residue method. 


Perform steps (i) and (ii) of the above z-transform method. Then find the solution using the 


formula 
(iii) yin] = 2° (¥ (z)) = dia Res[Y (zy 2°", zi): 
where Zi, Z2, .--,Zk arethe polesof f (z) = Y (z) z™1. 


Convolution method. 


(i) Solve the homogeneous equation ynp[n+1] - ayn[n] = @ andget yp[n] = cia". 


_ 1 
1-azt 


(ii) Use the transfer function H(z) = 
and construct the unit-sample response h[n] = Zz 1[H (z)] = a". 
(iii) Construct the particular solution yp[n] = 2 7[X (z) H (z)], 
in convolution form yp[n] = >¥-9 x[n-i] h[i] = D¥_ x[n-i] ai. 
(iv) The general solution to the nonhomogeneous difference equation is 


yin] = yn[n] + yp({n] = cia" + DB x[n-i] at, 


(v) The constant cz; = ye-x{[@] will produce the proper initial condition y[@] = ye. There- 
fore, 


y(n] = (ye-x[@]) a" + DR.» x[n-i] ai. 


Remark 9.6. The particular solution yp, [n] obtained by using convolution has the initial condition 
yp[@] = D$-9x[@-i] h[i] = x[@] h[O] 


= xX[@0] 


Example 9.9. Solve the difference equation y[n+1] -2y[n] = 3" with initial condition 
y[@] = 2. 

9 (a). Use the z-transform and Tables 9.1 - 9.2 to find the solution. 

9 (b). Use residues to find the solution. 


CatlnkwaAan Oo CO 


Explore Solution 9.9. 


Example 9.10. Solve the difference equation y[n +1] -2y[n] = n with initial condition 
y[@] =1. 

9.10 (a). Use the z-transform and Tables 9.1 - 9.2 to find the solution. 

9.10 (b). Use residues to find the solution. 


Solution 9.10. 


Explore Solution 9.10. 


Example 9.11. Given the repeated dosage drug level model y[n+1] = ay[n] +b with the initial 
condition y[@] = yo. 

9.11 (a). Use the trial solution method. 

9.11 (b). Use z-transforms to find the solution. 

9.11 (c). Use residues to find the solution. 

9.11 (d). Use convolution to find the solution. 


Solution 9.11. 


Solution 9.11 (a). 


The first step is to solve the homogeneous equation y,[n+1] - ayn[n] = 2. The trial 
solution is y,[n] = r", and substitution produces r™+- ar" = @, from which we obtain the charac- 
teristic equation r-a=0. The rootis r =a and the homogeneous solution is 


Yn[N} = c, a". 


The second step is to find a particular solution to the nonhomogeneous equation 


Yp[n+1] - ayp[n] = b. 


Since the right hand side is a constant, we try yp[n] = c, and substitution produces c - ac = b, 
hence c = os The general solution is 


y(n] = ynr[n] +yp[n] 
fee. B 
y(n] = cia" s— 
Then y[@] = c,a%+ = yo can be solved for c, = + Yo. Substituting this in the previous 


expression for y[n] yields 


yi] = [ae] a = se 

or 1 1 
y[n] = yea” 4 aa a"b aa 
y[n] = yea™ + — (a"-1)b 


Solution 9.11 (b). 


Start with the difference equation y[n+1] = ay[n] +b. Take the z-transform of both 
sides 
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z (Y (Z) - Ye) = aY (z) +b EC 


b Z-Z yo+z? yo 


. Then expand and obtain 
(z-1) (z-a) 


Solve for Y (z) andget Y (z) = 


VO) 2 Yo (24 eS 


Find the inverse z-transform of each term 


MOY = More Se) ee le ee le 


When n= @ we get y[@] = yo (a®) +@-@= ye, and when n = 1 the expression for y [n} simpli- 
fies to be 


a"-1 
y(n] = yea" + 
Solution 11 (c). 


Start with the formula for the z-transform that we found in part (b): Y (z) = 


b Z-Z Ye+Z" Yo 
(z-1) (z-a) * 


Then use the Corollary and residues to find 2-1[Y (z) ]. 


y[n] = z1[Y (z)] = Res[Y (z) z™1,1] + Res[Y (z) z™1, a] 


: 2 _ 2 
— Res| 02:2 ¥erZ* Ye zn-1 1| + Res b Z-Z yo+Z* Yo zn-1 a 
(2-1) (Z-a) (2-1) (z-a) 


= lim,,1 (z-1) X (z) z™+ + lim,,g (z-a) X (z) z™1 


_ : bZ-Zye+Z7 Ye sn-1 . b Z-Z Yo+2Z? Yo n-1 
= lim,,, (z-1) avg e= ae + lim, ,a Fee ae X (Z) z 

: = 2 ‘ 2 2 
= lim, 4 b Z-Z yo+Z* Yo gn-1 , lim, ,a bZ-Zyo+Z* Ye pn-1 

Z-a z-1 
— b=YotYe qn-1 | b a-a ye+a? yo qn-1 
1-a a-1 
b _ at (ab-a ye+a? ye) 
is |. -l+a 


a"-1 
= a" + —b 
Ye a-1 


Solution 9.11 (d). 
The solution to the homogeneous equation y,[n+1] - ayp[n] = @ iS yp[n] = c, a". 


*__ and the unit-sample response is 


The transfer function is H (z) = ——s> 


h[n] = z*[H(z)] = a" 


The input sequence is x[n] = b and it's z-transform is X (z) = =o 


x< 


The particular solution is calculated with the formula yp[n] = Zz 7[X (z) H (z)] as follows: 


= -1 b a? b 
= Ss |b (-1+a) (-1+z) (-1+a) (-a+z) 
b ; ain b 
= bd[n] 5 Ulin 1] + a un 1] 
which can be simplified to obtain 
_ (abf-1) b 
yp [Nn] = 


In convolution form yp[n] = x[n] *«h[n] = >?_,x[n-i] h[i] and we have 


The particular solution yp[n] obtained by using convolution has the initial condition 
Yp(0] = >%9x[(@-i] h[{i] = x[@] h[@] = x[O] = b. 


The total solution to the nonhomogeneous difference equation is 


y(n] = yn[n] +yp[n] = cya" + SY bat 


(a-1) b 


sa «(= «C1 + 5, and solve for the constant 


Now we compute ye = y[@] = ca? 4 


C1 = Ye- b which will produce the proper initial condition. Therefore, 


which can be manipulated to yield y[n] = yea"+ == b. 


An illustration of the dosage model using the parameters a = <, b = 1 and initial condition 


y[®] = Ye = 2 is shown in Figure 1 below. 


yin] 


5 10 15 20 


Figure 9.1. The solution to y[n+1] = 2 y(n] +1 with y[@] = ye = @. 


Explore Solution 9.11 (a). 
Explore Solution 9.11 (b). 
Explore Solution 9.11 (c). 
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Explore Solution 9.11 (d). 
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9.2 Second Order Homogeneous Difference Equations 


Before proceeding with the z-transform method, we mention a heuristic method based on substitution 
of a trial solution. Consider the second order homogeneous linear constant-coefficient difference equation 
(HLCCDE) 

(9-8) y{n+2] - 2ay[n+1] + by[n] = 8, 


where a and b are constants. Using the trial solution y[n] = r", and direct substitution into (9-8) 
produces the equation r™?-2ar1 + br" = @, and dividing through by r" produces the charac- 
teristic polynomial r* - 2ar + b and characteristic equation 


(9-9) r?-2ar+b = @. 


There are three types of solutions to (9-8) which are determined by the nature of the roots in (9-9). 


Case (i) If b < a? then we have real distinct roots r,;=a-~~a*-b and 


ro =a+vVa*-b, and 


(9-10) y[n] = cir? + cord. 


Case (ii) If b= a? then we have a double real root r =r, = r2 =a, and 


(9-11) y[n] = cyr™ + cone. 


Case (iii) If b> a? then we have complex roots r;=a-i~Vb-a* and 


ro =a+ivVb-a?, and 
(9-12) y[n] = kyr? + k2r3. 
The solution for case (iii) can also be written as the following linear combination 


(9-13) y[n] = cir"cos (¢n) + car™sin (gn), 
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where r=-/b and ¢ = arctan | ey I 


a 


Caution. Be sure to use the value of arctan that lies in the range @< ¢< 7. 
Remark About Stability 


Stability depends on the location of the roots of the characteristic polynomial. Without loss if 
generality, if | r1| < | r2| <1 then both roots lie inside the unit circle and the solutions are 
asymptotically stable and tends to zeroas n>. If ry #r2and |ri| < | r2|=1 thenaroot 
lies on the unit circle and the solutions are stable. If ry = r2 = +1 then there is an unstable solu- 
tion. If 1 < | rz | then at least one root lies outside the unit circle and there is an unstable solution. 


The following subroutine uses the characteristic equation to construct solutions to a second 
order homogeneous difference equation. 
Mathematica Subroutine (Solution of a Difference Equation). 
Example 9.12. Solve y[n+2]-4y[n+1]+3y[n] = ® with 
y[@] = Ye =1 and y[1] =y1 = 5. 


Solution 9.12. 


Explore Solution 9.12. 


Example 9.13. Solve y[n+2]-4y[n+1]+4y[n] = ® with 
y[@] = Yo =1 and y[1] =y1 = 5. 


Solution 9.13. 


The characteristic equation r2-4r+4 = (r-2)? = @ has equal roots r = rz = rz = 2 
hence the general solution is y[n] = c,2" + c22"%n. Use the initial conditions and form the linear 
system 


y[@] = cy + c20=1 


y[1] = c2+cC,2=5 


then solve for the constants and get c, = 1, c2 = >. Hence the solution is 


y(n] = 2r4 nan = 2943n2"-1, 


Explore Solution 9.13. 


Example 9.14. Solve y[n+2]-4y[n+1]+5y[n] = ® with 
y[9] = Ye =1 and y[1] =y1=5. 


-1000 
-z000 
-3000 


-4000 


Solution 9.14. 
Explore Solution 9.14. 
Higher Order Difference Equations 
The general form of a Pt" order linear constant coefficient difference equation (LCCDE), is 
(9-14) y[n] +ary[n-1]+a.y[n-2]+...+aniy[n-P+1] +apy[n-P] 
= beX[n} +b, x[n-1] +b2x[n-2] +...+bm1x[n-Q+1] +bgx[n-Q] 


where {ap} p-1 and {bg} 8-0. The sequence {xn = x[N] }?_, is given and the sequence 
{Xn = X[N] }%g is output. The integer P is the order of the difference equation. The compact form 
of writing this difference equation is 


(9-15) y(n] + SS.apy[n-p] = Yg-ebgx[n-q]. 


This formula can be expressed in a recursive form: 
(9-16) y(n] = D§-ebgx[n-q] - $..a.y[n-p]. 


This form of the LCCDE explicitly shows that the present output y[n] is a function of the 
past output values y[n-p], for p=1,2, ...,P; andthe presentinput x[n], and the previous 
inputs x[n-q] for q=1,2, ...,Q. 

Now we would like to emphasize the method of z-transforms for solving difference equa- 
tions. Applying the linearity and time delay shift property of the z-transform to equation (9-15), we 
obtain 


(9-17) ¥ (Z) = DivapY (2) 2? = Pio bg X (2) 2-9. 
This can be rearranged as Y (z) (1 + )$.,apz) = X (Z) >§-9bqz4 and then solved for the 
quotient H (z) = “22. The sequence h[n] = 2 1[H (z) ] can be used to construct a particular 


X (z) 
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using the convolution sum, as follows: 


(9-18) Yp[n} = D¥-9 h[n-i] x[i]. 
Remark. This particular solution y,[n] does not involve initial conditions for (9-14). We will 
illustrate how to use convolution at the end of this section. 


Difference Equations with Initial Conditions 


Often times a difference equation involves only one input on the right hand side of (9-14) 
and we write 


y[n] +a, y[n-1] +a,y[n-2]+...+ayiy[n-P+1]+apy[n-P] = x[n] 


then we could shift the index and use the form 


y[n+P] +a, y[n+P-1]+a,y[n+P-2]+...+ay1y[P+1]+apy[n] = x[n+P]. 


Consider the first order linear constant coefficient difference equation (LCCDE) 
(9-19) y[n+2] - 2ay[n+1] + by[n] = x[n+2] 


with the initial conditions y[@] = ye and y[1] = yi (and implicitly we have 
X[@] = Xg and X[1] = X;). 
Step (i) Using the time forward properties 
Z[y[n+1]] = z (Y¥ (Z) -Ye), 
(Vine?) |) 2 2A1Y (2). ye ye), 
Z[x[n+2]] = 2% (X (Zz) - Xe - X1z71) 
and take the z-transform of each term and get the equation 


(9-20) 
z? (Y (Z) - Ye - yiz+) - 2az (¥ (Zz) ~ye) +bY (Zz) = 27 (X (Zz) - Xe - %1Z74). 


Step (ii) Solve equation (9-20) for Y (z). 


Step (iii) Use partial fractions to expand Y (z) in asum of terms, and look up the inverse z- 
transform(s) using Table 1, to get the solution 


y(n] = Zz°*[Y (z)]. 
Step (iv) Alternate calculation using residues. Perform steps (i) and (ii) listed above. Then 
find y[n] using residues 


yinl = 27(Y @)] =] ShaRes(Y 2) 24a: 


where Zi, Z2, ..-, Zk are the poles of f (z) = Y (z) z™1. 


Remark The function f (z) = Y (z) z"1 has real coefficients. Hence, if , and if z; and Zz; 
are poles, then we can use the computational fact: 


lO’ IAN Ten oe ae ee , ee ay a a  Y 


We now show how to obtain answers to Examples 9.12-9.14 using z-transform methods. 


The following subroutine uses z-transforms to construct solutions to a second order homoge- 
neous difference equation. 


Mathematica Subroutines (Solution of a Difference Equation). 


Example 9.15 (a). Use z-transform methods to solve y[n+2] -4y[n+1]+3y[n] = 9 with 
y[@] = Yo =1 and y[1] =y1 = 5. 


9.15 (b). Use z-transform methods to solve y[n+2] -4y[n+1]+3y[n] = 22 with 
y[@] = Yo =1 and y[1] = yr = 3. 


Solution 9.15 (a). 
Solution 9.15 (b). 
Explore Solution 9.15 (a). 
Explore Solution 9.15 (b). 


Example 9.16 (a). Use z-transform methods to solve y[n+2] -4y[n+1]+4y[n] = @ with 
y[@] = Yo =1 and y[1] =y1 = 5. 


9.16 (b). Use z-transform methods to solve y[n+2] -4y[n+1]+4y[n] = 3" with 
y[@] = Yo = 2 and y[1] = y2 = 3. 


Solution 9.16 (a). 
Solution 9.16 (b). 
Explore Solution 9.16 (a). 
Explore Solution 9.16 (b). 


Example 9.17 (a). Use z-transform methods to solve y[n+2] -4y[n+1]+5y[n] = 9 with 
y[@] = Yo =1 and y[1] =y1 = 5. 


6 | Chapter09Section02.nb 


with y[@] = yg=1 and y[1] =yi =2@. 


Solution 9.17 (a). 
Solution 9.17 (b). 
Explore Solution 9.17 (a). 
Explore Solution 9.17 (b). 


Example 9.18. Solve y[n+3]+y[n+2]+y[n+1]+y[n] =@ with 
y[@] = 2, y[1] = -2, and y[2] = @. 


Solution 9.18. 


Explore Solution 9.18. 


Example 9.19. Solve y[n+2] -V2 y[n+1]+y[n] =® with y[@] =2 and y[1] = V2. 


Solution 9.19. 


Explore Solution 9.19. 


Convolution for Solving a Non-homogeneous Equation 


(i) Solve the homogeneous equation yp[n+2] - 2ayn[n+1] + byp[n] = @ and get 
Yn[n]. 


(ii) Use the transfer function H(z) = - 


Peers prs. 


(iii) Construct the particular solution using convolution 
Yp[n] = Z7*[H (Zz) X (z)], or 


deg H[i] x[n-i]. 


I 


yp [n] 


(iv) The total solution to the nonhomogeneous difference equation is 


yin] = yr[n] + yp[n]. 
Example 9.20 (a). Find the general solution to y[n+2] - = V2 y[n+1] + y(n] = @. 


Figure 9.3. A typical solution to 
y(n+2] -2V2 y[n+1] 4 + y(n] = cos (2n). 


Solution 9.20 (a). 
Solution 9.20 (b). 
Explore Solution 9.20 (a). 
Explore Solution 9.20 (b). 
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9.3.1 Introduction to Filtering 


In the field of signal processing the design of digital signal filters involves the process of 
suppressing certain frequencies and boosting others. A simplified filter model is 


(9-22) 
y[n] +a, y[n-1]+a,y[n-2] = bgx[n] +b,x[n-1] +b2x[n-2] +b3x[n-3], 


where the input signal is x, = x[n] is modified to obtain the output signal y, = y[n] using the 
recursion formula 


(9-23) 
y[n] = bexX[n] +b, x[n-1] +b2x[n-2] +b3x[n-3] -ayy[n-1] -a,y[n-2]. 


The implementation of (9-23) is straightforward and only requires starting values, then y, = y[n] is 
obtained by simple iteration. Since the signals must have a starting point, it is common to require 
that x, = @ and yy, = @ for n < @. We emphasize this concept by making the following definition. 


Definition 9.3 (Causal Sequence) Given the the input {x,}__., and output {y,}@__., sequences. 
If x, = @ and y, = @ for n < Q, the sequence is said to be causal. 


Given the causal sequence {x, = X[n] }_g, itis easy to calculate the solution 
{Yn = Y[N] }®_» to (9-23). Use the fact that these sequences are causal: 


(9-24) X_3 = 0, X_2 = 08, X_1 =@ and Y2= Q, Y1= (2) 


Then compute 
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(9-25) Yo = beXe. 
Y1 = beX1 + bi Xe - a1 Yo, 
Y2 = DbeX2 + bi X1 + bz Xe - ar yi - a2 Yo, 
y3 = bgX3 + by X2 + by X1 + D3 Xe - a1Y2 - a2Y1. 


The general iterative step is 


(9-26) Yn = beXn + ba Xn-a + Dz Xn-2 + D3 Xn-3 - A1 Wn-1 - A2 Yn-2- 


9.3.2 The Basic Filters 
The following three simplified basic filters serve as illustrations. 


(i) Zeroing Out Filter y[n] = bgx[n] + bi x[n-1] + byx[n-2] + b3x[n-3], (note that 
a, = @ and a = @). 


(ii) Boosting Up Filter y[n] = bgx[n] - azy[n-1] - agy[n-2], (note that 
b, =@0 » bo =O and b3 = @). 


(iii) Combination Filter 
y[n] = bexX[n] +b, x[n-1] +b2x[n-2] +b3x[n-3] -ayy[n-1] -az,y[n-2]. 


The transfer function H (z) for these model filters has the following general form 


—  Y¥ (Zz) bg +by 2-4 +bz 2-2 +b3 273 

(9-27) H (Z) X (Z) : on hen pF 
where the z-transforms of the input and output sequences are X (Zz) = Z[Xp] and Y (z) = Z[yn], 
respectively. In the previous section we mentioned that the general solution to a homogeneous 
difference equation y[n] + ai y[n-1] + a2 y[n-2] = @ is stable only if the zeros of the character- 
istic equation lie inside the unit circle. Similarly, if a filter is stable then the poles of the transfer 
function H (z) must all lie inside the unit circle. 

Before developing the general theory, we would like to investigate the amplitude response 
A (©) when the input signal is a linear combination of cos (@n) and sin (@n). The amplitude 
response for the frequency © uses the complex unit signal z = e*°, and is defined to be 


(9-28) A(8) = |H (e?) |. 


The formula for A (6) will be rigorously explained after a few introductory examples. 


Example 9.21. Given the filter y[n] = x[n] -V2 x[n-1]+x[n-2]. 


9.21 (a). Show that it is a zeroing out filter for the signals cos (7 n) and sin (7 n) and calculate 
the amplitude response A (=) = A (®.785398). 


9.21 (b). Calculate the amplitude responses A (@.10) and A (@.77) and investigate the the filtered 
signal for x[n] = cos (@.1@n) +sin (@.77n). 


9.21 (c). Calculate the amplitude responses A (@.10) and A (=) and investigate the the filtered 
signal for x[n] = cos (@.1@n) +@.2@sin (<n). 


3 


3m nm 


a 
z ot 


Figure 9.4. The amplitude response A (@) = | 1- V2 z-1+2z-2 | for 
y[n} =x[n] ~s/% Xn = 1] +xin=2], 


x [n] ¥i[n] 


mae 


Figure 9.6. The input x[n] = cos (@.1@n) +@.2@sin (=n) and output y[n]. 


Solution 9.21. 


Explore Solution 9.21. 


Example 9.22. Given the filter y[n] = x[{[n] +22 y[n-1] - +y(n- 2]. 


9.22 (a). Show that it is a boosting up filter for the signals cos (7 n) and sin (7 n) and calculate 


the amplitude response A (=). 


9.22 (b). Calculate the amplitude responses A (+) and A (2.60) and investigate the the filtered 


signal for x[n] = cos (4 n) +sin (= n) +sin (2.60n). 


Ae) 
2.5 
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Figure 9.8. The input x[n] = cos (2 n) +sin (2 n) +sin (2.6@n) and output y(n]. 


Solution 9.22. 
Explore Solution 9.22. 
9.3.3. The General Filter Equation 


The general form of a Pt" order filter difference equation is 


(9-29) 
y[n] +a, y[n-1]+a,y[n-2]+...+apiy[n-P+1] +apy[n-P] 


= bexX[n] +bix[n-1] +b2x[n-2]+...+b91x[nN-Q+1] +bgx[n-Q] 


where {ap}p-1 and {bg} a are constants. Note carefully that the terms involved are of the form 
y[n-p] and y[n-q] where p = @ and q = 8, which makes these terms time delayed. The compact 


form of writing the difference equation is 
(9-30) y(n] + Yp-eay[n-p] = )§-0bqx[n-ql, 


where the input signal x, = x[n] is modified to obtain the output signal y, = y[n] using the recur- 
sion formula 


(9-31) y(n] = Yg-ebgx[n-q] - S¥.apy[n-p}. 


The portion ee bg x[n-q] will "Zero out" signals and ey ap Y[N- p] will "boost up" signals. 


Remark 9.14. Formula (9-31) is called the recursion equation and the recursion coefficients are {ap}fe1 and 
{bg}o. It explicitly shows that the present output y[n] is a function of the past values y[n-p], 
forp=1,2, ...,P, the present input x[n], and the previous inputs x[n-q] for q=1,2, ...,Q. 
The sequences can be regarded as signals and they are zero for negative indices. With this informa- 
tion we can now define the general formula for the transfer function H (z). Using the time delayed- 
shift property for causal sequences and taking the z-transform of each term in (9-31), we obtain 


(9-32) ¥[Z] = - Yh-aapY[z] z? + Y$-ebgX[z] 2-4. 


We can factor X[z] and Y[z] out of the summations and write this in an equivalent form 


(9-33) ¥[z] (1 + D841 apZzP) = X[z] d8-9 bqz-4. 


_ Yizl _ She ba 24 
H (2) X[z] 1+ Sh1apz? 


which leads to the following important definition. 


Definition 9.4 (Transfer Function) The transfer function corresponding to the Pt? order difference equation 


(8) is given by 


= Y[z] _ _ba+bi z-2+b2 oe +bo-1 z@1ib9 ze 
(9 34) H (Z) X[z] Atay 2 489 2 4+0.64dpea 2 tap Zz?” 


Formula (9-34) is the transfer function for an infinite impulse response filter (IIR filter). In the spe- 
cial case when the denominator is unity it becomes the transfer function for a finite impulse 
response filter (FIR filter). 


Definition 9.5 (Unit-Sample Response) The sequence h[n] = z+[H (z) ] corresponding to the 


transfer function H (z) = “2 is called the unit-sample response. 
X (Zz) 


Theorem 9.6 (Output Response) The output response y[n] ofa the filter (10) given an input 
signal x[n] is given by the inverse z-transformation 


(9-35) y(n] = Z7[¥(z)] = Z4[H (z) X (z)], 
and in convolution form it is given by 


(9-36) y(n] = de-9 x[n-i} h[i}. 

Another important use of the transfer function is to study how a filter affects various frequen- 
cies. In practice, a continuous time signal is sampled at a frequency f, that is at least twice the 
highest input signal frequency to avoid frequency fold-over, or aliasing. That is because the Fourier 
transform of a sampled signal is periodic with period ws = _ though we will not prove this here. 


Aliasing prevents accurate recovery of the original signal from its samples. 


Now it can be shown that the argument of the Fourier transform maps onto the z-plane unit 
circle via the formula 


(9-37) @=-2n Z, where @ is called the normalized frequency. 


Therefore the z-transform evaluated on the unit circle is also periodic, except with period 2 7. 


Definition 9.6 (Amplitude Response) The amplitude response A (6) is defined to be the magnitude 
of the transfer function evaluated at the complex unit signal z = e*°. The formula is 


(9-38) A(@) = |H(e*®) | over the interval [@, 7]. 
Proof. 


Sinusoidal signals are linear combinations of e*° and e-*°. To determine the amplitude 


response we input x[n] = e*"° whichhas z-transform X (z) = Z[x[n]] = — 


z-e!® 
The z-transform of the output is Y (z) = X (z) H(z) = ec H (z) which can be written as 
(9-39) V tz) Se eye a te 


z-e!® 4a, z-44a, 2-24... 4ap_4 Zt 4 ap z?P 
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It is possible to use a technique like partial fraction expansions to write (9-39) in the form 
(9-40) V(z) = 2-85 +Q(z) = Fee + Q(2), 


where Fe = H (e*®). 

For stable solutions we have already mentioned (see Section 9.2.1) that the poles of the 
transfer function must all lie inside the unit circle. Hence the terms in the solution y[n] correspond- 
ing to the poles of Q (z) are all transient and decay to zero as n > ~. The steady state portion of 
the solution y([n] is the inverse of the term Fe z[ : | and its magnitude is 


z-el? 


(9-41) A(®) = |H (et?) | [ete] = | H tet?) |. 
This proof is in the book. 


The fundamental theorem of algebra implies that the numerator has Q roots (called zeros) 
and the denominator has P roots (called poles). The zeros (2g yes may be chosen in conjugate 
pairs on the unit circle and | z,| =1for q=1, 2, ...,Q. Forstability, all the poles {Wp} 5-1 
must inside the unit circle and | wp | <1for p=1, 2, ..., P. Furthermore, the poles are 
chosen to be real numbers and/or in conjugate pairs. This will guarantee that the recursion coeffi- 
cients are all real numbers. IIR filters may be all pole or zero-pole and stability is a concern; FIR 
filters and all zero-filters are always stable. 


9.3.4 Design of Filters 


In practice recursion formula (10) is used to calculate the output signal. However, digital filter design 
is based on the above theory. One starts by selecting the location of zeros and poles corresponding to filter 


hé a . Since the coefficients in H (z) 


design requirements and constructing the transfer function H (Zz) = an 


are real, all zeros and poles having an imaginary component must occur in conjugate pairs. Then the recur- 
sion coefficients are identified in (13) and used in (10) to write the recursive filter. Both the numerator 
and denominator of _H (z) can be factored into quadratic factors with real coefficients and possibly 
one or two linear factors with real coefficients. The following principles are used to construct H (z). 


(i) Zeroing Out Factors 


To filter out the signals cos (@n) and sin (@n), use factors of the form 


(===) (==) = 1- (e+e 7%) z14 27 if @<e<x, and 


in the numerator of H (z). They will contribute to the term 


Q a Q1, ee eae S a: 
9-42 bg + bi z2-24+b2 2774+ ...4+b6912%1+b 9z2 = calc A Bye es Be 
Q Q 70 


(ii) Boosting Up Factors 


To amplify the signals cos (@n) and sin (6 n), use factors of the form 


4 [ ==") = 1-p(e'%+e%%) 214 222 if @<p<1 


( ==") = 1+pz if @<o<1 and ¢=7, and 


Z 


( =*) = 1-pz'! if ®@<p<1and ¢=8, 


in the denominator of H (z). They will contribute to the term 


2° say Zz? nay ZF? a, tdpia Zap 


(9-43) 1+a,z44+az7+...4+ap4zPtt+apz? = = 


(iii) Attenuating Factors 


To attenuate the signals cos (@n) and sin (@n), use factors of the form 


[ 2s") ( ==") = 1-p (e?®+e%%)z14 222 if @<p<1 


Z 


and @<@<vz7, and 
( ee") = 1+pz1 if @<p<1and O=7. 


The factor 
( =) = 1-pz! if ®@<p<1and ¢=8, 


is a special case that attenuates low frequency signals. These factors will contribute to the term 
(9-42). 


(iv) Combination of Factors 


The transfer function H (z) could have a zero or pole at the origin, but this has no net effect 
on the output signal. The other zeros and poles determine the nature of the filter. A conjugate pair 
of zeros e*?® of H (z) on the unit circle will "Zero-out" the signals cos (@n) and sin (@n). If 
®@ < p = 1 the conjugate pair of zeros p e**° of H (z) will attenuate the signals cos (@n) and 
sin (@n), and the conjugate pair of poles p e*?* of H (z) will amplify the signals cos (@n) and 
sin (6n). Itis useful to plot the location of the zeros and poles and notice their magnitude and 
argument. As a general rule, zeros are used to attenuate signals and poles are used to amplify 
signals. The primary goal of filter design is to construct H (z) so that the amplitude response 
A (6) has adesired shape. The following examples have been chosen to illustrate these concepts. 
Books on digital signal filter design will explain the process in detail. 


Example 9.23 (a). The filter y[n] = x[n] + x[n-2] is designed to zero out 
cos (=n) and sin (Fol 


1 


9.23 (b). The moving average filter y[n] = q (*[n] +x[n=1] +x[ n= 2] 4x[n=3]) is 


n] 
designed to zero out cos (nz), cos (Fn) and sin (Zn). 
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ACO) 
Im(s) 


Re(s) 
6 
= x 3x n 
4 2 4 
Figure 9.9. Amplitude response A (6), and zero-pole plot for y[n] = = Reg X[n-k]. 
Solution 9.23. 
Explore Solution 9.23. 
Example 9.24. The moving average filter 
y[n} = = (x[n] +X[n-1] + x[n-2] +x[n-3] +x[n-4] +x[n-5]+x[n-6] +x[n-7]) 
is designed to zero out 
cos (nz), cos (=n) , Sin (=n), cos (oi)esin (<n), cos (Zn) and sin (Zn). 
aCe) 


1 Im(=) 
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Figure 9.10. Amplitude response A (@) , and zero-pole plot for y[n] = : Yee X[n-k]. 


Solution 9.24. 


Explore Solution 9.24. 


Example 9.25 (a). Design a filter with poles *e1”/4 and =e +”/4 for boosting up signals near 


cos (Fn) and sin (Zn). 


9.25 (b). Include the additional pole at > e+? = = to the filter design in (a) so that it also boosts up 


low frequency signals. 
A(6) 


2.5 Im(€s) 
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Figure 9.12. Amplitude response A (@) , and zero-pole plot for 
y[n] = x[n] 4 : (3+ 42) y[n-1] -; (4+3V2) y[n-2]+ =y(n-3]. 


Solution 9.25. 


Explore Solution 9.25. 


Example 9.26. Design a combination filter using the zeros e*' ”/? and e* ” for zeroing out 
cos (tN), cos (4 n) and sin (= n) and poles = e*'7/4 boosting up some of the low frequencies. 


(8) 
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Figure 9.13. Amplitude response A (@) , and zero-pole plot for 
y(n} = X[n}+x[n-1]+x[n-2] +x[n-3] + = /2 y[n-1] = + y([n-2]. 


Solution 9.26. 


Explore Solution 9.26. 


Low Frequency Filter 


The previous examples emphasize high frequency filters. To boost up high frequencies 
place the poles near the higher frequencies. The following example is similar to Example 9.25. The 
poles have been changed from = e!”/4, e47/4 and Sel? to Det37/4, 2 @137/4 and > et”, 


2 


Extra Example 1 (a). Design a filter with poles > et 37/4 and S e-137/4 for boosting up signals 


near cos (=n) and sin (=n). 


1 (b). Include the additional pole at ; eit = - 5 to the filter design in (a) so that it also boosts up 


high frequency signals. 


Explore Extra Solution 1. 
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Poles can be placed near frequencies to boost them up and Zeros for attenuating the other 
frequencies. 


Extra Example 2. Design a combination filter boosting up some of the low frequencies where 


TT TT . . 22 63 
sess and attenuating frequencies 6 < sao and seg 


Explore Extra Solution 2. 


A signal processing engineer uses complex analysis to construct filters with the desired 
amplitude and phase response characteristics. Finite impulse response (FIR) filters have only 
zeros, whereas infinite impulse response (IIR) filters have poles and may have zeros as well. The 
area of filter design involves many types, such as: low pass, high pass, all pass, band pass and 
band stop. Special forms of such filters include, but are not limited to Bessel, Butterworth, Cheby- 
shev, Gaussian, moving average, single pole, Remez, etc. More information about filter design can 
be found in books on digital signal processing. 


Algorithm (Analysis of Filters) The following subroutine will analyze the transfer function for 
ye-eapyin-p] = Y§9bqx[n-q]. The z-transform is 


Y[Z] SoapzP = X[z] Peeiby 24 


The functions A[z] = He, ap zP and Biz] = 36 b,z~4 must be defined. 


Mathematica Subroutine (Analysis of Filters) 
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Chapter 10 Conformal Mapping 


Overview 


The terminology "conformal mapping" should have a familiar sound. In 1569 the Flemish 
cartographer Gerardus Mercator (1512--1594) devised a cylindrical map projection that preserves 
angles. The Mercator projection is still used today for world maps. Another map projection known 
to the ancient Greeks is the stereographic projection. It is also conformal (i.e., angle preserving), 
and we introduced it in Chapter 2 when we defined the Riemann sphere. In complex analysis a 
function preserves angles if and only if it is analytic or anti-analytic (i.e., the conjugate of an analytic 
function). A significant result, known as Riemann mapping theorem, states that any simply con- 
nected domain (other than the entire complex plane) can be mapped conformally onto the unit disk. 


10.1 Basic Properties of Conformal Mappings 


Let £(z) bean analytic function in the domain D, and let zg bea point in D. If 
f' (Ze) #9, then we can express f (z) in the form 


(10-1) F(Z) = # (Zo) +f" (Ze) (Z-Ze) +7 (Z) (Z-Ze), 


where 77 (Z) > @ as Z > Zg. If z is near Ze, then the transformation w = f (z) has the linear 
approximation 


S (Zz) =A+B (Z- Za), 


where A= f (Za) and B= f' (zg). Because 7 (z) > @ when z > Zg, for points near zg the 
transformation w = f (z) has an effect much like the linear mapping w = S (z). The effect of the 
linear mapping S is a rotation of the plane through the angle a = Arg (f' (Ze) ), followed bya 
magnification by the factor | f' (Ze) |, followed by a rigid translation by the vector A+ BZ. 
Consequently, the mapping w = S (z) preserves angles at the point ze. We now show that the 
mapping w = f (z) also preserves angles at Zo. 
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For a smooth curve that passes through the point z (@) = zg, we use the notation 
C: z(t) = x(t) + ay (t), 
for -1<t<1. 


A vector T tangent to c at the point zg is given by 


where the complex number z' (@) is expressed as a vector. 


The angle of inclination of T with respect to the positive x axis is 


B = Argz' (@). 


The image of c under the mapping w = f (z) is the curve K in the w plane given by the formula 
Ki: w(t) = u(x (t), y (t)) + av (x (t), y (t)). 


We can use the chain rule to show that a vector T* tangent to K at the point we = f (zo) is given 
by 


T = w' (®) = f' (zg) z' (@). 


The angle of inclination of T* with respect to the positive u axis is 
y = Argw' (@) = Argf' (Zo) + Argz' (®@) = a + B, 
where a = Arg f' (Zo). 
Therefore the effect of the transformation w = f (z) is to rotate the angle of inclination of the 


tangent vector T at zg through the angle a = Argf' (zg) to obtain the angle of inclination of the 
tangent vector T* at we = f (Z9). This situation is illustrated in Figure 10.1. 


y v 
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Figure 10.1 The tangents at the points Zg and We, where f (z) is an analytic function 
and f' (zg) #2. 

Amapping w = f (z) is said to be angle preserving, or conformal at Ze, if it preserves 
angles between oriented curves in magnitude as well as in orientation. Theorem 10.1 shows where 
a mapping by an analytic function is conformal. 

Theorem 10.1 (Conformal Mapping). Let f(z) be an analytic function in the domain D, and let ze 
be apointin D. If £' (zg) #0, then £(z) is conformal at Z9. 


Figure 10.2 The analytic mapping w = f (z) is conformal at the point zg, where 
f' (Zo) #2. 
Proof. 
Example 10.1. Show that the mapping w = f (z) = cos (z) is conformal at the points z, = i, 
Z2 = 1,23 = m+i and, z, = 1- i and determine the angle of rotation given by a = Arg (f' (z) ) 
at the given points. 


¥ 


= 1 


Solution. Because f' (z) = - sin (z),weconclude that the mapping w = cos (z) is conformal 
at all points except z = n 7, where n is an integer. Calculation reveals that 


f' (Z1) = #F' (1) = -isinhl, 

f' (Z2) =  Ff' (1) = -Sini, 

f' (z3) = f° (7+) = isinht1, and 

f' (z4) = f' (1-1) = -coshisini + icosi1sinhi1. 
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Therefore the angle of rotation is given by 


O, = Arg (f' (Z1)) = Ff" (i) = -isinh1, 


a2 = Arg (f' (Z2)) = F' (1) = -Sini, 


Sinh1 , and 


H- 


a3 = Arg (f' (z3)) = f° (7+) = 


Oo, = Arg (f' (Z4)) = f' (1-1) = -cosh1lsin1 + icosi1sinh1 
= mw-arctan (cotitanhi) . 


Explore Solution 10.1. 


Let £(z) be anonconstant analytic function. If f' (ze) = @, then Zg is called a critical point 
of £(z), and the mapping w = f (z) is not conformal at zg. The next result shows what happens at 
a critical point. 

Theorem 10.2. Let £(z) be analytic at the point Zo. If 
f' (zg) = @, f'' (Z9) =, ...,f'K2) (zg) =@ and f‘*) (z9) +, then the mapping w = f (z) 
magnifies angles at the vertex zg by the factor k. 


Figure 10.3 The analytic mapping w = f (z) at point zg, where 
f' (zg) =@, ..., £/2) (29) =@ and F‘*) (zg) 4. 


Proof. 


Example 10.2. Show that the mapping w = f (z) = z? maps the unit square 
S={x+iy: @<x<1, @< y <1} onto the region in the upper half-plane Im (w) > @, which lies 
under the parabolas 


as shown in Figure 10.4. 
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Figure 10.4 The mapping w = 2?. 
Solution. The derivative is f' (z) = 22z, and we conclude that the mapping w = z? is conformal 
for all z 4 @. Note that the right angles at the vertices z; = 1, z2 = 1+ i, and z3 = 1 are mapped 
onto right angles at the vertices w, = 1, w2 = 2 i, and w3 = -1, respectively. At the point zo = 8, 
we have f' (Ze) = F' (@) =@ and f'' (ze) = f'' (8) = 2 #40. Hence angles at the vertex 
Ze = @ are magnified by the factor k = 2. In particular, the right angle at z_ = @ is mapped onto the 
straight angle at we = 2. 


Explore Solution 10.2. 


Another property of a conformal mapping w = f (z) is obtained by considering the modu- 
lus of £' (Zg). If z, isnear zg, we can use the equation 


F(24) =F (2a) 4 °F" 420) (Za Ze) + 42a) (Za Zp) 
and neglect the term 7 (z1) (Z1- Ze). We then have the approximation 


(10-9) Wi-We = f (21) -f (Ze) = Ff" (Ze) (Z1- Ze). 

From Equation (10-9), the distance | wi - We | between the images of the points zi and 
Ze given approximately by | f' (Ze) || Z1- Ze |. Therefore we say that the transformation 
w = f (z) changes small distances near Zg by the scale factor | f' (Ze) |. For example, the 
scale factor of the transformation w = f (z) = z? near the point z2 = 1+ 1 is 

|f" (Ze) | = |2Ze| = |2(1+i) | = 272. 

We also need to say a few things about the inverse transformation z = g (w) ofaconfor- 
mal mapping w =f (z) neara point zg, where f' (Zo) + 2. 
A complete justification of the following assertions relies on theorems studied in advanced calculus. 


(See, for instance, R. Creighton Buck, Advanced Calculus, 3rd ed. (New York, McGraw-Hill), pp. 
358-361, 1978.) 


We express the mapping w = f (z) in the coordinate form 


(10-10) u=U (X,Y) and V=V (xX, y). 


The mapping in Equations (10-10) represents a transformation from the xy plane into the uv 
plane, and the Jacobian determinant, J (x, y), is defined by 


Ux (X, uy (X, 
Ge De = ey wy oy 
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The transformation in Equations (10-10) has a local inverse, provided J (x, y) 4+ @. Expand- 
ing Equation (10-11) and using the Cauchy--Riemann equations, we obtain 


ux (Xe Yo) Uy (Xas Yo) 
Vx (Xe, Yo) Vy (Xes Ye) 


J (Xe, Ya) = | 
= Ux (Xe Yo) Vy (Xas Yo) - Vx (Xes Ye) Uy (Xes Yeo) 
= Ux (Xes Ye) Ux (Xe, Yo) - Vx (Xeas Yo) (-Vx (Xas Yo) ) 
= Uz (Xe, Yo) + V% (Xes Ye) 


= | f" (Ze) | 


#0 


Consequently, Equations (10-11) and (10-11) imply that a local inverse z = g (w) exists ina 
neighborhood of the point we = f (Za). The derivative of g(w) at we is given by the familiar expres- 
sion 


g' (We) = lim 22%) ~ jin = = Lim 2 
W>Wo9 W-We WoWe W-We Z>Zq W-We 
= lim —22e = Lim 1/ ee 
Z>Z9 f (Z)-f (Ze) Z3Z9 Z-Ze 


f" (g (We) ) 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 


Initialization Cell 
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10.2 Bilinear Transformations - Mobius Transformations 
Another important class of elementary mappings was studied by August Ferdinand Mobius 

(1790-1868). These mappings are conveniently expressed as the quotient of two linear expressions 
and are commonly known as linear fractional or bilinear transformations. They arise naturally in 
mapping problems involving the function arctan(z). In this section, we show how they are used to 
map a disk one-to-one and onto a half-plane. 


Let a, b, c, andd denote four complex constants with the restriction that ad + bc. Then 
the function 


(10-13) oes Ga 2 


cz+d 


is called a bilinear transformation, a Mobius transformation, or a linear fractional transformation. 
If the expression for S (z) in Equation (10-13) is multiplied through by the quantity cz + d, then 


the resulting expression has the bilinear form cwz - az + dw - b = @. 
We collect terms involving z and write z (cw -a) = -~dw + b. Then, for values of w + = the 


inverse transformation is given by 
z 2 eH _ -dw+b 
(10-14) z=S* (Ww) = =. 
We can extend S (z) and S-? (w) to mappings in the extended complex plane. The value 
S (cw) should be chosen to equal the limit of S (z) as z—o. Therefore we define 


S (co) = lim,,. S(z) = lim,,. —= = a 


and the inverse is S-1 (2) = o. Similarly, the value S-1 () is obtained by 
iG 
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-d+2 
S-2 (co) = Limyso St (w) = limys. — = 22 


and the inverse is S ( =*) = o. With these extensions we conclude that the transformation 


w=S (z) iS a one-to-one mapping of the extended complex z-plane onto the extended complex w- 
plane. 


We now show that a bilinear transformation carries the class of circles and lines onto itself. 
If S(z) is an arbitrary bilinear transformation given by Equation (10-13) and c = 9, then S(z) 
reduces to a linear transformation, which carries lines onto lines and circles onto circles. If c # Q, 
then we can write S (z) in the form 


(10-15) Say. 2 ee 


cz+d 


c (az+b) 
c (c z+d) 


acz+bc 
c (c z+d) 


acz+ad-ad+bc 
c (c z+d) 


a(cz+d) -ad+bc 
c (c z+d) 


a , bc-ad 1 
c ¢ cz+d 


The condition ad # bc precludes the possibility that S (z) reduces to a constant. Equa- 
tion (10-15) indicates that Ss (z) can be considered as a composition of functions. 
Itis a linear mapping € = cz + d, followed by the reciprocal transformation Z = = followed by 
a bc-ad Z 
Cc 


W= = + . In Chapter 2 we showed that each function in this composition maps the class 


of circles and lines onto itself; it follows that the bilinear transformation S (z) has this property. A 
half-plane can be considered to be a family of parallel lines and a disk as a family of circles. There- 
fore we conclude that a bilinear transformation maps the class of half-planes and disks onto itself. 
Example 10.3 illustrates this idea. 


Example 10.3. Show that w=S (z) = £{4-2) maps the unit disk D: | z| <1 one-to-one and 


14+2Z 


onto the upper half-plane Im (w) > @. 


Solution. We first consider the unit circle C: | z | = 1, which forms the boundary of the disk and 
find its image in the w plane. 
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If we write S (z) = 12*+, then we see that a= -i, b= i, c=1,andd =1. 
z+1 


Using Equation (10-14), we find that the inverse is given by 


- -1 -dw+b _ —(1) w+ (1) _— -WHi 
(10-16) z= S™ (w) cw-a (1) w- (-i) wei” 
If | z | =41, then Equation (10-16) implies that the images of points on the unit circle satisfy 
Poa | = 1 which yields the equation 
(10-17) jw+i| = w+ il. 


Squaring both sides of Equation (10-17), we obtain 


which is the equation of the u axis in the w plane. 

The circle c divides the z plane into two portions, and its image is the u axis, which divides 
the w plane into two portions. The image of the point z = @ is w= S (@) = i, so we expect that 
the interior of the circle C is mapped onto the portion of the w plane that lies above the u axis. To 
show that this outcome is true, we let | z | <1. Then Equation (10-16) implies that the image 
values must satisfy the inequality |-w+i | < |w+ ij |, which we write as 


dy = |w-i| < |w-(-i) | = dp. 

If we interpret d, as the distance from w to i and d2 as the distance from w to —- i, thena 
geometric argument shows that the image point w must lie in the upper half-plane Im (w) >, as 
shown in Figure 10.5. As S(z) is one-to-one and onto in the extended complex plane, it follows 
that S (z) maps the disk onto the half-plane. 
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Wp =t 


~ ---@---- 
w) =-l d 


i (1-z) . 
eo the points 


Figure 10.5 Theimage | z| <1 under w = 
Zi =-i, Z2=1, zZ3 = i are mapped onto the points 


Wi=-1, wW2=90, ws3=1, respectively. 


Explore Solution 10.3. 


The general formula for a bilinear transformation (Equation (10-13)) appears to involve four 
independent coefficients: a, b, c, andd. But as S(z) is not identically constant, either a + @ or 
c + ®, we can express the transformation with three unknown coefficients and write either 


respectively. Doing so permits us to determine a unique a bilinear transformation if three distinct 
image values S (Zi) =Wi, S (Z2) =W2,and S (z3) = w3 are specified. To determine such a 
mapping, we can conveniently use an implicit formula involving z and w. 

Theorem 10.3 (The Implicit Formula). There exists a unique bilinear transformation that maps 
three distinct points z1, Z2, and z3 onto three distinct points w,, w2, and w3, respectively. An 
implicit formula for the mapping is given by the equation 


(10-18) (Z-2Z1) (Z2-Z3) _ (W-W1) (W2 — Ws) ; 


(2-23) (22-22) (W-W3) (W2 - Wr) 
Proof. 


Example 10.4. Construct the bilinear transformation w = S(z) that maps the points 
Z1=-i1, Z2=1, z3=1 ontothe points w,=-1, w2=90, w3=1, respectively. 
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om 
Sse 
_ KES TEAL * Sos = _ 
TEES REN 


(-1)) (1-1) (w- (-1)) (@-1) 

-i) (1- (-1)) (w-1) (@- (-1)) 
(Z+a) (1 — (w+1) (8-1) 
(Z-4) (L+a (w-1) (@+1) 
(z+i) (1-i) w+ 

-i) (14121) -w+il 


Expanding this equation, collecting terms involving w and zw on the left and then simplify. 


(z- i) (1+ ai) (W+1) = (2+ i) (1-2) (- we 1) 
(1+ 1) Zw (L- 1) w+ (1+ 1)2Z (1- 1) 
(-1+ 1) Zw (-1- 1) w+ (1-1)z (1+ 1) 


w(1+z) = ia (1-2) 


Therefore the desired bilinear transformation is 


Explore Solution 10.4. 


Example 10.5. Find the bilinear transformation w = S(z) that maps the points 


Z1=-2, Z2=-1-1, z3=@ ontothe points w,=-1, w.=0, w3=1, respectively. 
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(Z+2) (-1-1) —  (W+1) (-1) 
(z) (-1-4 +2) (w-1) (1) 
Z+2 -1-i —_ d+w 
rd 1-i 1-w 
Using the fact that = = =, we rewrite this equation as 
z+2 _ 1+w 
tz 1-w' 


We now expand the equation and obtain 


(z +2) (l-w) = iz(1+w) 

Z+2-ZwW-2wW = 12Z2+i1ZW 
Z-422+2 = ZW+izw+2w 
(l-1)zZ2+2 = w(z+i1z+4+2) 
(1-1) z2+2 = w((1+1) Zz +2) 


which can be solved for w in terms of z, giving the desired solution 


Explore Solution 10.5. 


We let D be a region in the z plane that is bounded by either a circle or a straight line c. We 
further let 21, Z2, and z3 be three distinct points that lie on Cc and have the property that an observer 
moving along C from z, to z3 through Zz finds the region D to be on the left. If c is a circle and D is 
the interior of c, then we say that C is positively oriented. Conversely, the ordered triple (Zi, Z2, Z3) 
uniquely determines a region that lies to the left of c. 


We let G be a region in the w plane that is bounded by either a circle of a straight line kK. We 
further let wz, w2, and w3 be three distinct points that lie on K such that an observer moving along K 
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from wy, to w3 through wy; finds the region G to be on the left. Because a bilinear transformation is a 
conformal mapping that maps the class of circles and straight lines onto itself, we can use the 
implicit formula to construct a bilinear transformation w = S (z) that is a one-to-one mapping of D 
onto G. 


Example 10.6. Show that the mapping w= S (z) = ‘=)4+** mapsthedisk D: |z+1 | <1 


(1+1) z+ 2 


one-to-one and onto the upper half plane Im (w) > @. 


ae 

SERS 
SAE 

QOS =e, 


Solution. For convenience, we choose the ordered triple _z; = -2, z2=-1-1i, z3 = @, which 
gives the circle C: | z+1| = 1 a positive orientation and the disk D a left orientation. From 
Example 10.5, the corresponding image points are 


wi, = S (Z1) = S (-2) = -1 


W2 = S(Z2) = S(-1-i1) = @, 


w3 = S (Z3) = S (@) = oly 


Because the ordered triple of points w, = -1, w2 = 8, w3 = 1, lie on the u axis, it follows that the 
image of circle c is the u axis. The points w, = —-1, w2 = @, w3 = 1 give the upper half-plane 


G: Im (w) > ®@ aleft orientation. Therefore w = S (z) = rs a ; maps the disk D onto the upper 


half-plane G. To check our work, we choose a point Za that lies in D and find the half-plane in which 
its image, we lies. The choice zg = -1 yields we = S (Ze) = i. Hence the upper half-plane is the 
correct image. This situation is illustrated in Figure 10.6. 
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(1-i) z +2 
(l+i) z+ 2° 


Figure 10.6 The bilinear mapping w= S (z) = 


Explore Solution 10.6. 


Corollary 10.1 (The Implicit Formula with a point at Infinity). In equation (10-18) the point at 
infinity can be introduced as one of the prescribed points in either the z plane or the w plane. 


Proof. 
Case 1. If z3 = «, then we can write a = a = 1 and substitute this expression into 
= =e 
Equation (10-18) to obtain {2-22 (2-=) _ (WW) (e—¥3) which can be rewritten as 
(Z- 3) (22-21) (W-W3) (W2 — Wy) 

(2-71) (227) _ {W-wW1) (W2—W3) and simplifies to obtain 
(Zz -Z1) (Z- ©) (W-W3) (W2 — Wy) 

Z-Z1  _  (W-W1) (W2 - W3) 

Z2-Z1 (W—W3) (W2 - Wr) 


Case 2. If w3 =, thenwecanwrite "I = w = = 1and substitute this expression into 
ae a 

Equation (10-18) to obtain {2=22) (22-28) _ (w-W) (t2-*) Which can be rewritten as 

q 

(Z- 23) (Z2 - 21) (W- co) (W2 - W1) 
oe ey = ay acay and simplifies to obtain 
(10-21) (Z-Z1) (22-Z3) _ W-Wi 
(Z- 23) (Z2 - 21) W - Wa” 


Equation (10-21) is sometimes used to map the crescent-shaped region that lies between the 
tangent circles onto an infinite strip. 


Example 10.7. Find the bilinear transformation w = S (z) that maps the crescent-shaped region 
that lies inside the diskD: | z-2| < 2 and outside the circle | z-1| = 1 ontoa horizontal strip. 


Solution. For convenience we choose z, = 4, z2 = 2+2 i, z3 = @ and the image values 

Wi = 8, W2 = 1, W3 = «, respectively. The ordered triple z; = -4, z2 =2+2i, z3 =@ givesthe 
circle C: | z-2 | = 2 apositive orientation and the disk D: | z-2| < 2 hasa left orientation. 
The image points wi = @, w2 = 1, w3 = © all lie on the extended u axis, and they determine a left 
orientation for the upper half-plane Im (w) > @. Therefore we can use the second implicit formula 
(Equation (10-21)) to write 


which determines a mapping of the disk D: | z-2| < 2 onto the upper half-plane Im (w) > @. 
Use the fact that <= A. oi to simplify the preceding equation and get 
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which can be written in the form 


w-S (z) _ a 


A straightforward calculation shows that the points z, = 1-i, zs = 2, zg = 1+ i are mapped onto 
the points 


Wa = S(Z4) = S(1-1) = -241, 
Ws = S(Z5) = S(2) = 12 
We = S(Z_) = S(1+i1) = 241, 

respectively. The points wy = -2+ 1, Ws = 1, We = 2+ 1 lie onthe horizontal line Im (w) >1 in 


the upper half-plane. Therefore the crescent-shaped region is mapped onto the horizontal strip 
@ < Im (w) <1, as shown in Figure 10.7. 


y , 
W4=—2+i Ws =i We : 
= Bo <b - - — Be ee 
< Sows re -->--6--F- 


-iz+i14 
5 . 


Figure 10.7 The mapping w= S (z) = 


Explore Solution 10.7. 


Lines of Flux 


In electronics, images of certain lines represent lines of electric flux, which comprise the 
trajectory of an electron placed in an electrical field. Consider the bilinear transformation 


w= S(z) = = and z= S71 (w) = rae 


The half rays {Arg (w) = c}, where cis aconstant, that meet at the origin w = @ represent 
the lines of electric flux produced by a source located at w = @ (anda sink atw = «~ ). The preimage 
of this family of lines is a family of circles that pass through the points z = @ and z = a. We visualize 
these circles as the lines of electric flux from one point charge to another. The limiting case as a is 
called a dipole and is discussed in Exercise 6, Section 10.11. The graphs for a = 1, a = @.5, and 
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a = @.1 are shown in Figure 10.8. 
y y y 


a=1.0 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap." The 
following Initialization Cell will load these subroutines. 
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10.3 Mapping Involving Elementary Functions 


In Section 5.1 we saw that the function w = f (z) = e? is a one-to-one mapping of the 


fundamental period strip - 7 < y < 7 inthe z-plane onto the w-plane with the point w = @ deleted. 


Because f' (z) #0, the mapping w = e” is aconformal mapping at each point z in the complex 
plane. The family of horizontal lines y = c and -72<c<z7, andsegments x=a and -n<y<n7 
form an orthogonal grid in the fundamental period strip. Their images under the mapping w = e2 
are the rays 9 >@ and @=c andthecircles | w| = e*, respectively. These images form an 
orthogonal curvilinear grid in the w-plane, as shown in Figure 10.9. If -2 <c<d<vx7, then the 
rectangle R= {x+iy: a<x<b, c < y< d} is mapped one-to-one and onto the region 


G 
Z 


{oe?:e2<p<e>, c<o<d}. The inverse mapping is the principal branch of the logarithm 


y 


Figure 10.9 The conformal mapping w = e?. 
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In this section we show how compositions of conformal transformations are used to con- 
struct mappings with specified characteristics. 


Example 10.8. Show that the transformation w = f (z) = S—* isa one-to-one conformal 


e7+i 
mapping of the horizontal strip @ < y < x onto the disk |wj| < 1. Furthermore, the x-axis is 


mapped onto the lower semicircle bounding the disk, and the line y = 7 is mapped onto the upper 
semicircle. 


Solution. The function w = f (z) = a is the composition of Z = e7 followed by w = — 


The transformation Z = e? maps the horizontal strip @ < y < 7 onto the upper half plane 
Im (Z) >; the x axis is mapped on to the positive xX axis; and the line y = 7 is mapped onto the 


negative X axis. Then the bilinear transformation w = — maps the upper half plane 


Im (Z) > @ ontothe disk |w| <1; the positive x axis is mapped onto the lower semicircle; and 
the negative x axis onto the upper semicircle. Figure 10.10 illustrates the composite mapping. 


Figure 10.10 The composite transformation w = ©—4 


ez+i- 


Explore Solution 10.8. 


Example10.9. Show that the transformation w = f (z) = Log (7) is a one-to-one conformal 


mapping of the unit disk | z| < 1 onto the horizontal strip | Vv | RK Furthermore, the upper 


semicircle of the disk is mapped onto the line v = = and the lower semicircle onto v = a 
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Solution. The function w = f (z) = Log (7) is the composition of the bilinear transformation 


Z = -— followed by the logarithmic mapping w = Log (Z). The image ofthe disk |z | <1 


under the bilinear mapping Z = — is the right half-plane Re (Z) > @; the upper semicircle is 


mapped onto the positive Y axis; and the lower semicircle is mapped onto the negative y axis. The 
logarithmic function w = Log (Z) then maps the right half-plane onto the horizontal strip; the 
image of the positive Y axis is the line v = ee and the image of the negative y axis is the line 


V= a Figure 10.11 shows the composite mapping. 


_;n 
i ma 
+. ee 
WwW = Log ;—— 

: 

Xx u 

Y Wy = -i1F 

A yy 

-¢ w=Log Z 
> X 


Figure 10.11 The composite transformation w = Log (<=). 
Explore Solution 10.9. 
Example 10.10. Show that the transformation w = f (z) $5 = (242)? is a one-to-one 


conformal mapping of the portion of the unit disk | z| < 1 that lies in the upper half-plane 

Im (z) > @ onto the upper half-plane Im (w) > @. Furthermore, the upper semicircular portion of 
the boundary is mapped onto the line negative u-axis, and the segment -1<x<1, y =@ is 
mapped onto the positive u-axis. 


4 | Chapter10Section03.nb 


Solution. The function w = f (z) = ae - (+2)? is the composition of the bilinear transfor- 


mation Z = — followed by the mapping w = Z?. The image of the half-disk under the bilinear 


mapping Z = _ is the first quadrant X > @, Y > @; the image of the segment 
y =, -1<.x< 1, is the positive x axis; and the image of the semicircle is the positive Y axis. The 
mapping w = Z* then maps the first quadrant in the z plane onto the upper half-plane Im (w) > @, 


as shown in Figure 10.12. 


——»- 
x u 
ig 
A 
=j ®@ 
L= 7 ] w= Z- 
X 
Figure 10.12 The composite transformation w = (242)% 
Explore Solution 10.10. 
Example 10.11. Consider the function w= f (z) = (z?-1) - which is the composition of the 


functions Z = z*-1 and w = Ze where the branch of the square root is 

wake (cos ($) + isin (2)), where R= |Z|, w= arg (Z), and @<o<2zx. Thenthe 
transformation w = f (z) maps the upper half-plane Im (z) > @ one-to-one and onto the upper- 
half plane Im (w) > @ slit along the segment u = 0, 8<v<1. 
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Solution. The function Z = z*-1 maps the upper half-plane Im (z) > @ one-to-one and onto the 
1 
2 


z-plane slit along the ray Y = @, X = -1. Then the function w = Z2 maps the slit plane onto the 


slit half-plane, as shown in Figure 10.13. 


w= Z!2 


= 
2 


Figure 10.13 The composite transformation w = (z?-1)2 and the intermediate steps 


1 
Z=z*-1 and w= Z?. 


Explore Solution 10.11. 


Remark 10.1. The images of the horizontal lines y = b are curves in the w plane that bend around 
the segment from @ to i. The curves represent the streamlines of a fluid flowing across the w 
plane. We discuss fluid flows in more detail in Section 10.7. 


10.3.1 The Mapping w = (z?-1)*” 
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The double-valued function f (z) = (z*-1) z has a branch that is continuous for values of 
z distant from the origin. This feature is motivated by our desire for the approximation 
(z* - 1) — z to hold for values of z distant from the origin. We begin by expressing (z? - 1) : 
as 
(10-22) W = £1 (Z) = (z-1)2 (z+1)2, 


where the principal branch of the square root function is used in both factors. We claim that the 
mapping w = f, (z) is aone-to-one conformal mapping from the domain set Di, consisting of the 
z plane slit along the segment -1 < x < 1, y = @, onto the range set Hi, consisting of the w plane 
slit along the segment u = @, -1<v<1. 


To verify this claim, we investigate the two formulas on the right side of Equation (10-22) and 
express them in the form 


1 + 
(Z-1)2 = vYra ef 9/2 


where rz = |z-1| and 6 = Arg (z-1), and 


1 + 
(Z+1)2 = Yrq ef %/2 


where rz = |Z+1{| and 62 = Arg (z+1). 
The discontinuities of 6; Arg (z-1) and Arg (z+1) are points on the real axis such that 
x < 1 and x < -1, respectively. We now show that f1 (z) is continuous on the ray x < -1, y =@. 
We let ze = Xq + i ye denote a point on the ray x < -1, y = @ and then obtain the 
following limit as z approaches Zg from the upper half-plane: 


lim ,(z) = lim rz et 4/2 fp, ei O2/2 
X>Xe X>Xe 
Imz>@ Imz>@ 


= lim vVry e?%/2 lim Vr. e2 2/2 


r> | Xe-1] r>|Xe+1| 
@497T 6297 
=e 4 (Xeod [ete ( xee1 | -et2" 


= Af (eet) Gh | eet 


= 22V | xe-1] V | xXe+1| 


= anf |) My. | | Ke Dl 


= —4f | xZ-1| 


We let ze = Xq + i Ye denote a point on the ray x < -1, y =@ and then obtain the 
following limits as z approaches Zg from the lower half-plane: 
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lim f(z) = lim rz et 1/2 fp, ei 2/2 
X>Xe X>Xe 
Imz<@ Imz<® 


= lim vri ce? %/2 lim Vr2 et %/2 
r> | Xe-1] r>|Xe+1| 
@19-7 629-7 


= V[X9-1| et/*V | x9+1] et? 
= | Xg-1 | (-1) \V | Xg+1 | (-1) 


= (-i)?V¥ | xe-1| V | xXe+1] 


= a Af | Xe | | eed | 


We can easily find the inverse mapping and express it similarly: 


1 
2 


Nie 


Z = g1(W) = (W7+1)2 = Cee eee , 


where the branches of the square root function are given by 


1 
2 


(W+i)2 = Vp, ef %/? 

where 61 = |W+il|, dr = arg_,/2 (w+i), and -2 <arg_.,. (w+i) < , 
(wi)? = Voz ebt?? 

where p2 = |W-i|, ¢2 = arg_,/2 (w-i), and -2 <arg_,,. (w-i) < =. 


A similar argument shows that g1 (w) is continuous for all w except those points that lie on 
the segment u = @, -1 < v <1. Verification that 


hold for z in D; and w in H,, respectively, is straightforward. Therefore we conclude that 
w = £1 (z) = (z-1) ; (z+1) : is a one-to-one mapping from D, onto H;. Verifying that Ff, (z) 
is also analytic on the ray x < -1, y = @, is tedious. We leave it as a challenging exercise. 


10.3.2 The Riemann Surface for w= (z?-1)*/” 


Using the other branch of the square root, we find that w = f2 (z) = -f,1 (z), is a one-to-one 
conformal mapping from the domain set D2 consisting of the z-plane slit along the segment 
-1<x<1, y = 8, onto the range set H2 consisting of the w-plane slit along the segment 
u=@, -1<v<1. Thesets D; and H, for f; (z) and Dz and H2 form the Riemann surface for the 
mapping, as shown in Figure 10.14. 
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w =f, (z) 2 
_—_> 
D, | H 
ani Pik 
B 
<< ee 
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to 


w =f, (z) 


| 
i) 


¥y 
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—| 
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Figure 10.14 The mappings w = f; (z) and w = f) (Zz). 


1 
We obtain the Riemann surface for w = (z*-1)2 by gluing the edges of D, and D2 together 
and the edges of H; and Hz together. In the domain set, we glue edges Atoa, Btob, Ctoc, and 
Dtod. In the image set, we glue edges A' toa’, B' tob', C' toc’, and D'tod'. Theresultisa 


Riemann domain surface and Riemann image surface for the mapping, as illustrated in Figures 
10.15(a) and 10.15(b), respectively. 
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Figure 10.15 The Riemann surfaces for the mapping w = (z2 - 1)7/?. 
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10.4 Mapping Involving Trigonometric Functions 


The trigonometric functions can be expressed with compositions that involve the exponential 
function followed by a bilinear function. We can find images of certain regions by following the 
shapes of successive images in the composite mapping. 


Example 10.12. The transformation w = tanz is a one-to-one conformal mapping of the vertical 


as 


strip |x| < 2 ontothedisk jw] < 1. 


eal 


iz 


=iz iz 


cosz = <“"— and_ss sinz = £— 
2 21 
‘. ; iz_.,-iz at gilzz i 
Then we can write w = tanz = 82 = }£ =e" _~ =£"** and we use the formula 
cos Zz i e%+e+ ee] 
i e222 4 4 
w = tanz a 


Then, mapping w = tan z can be considered to be the composition 
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Ws SEZ" ond Z = ei2z, 
Z+1 


Tt 


The transformation Z = e122 maps the vertical strip | x | ay one-to-one and onto the right half- 


plane Re (Z) > @. Then the bilinear transformation w = 7 a maps the right half-plane one-to- 


one and onto the disk, as shown in Figure 10.16. 


y v 


w =tanz 


Z\ =i 
Peano 


Z=-i 


Figure 10.16 The composite transformation w = tanz. 


Explore Solution 10.12. 


Example 10.13. Show that the transformation w = f (z) = sinz isa one-to-one conformal 


Tv 


mapping of the vertical strip | x | xs onto the w-plane slit along the rays u < -1, v=@ and 


1<u, v=8@. 
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‘a ad ' mea Bae, 
2 ek a La TT 


Solution. Because f' (z) = cosz #¢ @ for values of z satisfying the inequality 


Pai 


== < Re (Zz) < 5, it follows that w = sinz is aconformal mapping. Using Equation (5-33), we 
write 


Uu+iV = Sinz = sinx coshy + icosx sinhy. 


If | a | < = then the image of the vertical line x = a is the curve in the w plane given by the 


parametric equations 
u = sina coshy and v = cosa sinhy, 


for —c < y < o. Next, we rewrite these equations as 


u 
sina 


Vv 


coshy = ae 


and sinhy = 


We now eliminate y from these equations by squaring and using the hyperbolic identity 
cosh? y - sinh*y = 1. The result is the single equation 


(10-23) - a 


sin?a cos*a 


The curve given by Equation (10-23) is identified as a hyperbola in the uv plane that has foci at the 
points (+1, @). Therefore the vertical line x = a is mapped one-to-one onto the branch of the 
hyperbola given by Equation (10-23) that passes through the point (sina, @). If @ < a < D then 


itis the right branch; if - - < a < @, itis the left branch. The image of the y axis, which is the line 


x = @, is the v axis. The images of several vertical lines are shown in Figure 10.17(a). 
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w =sin z 


‘ 
tad 


Figure 10.17 The transformation w = sin z. 
The image of the horizontal segment - = <X< a y = b is the curve in the w plane given by the 


parametric equations 


u=sinx coshb and v=cosx sinhb, 


for 23 <X< = We rewrite them as 


We now eliminate x from the equations by squaring and using the trigonometric identity 
cos? x + sin*x = 1. The result is the single equation 


(10-24) — * aap 1 

The curve given by Equation (10-24) is identified as an ellipse in the uv plane that passes through 
the points (+coshb,®@) and (@,+sinhb) and has foci at the points (+1, @). Therefore, if b > 0, 
then v = cosx sinhb > 8, and the image of the horizontal segment is the portion of the ellipse 
given by Equation (10-24) that lies in the upper half-plane Im (w) > @. If b <@, then 

v = cosx sinhb < @, and the image of the horizontal segment is the portion of the ellipse given 
by Equation (10-24) that lies in the lower half-plane Im (w) < @. The images of several segments 
are shown in Figure 10.17(b). 


Explore Solution 10.13. 


10.4.1 The Complex Arcsine Function 


We now develop explicit formulas for the real and imaginary parts of the principal value of the 
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arcsine function w = f (z) = Arcsinz. We use this mapping to solve problems involving steady 
temperatures and ideal fluid flow in Section 10.7. The mapping is found by solving the equation 


(10-25) X+iy = sinw = sinu coshv + icosu sinhv, 


for u and v expressed as functions of x and y. To solve for u, we first equate the real and imaginary 
parts of Equation (10-25) and obtain the equations 


* and sinhv = — 


coshv = —— ae aes 
sinu cosu 


Then we eliminate v from these equations and obtain the single equation 


x2 y2 _ 
sin? u cos* u 


If we treat u as a constant, this equation represents a hyperbola in the xy plane, the foci occur at 
the points (+1, 0), and the transverse axis is given by 2 sinu. Therefore a point (x, y) on the 
hyperbola must satisfy the equation 


2sinu = yf (x+1)2+y? J (x 1)7+y?. 
The quantity on the right side of this equation is the difference of the distances from (x, y) to 
(-1,@) andfrom (x, y) to (1,@). We now solve the equation for u to obtain the real part: 


(10-26) u (x,y) = Arcsin ; 


J (x+1)24+y? - (x-1) 2+y? 


The principal branch of the real function Arcsin t is used in Equation (10-26), where the range 


PAu 


values satisfy the inequality - > < Arcsint < a 


Similarly, we can start with Equation (10-25) and obtain the equations 


—— and <cosu = = 
coshv sinhv 


sinu = 
We then eliminate u from these equations and obtain the single equation 


2 2 
x y = 1. 
cosh? v sinh? v 


If we treat v as a constant, then this equation represents an ellipse in the xy plane, the foci occur at 
the points (+1, 0), and the major axis has length 2 cosh v. Therefore a point (x, y) on this ellipse 
must satisfy the equation 


2coshv = 4 (x+1)2+y? » af (x 1)7+y?. 


The quantity on the right side of this equation is the sum of the distances from (x, y) to (-1, @) 
and from (x, y) to (1,@). 
The function z = sinw maps points in the upper half (lower half) of the vertical strip 


mS 


- 7 Sues onto the upper half-plane (lower half-plane), respectively. Hence we can solve the 
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preceding equation and obtain v as a function of x and y: 


af (x+1)2+y? + J (x-1) 2+y? 
2 ’ 


(10-27) Vv (x,y) = sign (y) Arccosh 


where sign (y) =1, ify > 0, and sign (y) = -1, ify < @. The real function given by 


Arccosht = In (t+ (t2-1) with t is used in Equation (10-27). 


Therefore the mapping w = Arcsinz is a one-to-one conformal mapping of the z plane cut 


as TT 


along the rays x < -1, y=9, and x21, y =@, onto the vertical strip - ae USS in the w 
plane, which can be construed from Figure 10.17 if we interchange the roles of the z and w planes. 
The image of the square @< x <4, @< y <4, under w = Arcsin z, is shown in Figure 10.18. We 
obtained it by plotting the two families of curves { (u (c,t),v (c,t)) : @<t<4} and 

{(u (t,c),v (t,c)) : @<t <4}, where c= x, k=@,1, ..., 20. 


y w = Arcsin z 


we, 
at St tay 
a a a 
2 Ltt] 


il 

an aoe 

ae ae 

x 
4 


wlaA 


Figure 10.18 The mapping w = Arcsinz. 


The formulas in Equations (10-26) and (10-27) are also convenient for evaluating w = Arcsinz, as 
shown in Example 10.14. 


Extra Example 1. The transformation w = f (z) = Arcsinz is a one-to-one conformal mapping of 
the first quadrant x > @, y > @ onto the semi-infinite strip | u | <5, V>®. 
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Explore Solution for Extra Example 1. 


Example 10.14. Find the principal value of Arcsin (1+1i). 


Solution. Using Formulas (10-26) and (10-27), we get 


Arcsin (z) = Arcsin (x+iy) = U(xX,y) +1V(xX%y) 


és 41) 2+y? - -1)2+y? i . 4+1)24+y? + -1) 2+y? 
Arcsin Ve = al ie + 1 Sign (y) Arccosh Vx = aun = 


Evaluating these equations at the point z = 1+i or (z,y) = (1,1), weget 


Arcsin (1+i7) = u(1,1) + 1v (1,1) 


es oe “= } isign (1) Arccosh | V7" =Vev ee) 
= Arcsin (4) + iArccosh (2+) 


= @.6662394325 + i11.0612750619 


Explore Solution 10.14. 


Is there any reason to assume that there exists a conformal mapping for some specified 
domain D onto another domain G? The theorem concerning the existence of conformal mappings is 
attributed to Riemann and can be found in the book by Lars V. Ahlfors Complex Analysis (New 
York: McGraw-Hill Book Co.) Chapter 6, 1966. 
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Theorem 10.4 (Riemann Mapping Theorem). If D is any simply connected domain in the plane 
(other than the entire plane itself), then there exists a one-to-one conformal mapping w = f (z) 
that maps D onto the unit disk |w | <1. 


Proof. 
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Chapter 11 Applications of Harmonic Functions 
11.1 Preliminaries 


Overview 


A wide variety of problems in engineering and physics involve harmonic functions, which are 
the real or imaginary part of an analytic function. The standard applications are two dimensional 
steady state temperatures, electrostatics, fluid flow and complex potentials. The techniques of 
conformal mapping and integral representation can be used to construct a harmonic function with 
prescribed boundary values. Noteworthy methods include Poisson's integral formulae; the 
Joukowski transformation; and Schwarz-Christoffel transformation. Modern computer software is 
capable of implemeting these complex analysis methods. 


In most applications involving harmonic functions, a harmonic function that takes on pre- 
scribed values along certain contours must be found. In presenting the material in this chapter, we 
assume that you are familiar with the material covered in Sections 2.5, 3.3, 5.1, and 5.2. If you 
aren't, please review it before proceeding. 


Example 11.1. Find the function u (x, y) that is harmonic in the vertical strip a < Re (z) < band 
takes on the boundary values 


u (a, y) U, forall y, and 


u(b, y) = U2 forall y, 


along the vertical lines x = a and x = b, respectively. 
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1 1-2 1.4 1.6 1.8 2 


Figure 11.1 Level curves of the harmonic function 
U2-Uz 


u (X, y) = Uy 4 aa (X-a). 


Solution. Intuition suggests that we should seek a solution that takes on constant values along the 
vertical lines of the form x = xg and that u(x, y) be a function of x alone; that is, 


u(x, y) = P(x), for a<x<b and forall y. 
Laplace's equation, uxx (x, y) + Uyy (xX, y) = 8, implies that P'' (x) =, which implies 
P (x) =mx + c, wheremandc are constants. The stated boundary conditions 


u (a, y) = P (a) = Uy and u (b, y) = P (b) = U; lead to the solution 


u (X, y) Ui 4 a (X-a). 


The level curves u (x, y) = constant are vertical lines as indicated in Figure 11.1. 


Explore Solution 11.1. 


Example 11.2. Find the function © (x, y) that is harmonic in the sector @ < Arg (z) < a and takes 
on the boundary values 


© (x, @) = Cy for x>O0, 
© (x, y) = C) forall points on the ray r>@, 6 =a. 


=2 “1 0 1 2 


Figure 11.2 Level curves of the harmonic function 
© (X,y) = Cit oS Arg z. 


Solution. Recalling that the function Arg z is harmonic and takes on constant values along rays 
emanating from the origin, we see that a solution has the form 
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G(X, y) = a+ DArgz, 


where a and b are constants. The boundary conditions lead to 


© (xX, y) = Cit oS Arg z. 


The level curves © (x, y) = constant are rays emanating from the origin as indicated in Figure 
11.2. 


Explore Solution 11.2. 


Example 11.3. Find the function 5 (x, y) that is harmonic in the annulus 1 < | z | < R and takes 
on the boundary values 


& (x, y) = Ki when |z| =1, and 
& (x, y) = Kz when |z| =R. 


“4 sz 0 2 4 


Figure 11.3 Level curves of the harmonic function 


K2-Kiz 
1nR 


B(x, y) = Ky + In | 2 |. 


Solution. This problem is a companion to the one in Example 11.2. Here we use the fact that 
In | z | is a harmonic function, for all z + @. The solution is 


® (xX, y) = Ki + ; 


Ko-Ka 1p | z 
1nR 


and the level curves & (x, y) = constant are concentric circles, as illustrated in Figure 11.3. 


Explore Solution 11.3. 
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11.2 Invariance of Laplace's Equation and the Dirichlet Problem 


Let D be a domain whose boundary is made up of piecewise smooth contours joined end to 
end. The Dirichlet problem is to find a function ¢ (u, y) that is harmonic in D such that ¢ (u, y) 
takes on prescribed values at points on the boundary. Let us first study the problem in the upper 
half plane. 


Theorem 11.1 (Invariance of Laplace's Equation). Let  (u, v) be harmonic in a domain G in the 
w-plane. Then & (u, v) satisfies Laplace's equation 


(11-1) Byy (UV) + By (u,v) = Q, 


at each point w=u+iv in G. If w=f (z) =u (x,y) +iv (x,y) is aconformal mapping from 
a domain D in the z-plane onto G, then the composition 


(11-2) @ (x,y) = & (u(x%y), Vv (xX Y)), 
is harmonic in D, and ¢ (x, y) satisfies Laplace's equation 
(11-3) Pxx (u, y) + dyy (x, Y) = Q, 


at each point z= x+iy inD. 


Proof. 


Example 11.4. Show that ¢ (x,y) = Arctan ( = 


x2 +y?-1 


is harmonic inthe disk | z| <1. 
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is a conformal mapping of the disk | z | <1 onto the right half-plane Re (w) >, it canbe 


rewritten as 


. d+X+1Ly _  X+i (1+y) 

f (x ii y) 1-x-iy -X+i (1-y) 
_  _(%+i (1+y)) (-x-i (1-y)) 
(-x+a (1-y)) (-x-i (1-y) ) 


_ 1-x?-y*-2i x 


x?+ (1-y) 2 
>. 1-x?-y? zt 2x 
x?+ (1-y) ? x74 (1-y)? 


The results from Exercise 7(b), Section 5.2, show that the function 


& (u,v) = Arctan (~) = Arg (u+iv) 


is harmonic in the right half-plane Re (w) > @. Taking the real and imaginary parts of f (x+iy), 


we have 


1-x2-y? 
U(X) = erat and v (x,y) = yt 


Substituting these equations into the formula for 5 (u, v) and using (11-2), we find that 


= Vv (X;Y) 7 2x . . 
@ (x,y) = Arctan | ee oe = Arctan (a4) is harmonic for 


’ 


|z| <1. 


Explore Solution 11.4. 


Let D be a domain whose boundary is made up of piecewise smooth contours joined end to 
end. The Dirichlet problem is to find a function & that is harmonic in D such that takes on pre- 
scribed values at points on the boundary. Let's first look at this problem in the upper half-plane. 


Example 11.5. Show that the function 
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(11-4) S (u,v) = * Arctan (=< = “Arg (W — Ug) 


Ug 
is harmonic in the upper half plane Im (w) > @ and has boundary values 


& (u,@) =@, for U> Ug; 


@ (u,@) =1, for U< Ug. 


Solution. The function 


g(w) = ~ Log (W-Ug) = “In | w Uo | “Arg (W - Ug) 


is analytic in the upper half-plane Im (w) >, and its imaginary part is the harmonic function 
G (u,v) = * Arg (W — Ug). 


Explore Solution 11.5. 


Remark 11.1 Let t be areal number. We shall use the convention Arctan (+0) = a so that the 


function Arctan (t) denotes the branch of the inverse tangent that lies in the range 
@ < Arctan (t) < x. Doing so permits us to write the solution in equation (11-4) as 


& (u,v) = * arctan (—_}. 


Theorem 11.2 (N-Value Dirichlet Problem for the Upper Half Plane). Let u, < uz <... < Un-1 
denote N - 1 real constants. The function 


(11-5) ® (UV) = ana + = RF (aca - ax) Arg (W- UK) 


& (u,v) = ana + = Sieh (a1 - ax) Arctan (—_) 


is harmonic in the upper half plane Im (w) > @ and takes on the boundary values 


G (u,@) = ag, for U < U4; 
B (u,@) = a, for Up <U< Uxiy for k=1,2, ...,N-2; 
fab) (u, 0) = AN-159 for U> Un-1- 


The situation is illustrated in Figure 11.4. 


4 | Chapter11Section02.nb 


ul 


since i Ne 
Bu, O) = dy Mu,O) = a GMu.0)=ay_> Hu,0)=ay_ 


Mu, 0) =a, 


Figure 11.4 The boundary conditions for the harmonic function & (u,v). 


Proof. 
Example 11.6. Find a function ¢ (x, y) that is harmonic in the upper half-plane Im (z) > @® and 
takes on the boundary values indicated in Figure 11.5. That is 


@ (X,@) =1, for -1<x<@, 


@ (X,@) =3, for O@<x<1, 


-2 =2 0 1 2 


Solution. This is a four-value Dirichlet problem in the upper half-plane defined by Im (z) > @. For 
the z plane, the solution in Equation (11-5) becomes 
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O(%Y) = a3 + > Ra (Ax-2~ ax) APE (Z~ Xx) 
@ (XY) = a3 + Sarg (z-x1) + S* Arg (z-x2) + ** Arg (z- xs) 
Here we have ag = 4, a1 = 1, a2 = 3, and a3 = 2 and x, = -1, X2 = 9, and x3 = 1, which we substi- 
tute into equation for ¢ (x, y) to obtain 
@ (X,Y) = 2+ arg (z- (-1)) + = Arg (Z -@) + = arg (z-1) 
= 2 + = arg (Z+1) - = arg (Z) + = arg (z- 1) 
= 2+ 2Arg(x+1+iy) - Arg (x+iy) +=Arg (x-1+iy) 


=- 2+ = arctan (4) = = arctan (~) + * arctan (4) 


$$$ a 
o(x,0) =4 | o(x,0) = 1 0 o(x,0) =3 | o(x,0) =2 


Figure 11.5 The boundary values for the Dirichlet problem. 


Explore Solution 11.6. 


Extra Examples‘ (a-d). Find a function ¢ (x, y) that is harmonic in the upper half-plane 
Im (z) > @ and takes on the indicated boundary values. 


2 2 


(a) a9 = 0, a, = 1, a; =-1, a: = 0 tb) ap = 3, a = 2, ag =1, a, =0 
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1.4 1.4 
1.2 1.2 
1 1 
0.8 0.6 
0.6 0.6 
0.4 0.4 
0.2 0.2 
it) 0 
“1.5 -1 -0.5 it] o.5 1 1.5 -1.5 -1 -0.5 0 o.5 1 1.5 
(c) ag =2, 4, =1, ay = 0, a =1 (@) ay =1, a, = O, as =1, a, =0 


Explore Solution Extra Example 1 (a). 
Explore Solution Extra Example 1 (b). 
Explore Solution Extra Example 1 (c). 


Explore Solution Extra Example 1 (d). 


Example 11.7. Find a function ¢ (x, y) that is harmonic in the upper half-plane Im[z] > @, which 
takes on the boundary values 


o (X,@) =1, for |x| <1; 


ob (X,@) =@, for |x| >1. 


=< =z 0 1 2 


Solution. This is a three-value Dirichlet problem in the upper half-plane defined by Im (z) > @. For 
the z plane, the solution in Equation (11-5) becomes 


O(%Y) = a2 + = Sha (axa - ak) Arg (Z- Xx) 
O(%Y) = ay + Arg (z-x1) + 4% Arg (z- x2) 


Here we have ag = 9, a, = 1, and ap = @ and x, = -1, and x, = 1, which we substitute into the 
above equation for @ (x, y) to obtain 
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O(%y) = @+ Sarg (z- (-1)) + <2 Arg (z-1) 


= - Arg (Z+1) + * Arg (Z-1) 


= “Arg (x+1+iy) + ~ Arg (x-1+i1y) 
= ~ +Actan (4) + 1 Actan (>) 
mT x+1 TT x-1 


A three-dimensional graph of @ (x, y) is shown in Figure 11.6. 


Figure 11.6 The graph of ¢ (x,y) = - * Actan (4) + * Actan ( 


2) 
x-1 
@, for 


with the boundary values @ (x, @) =1, for |x| <1,and@ (x,@) = 
|x| > 1. 


Explore Solution 11.7. 


We now state the N-value Dirichlet problem for a simply connected domain. We let D be a 
simply connected domain bounded by the simple closed contour c and let 21, Z2, ..., Zn_1, Zn 
denote N points that lie along Cc in this specified order as C is traversed in the positive direction 
(counterclockwise). Then we let C, denote the portion of c that lies strictly between z, and Zx,1, for 
k =1,2, ...,N-1, and let Cy denote the portion that lies strictly between zy and z;. Finally, we let 
a1, a2, ..-, Aay-1, ay be real constants. 


We want to find a function ¢ (x, y) that is harmonic in D and continuous on 
DUCiUC2U~-- U Cu-1U Cy that takes on the boundary values 


&’(%YyY) = a1, for Z=X+iy on CG; 


b (X,Y) = a2, for Z=X+iy on Cp; 


(11-6) @ (X,Y) = ay, for Z=xX+iy on Cy, for k = 1,2, N; 


eee, 


@(%y) = ay, for Z=X+iTy on Cy. 
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The situation is illustrated in Figure 11.7. 


J , 


Figure 11.7 The boundary values for ¢ (x, y) for the Dirichlet problem in the simply 
connected domain D. 


One method for finding ¢ (x, y) is to find a conformal mapping 


(11-7) w= f(z) =u(x%y) + iv (xy) 
of D onto the upper half-plane Im (w) > 8, such that the N points z1, Z2, ..., Zy_1, Zn are mapped 
onto the points u, = f (z,), for k=1, ...,N-1, and zy is mapped onto uy = + along the u 


axis in the w -plane. 


When we use Theorem 11.1, the mapping in Equation (11-7) gives rise to a new N-value 
Dirichlet problem in the upper half-plane Im (w) > @ for which the solution is given by Theorem 11.2. 
If we set ag = ay, then the solution to the Dirichlet problem in D with the boundary values from 
Equation (11-6) is 


O(X%Y) = ava + SIRT (Aka - ak) Arg (F(Z) - Ux) 


V (XY) 


U (X,Y) ~ Uk 


@(%Y) = ana + = DNF (axa-ax) Arctan 


This method relies on our ability to construct a conformal mapping from D onto the upper half-plane 
Im (w) > @. Theorem 10.4 guarantees the existence of such a conformal mapping. 


Example 11.8. Find a function ¢ (x, y) thatis harmonic in the unit disk | z| <1, which takes 
on the boundary values 


(11-8) @(%Yy) =@ for x+iy=e89, @<O<n7; 


@(%y) =1, for x+iy=e99 m<O<2n7. 


Solution. Example 10.3 showed that the transformation 
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z(1-z) _ = it (1-x-iy) 
1+z 1+x+iy 


is a one-to-one conformal mapping of the unit disk | z | < 1 onto the upper half-plane Im (w) > @, 
which can be written as 


: a _ a (1-x-iy) (1+x-iy) 
(11-9) eed (1+x+i y) (1+x-i y) 


2y+i (1-x?-y?) 
142 x+x?+y? 


2y _ oa dex?-y? 
(x+1)24y2 (x+1) 2+y? 


Equation (11-9) reveals that the points z = x + i y lying on the upper semicircle 

y > @, 1- x?- y* = @ are mapped onto the positive u axis. Similarly, the lower semicircle is 
mapped onto the negative u axis, as shown in Figure 11.8. The mapping given by Equation (11-9) 
gives rise to a new Dirichlet problem of finding a harmonic function & (u,v) that has the boundary 


values 


& (u,@) = 0, for u>®, and 


& (u,@) = 1, for u<@, 


2y 
(x+1) 2+y? 


as shown in Figure 11.8. Using the result of Example 11.5 and the functions u (x, y) = 


and v (x,y) = ES from Equation (11-9), we get the solution to Equations (11-9): 


. wi Vv (X,Y) _ 21 1-x?-y? 
@ (X,Y) = = Arctan (se) = — Arctan je i. 


@(u,0) =1 @ (u, 0) 
for u <O for u >| 


Figure 11.8 The Dirichlet problems for | z | <1andIm (w) >@. 


Explore Solution 11.8. 
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Example 11.9. Find a function ¢ (x, y) that is harmonic in the upper half disk 
H:y>®, | z| <1, which takes on the boundary values 


¢(%Yy) =@ for x+iy=et9,@<O<n7; 


@ (X,0) =1, for -1<x<1. 


Solution. When we use the result of Exercise 4, Section 10.2, the transformation in Equation (11-9) 
maps the upper half-disk H onto the first quadrant Q: u > @,v > 8. The conformal mapping given in 
Equation (11-9) maps the points z = x + i y that lie on the segment y = @, -1 < x < 1 onto the 
positive v axis. 


Equation (11-9) gives rise to a new Dirichlet problem of finding a harmonic function & (u, v) 
in Q that has the boundary values 


S (u,@) = @, for u>@, and 


& (0,v) = 1, for v>8, 


as shown in Figure 11.9. In this case, the method in Example 11.2 can be used to show that 


& (u,v) is given by 


B (uv) = @+ — Arg (w) = = arg (w) = = arctan (~) 


Using the functions u (x, y) = —~», 7 and v (x, y) = ee in Equation (11-9) in the preceding 


(x41) 2+ X+1) 2+ 


equation, we find the solution of the Dirichlet problem in H: 
_ 2 v (xy) = 2 1-x?-y? 
@ (X,Y) = = Arctan (se) = = Arctan (=). 


A three-dimensional graph of @ (x, y) in cylindrical coordinates is shown in Figure 11.10. 
y 
y i(1—z) 


ada Fo Q 


@M(0.v) = 1 
for v>O 
Xx 
=I o(v.0)=1 for -l<x<1 l 0 M(u.0)=0 for u>0 


Figure 11.9 The Dirichlet problems for the domains H and Q. 
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Figure 11.10 The graph ¢ (x,y) = * arctan ie = = arctan 


1-r? 
2rsine" 


Explore Solution 11.9. 


Example 11.10. Find a function ¢ (x, y) that is harmonic in the quarter disk 
G: x>0, y>®, | z| <1, which takes on the boundary values 


@ (X,Y) = 8, for X+iy=e9, C2055) 
@ (x,@) =1, for @<x<1; 


@(@,y) =1, for O<sy<1. 


Solution. The function 


(11-10) u+iv = z? = x*-y* + i2xy 


maps the quarter-disk onto the upper half-disk H: v > @,| w | <1. The new Dirichlet problem in D 
is shown in Figure 11.11. From the result of Example 11.9 the solution & (u, v) in His 


very S (u,v) = 2Arctan (=). 


Using Equation (11-10), and u = x*-y? and v = 2xy we obtain 


uray? = (Re oy2)*4 (2 ey) 


= x442x2y2+y4 
)? 


= (x?+y? 


which we use in Equation (11-11) to construct the solution in G: 
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4xy 


@ (X,Y) = * arctan Ero, 


A three-dimensional graph of @ (x,y) = 2 arctan pe. 


| in cylindrical coordinates is shown 


in Figure 11.12. 


¥ 


o(0.y) =] 
for 0 y<1 


x 
0 (x0) =1 for O<x<1 ! =I @(u0)=1 for -l<u< 


Figure 11.11 The Dirichlet problems for the domains G and H. 


AS 
| \\\ \) 


Figure 11.12 The graph 


¢ (x,y) = 2Arctan 1-(xtsy4}" |) _ 2 aretan om 
De eal 4xy "ot 4r? cos 


Explore Solution 11.10. 
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11.3 Poisson's Integral Formula for the Upper Half-Plane 


The Dirichlet problem for the upper half-plane Im (z) > @ is to find a function @ (x, y) that 
is harmonic in the upper half plane and has the boundary values ¢ (x, @) =U (x), where U (x), 
is a real-valued function of the real variable x. An important method for solving this problem is our 
next result which is attributed to the French mathematician Siméon Poisson. 


Theorem 11.3 (Poisson's Integral Formula). Let U be a real-valued function that is piecewise 
continuous and bounded for all real t. The function 


z _y U (t) 
(11-12) o(%y) = FP aoa at 
is harmonic in the upper half plane Im (z) > @ and has the boundary values 
 (X, @) = U (x) 


wherever U (x) is continuous. 
Proof. 


Example 11.11. Find the function ¢ (x, y) that is harmonic in the upper half-plane Im (z) > @, 
which takes on the boundary values 
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Solution. Using Equation (11-12), we obtain 


y ft 1 
0G Y) = 2 Sa aa at 
Using techniques from calculus we have the integration formula Wresces dt = Arctan (Ses 
We obtain the solution as follows 
t-1 
’ (x,y) = = (Arctan ) . I 
= +arctan (4) - + arctan (2) 
mt x-1 1 x+1 


Explore Solution 11.11. 


Extra Example 1. Find the function ¢ (x, y) that is harmonic in the upper half-plane Im (z) > @, 
which takes on the boundary values 


Explore Extra Solution 1. 


Example 11.12. Find the function ¢ (x, y) that is harmonic in the upper half-plane Im (z) > @, 
which takes on the boundary values 
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Figure 11.14 The graph of ¢ (x, y) with the boundary values 
@ (x, @) = xX, fo -1<x<1; 
oe) Wie |x| ol. 


Solution. Using Equation (11-12), we obtain 


T t 
0) (X, y) = ane (x-t) 24y2 dt 


sy 1 (x-t) (-1) : x cl y 
7 ie (x-t) 2+y? dt + 7 ie (x-t) 2+y? dt 


Using techniques from calculus we have the integration formulas 


joe = ae < >In ((x-t)?+y?), and 


(x-t) 24 


dt = Arctan (4). 


We obtain the solution as follows 


t-1 t-1 
’ (x,y) = Z (Fin ((x-t)?+y7)) z x (Arctan (57)) 1 
= 2 1n 45 ~Arctan (—¥-) - *Arctan (——) 


The function @ (x, y) is continuous in the upper half-plane, and on the boundary ¢ (x, @), except 
at the discontinuities x = +1 on the real axis. The graph in Figure 11.14 shows this phenomenon. 


Explore Solution 11.12. 
Example 11.13. Use Poisson's Integral formula to find the harmonic function ¢ (x, y) thatis 


harmonic in the upper half-plane Im (z) > @, that takes on the boundary values 


-1, for x<-l1; 
@ (X, @) = X, for -1<x<1; 
@ (X, @) = 1, for 1<x. 


aS 
x< 

. 
fev) 
I 
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Figure 11.15 The graph of @ (x, y). 


Solution. Using techniques from Section 11.2, we find that the function 
v (x,y) = 1 - * arctan (4) = ~ Arctan (4) 


is harmonic in the upper half-plane and has the boundary values v (x, @) =@, for |x| <1; 


v (xX, @) = -1, forx < -1; v (x, @) =1, for1 < x > 1. This function can be added to the one in 


Example 11.12 to obtain the desired result: 


-1-1 x). 2 ey in 2 Caees 
@ (x,y) = 1 — Arctan (=) — Arctan (=) + Sn ( oe a 
+ *~rctan (>) = * arctan ( y ) 
Tt x-1 7 x41 
= 1+ “*arctan(~) - “arctan() + “In ee 
nm x-1 7 x+1 2n (x+1)“+y 


Figure 11.15 shows the graph of @ (x, y). 


Explore Solution 11.13. 


Extra Example 2. Use Poisson's Integral formula to find the harmonic function ¢ (x, y) that is 
harmonic in the upper half-plane Im (z) > @, that takes on the boundary values 


@ (X, @) =-1, for xX<-1 
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Explore Extra Solution 2. 
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11.4 Two-Dimensional Mathematical Models 


We now consider problems involving steady state heat flow, electrostatics, and ideal fluid 
flow that can be solved with conformal mapping techniques. Conformal mapping transforms a 
region in which the problem is posed to one in which the solution is easy to obtain. As our solutions 
involve only two independent variables, x and y, we first mention a basic assumption needed for the 
validity of the model. 


The physical problems we just mentioned are real-world applications and involve solutions in 
three-dimensional Cartesian space. Such problems generally would involve the Laplacian in three 
variables and the divergence and curl of three-dimensional vector functions. Since complex analy- 
sis involves only x and y, we consider the special case in which the solution does not vary with the 
coordinate along the axis perpendicular to the xy plane. For steady state heat flow and electrostat- 
ics, this assumption means that the temperature, T, or the potential, Vv, varies only with x, and y. 
Thus for the flow of ideal fluids, the fluid motion is the same in any plane that is parallel to the z 
plane. Curves drawn in the z plane are to be interpreted as cross sections that correspond to 
infinite cylinders perpendicular to the z plane. An infinite cylinder is the limiting case of a "long" 
physical cylinder, so the mathematical model that we present is valid provided the three-dimensional 
problem involves a physical cylinder long enough that the effects at the ends can be reasonably 
neglected. 


In Section 11.1 and Section 11.2 we learned how to obtain solutions ¢ (x, y) for harmonic 
functions. For applications it is important to consider the family of level curves 
{@ (x,y) = Ky: Ky isareal constant} and the conjugate harmonic function y (x, y) and its family 
of level curves {wW (x,y) = K2: Kz isarealconstant}. It is convenient to introduce the terminology 
complex potential for the analytic function F(z) = ¢ (x,y) + i@ (x,y). The following result 
regarding the orthogonality of the above mentioned families of level curves will be use in developing 
the ideas concerning the physical applications. 


In Sections 11.1 and 11.2, we showed how to obtain solutions @ (x, y) for harmonic func- 
tions. For applications, we need to consider the family of level curves 
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(10-16) {@ (X% y) = Ky: Ky isareal constant} 

and the conjugate harmonic function ~ (x, y) and its family of level curves 

(10-17) {wu (xX, y) = Ka: Kz isareal constant} 

For convenience, we introduce the term complex potential for the analytic function 
F(z) = @(%y) + iv (xy). 


We use Theorem 11.4, regarding the orthogonality of the families of level curves (10-16) and 
(10-17), to develop ideas concerning the physical applications that we will consider. 


Theorem 11.4 (Orthogonal Families of Level Curves). Let ¢ (x, y) be harmonic in a domain D. 
Let w (x, y) be the harmonic conjugate and let F(z) = ¢ (x,y) + iw (x,y) be the complex 
potential. Then the two families of level curves given in Equations (10-16) and (10-17), respec- 
tively, are orthogonal in the sense that if (a, b) is a point in common to the two curves 

@ (x,y) = Ky and w (x,y) = Kz, and if F' (a+ib) # @, then these two curves intersect 
orthogonally. 


Proof. 
Exploration for Theorem 11.4. 


The complex potential F (z) = @ (x,y) + iw (x,y) has many physical interpretations. 
Suppose, for example, that we have solved a problem in steady state temperatures. Then we can 
obtain the solution to a similar problem with the same boundary conditions in electrostatics by 
interpreting the isothermals as equipotential curves and the heat flow lines as flux lines. This implies 
that heat flow and electrostatics correspond directly. 


Or suppose that we have solved a fluid flow problem. Then we can obtain a solution to an 
analogous problem in heat flow by interpreting the equipotentials as isothermals and streamlines as 
heat flow lines. Various interpretations of the families of level curves given in Equations (10-16) 
and (10-17) and correspondences between families are summarized in Table 11.1. 
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Physical Phenomenon @ (XxX, y) = constant w (Xx, y) = constant 


Heat flow Isothermals Heat flow lines 


Electrostatics Equipotential curves Flux lines 


Fluid flow Equipotentials Streamlines 


Gravitational field Gravitational potential Lines of force 


Magnetism Potential Lines of force 


Diffusion Concentration Lines of flow 


Elasticity Strain function Stress lines 


Current flow Potential Lines of flow 


Table 11.1 Interpretations for the level curves of ¢ (x, y) and 
bw (Xs y). 


Preview of Applications 


The following is a sample of applications taken from Section 11-5 to Section11-11. 


Example 11.16. Find the temperature T (x, y) at each point in the upper half-disk 
H:y>@®, |z| <1, ifthe temperature at points on the boundary satisfies 


T (xX y) = 100, for x+ iy =e9, @< O< 7 ontheuppersemi —circle; 


T (x, 0) = 50, for -1< xX <1 onthe diameter. 


=1 -O.5 0 o.5 iL 


Solution. As discussed in Example 11.9, the transformation 


1 (1-z) _ a (1-x-iy) 
1+z 1+x+iy 


is a one-to-one conformal mapping of the half-disk H onto the first quadrant Q: u > 0, v > 8, and 
can be written as 
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3 — = i (1-x-iy) (1+x-iy) 
(11-24) ere (1+x+iy) (1+x-i y) 


2 y+i (1-x?-y?) 
142 x+x?+y? 


_ 2y , 7 aoé&y 
(x¢1)24y2 (x41) 2+y? 


The conformal map given by Equation (11-24) gives rise to a new problem of finding the tempera- 
ture T* (u, v) that satisfies the boundary conditions 


T* (u,@) = 100, for u>®@; 
T* (@,v) = 50, for v>@. 


If we use Example 11.2, the harmonic function T* (u, v) is given by 


11-25 T (uv) = 100+ @ arg (u+iv) = 100 - “arctan (“). 
m/2 u 


PAs 


Substituting the expressions for u and v from Equation (11-24) into Equation (11-25) yields the 
desired solution: 


_ _ 100 1-x?-y? 
T (xX y) = 100 22° arctan ( ls 


The isothermals T (x,y) = constant are circles that pass through the points +1, as shown in 


Figure 11.19. 
T(x) = 100 
x 
-| T(x,0)=50 for -l<x<1 l 
Figure 11.19 The temperature T (x, y) = 100 - = Arctan (*) ina 
half-disk. 


Explore Solution 11.16. 


Example 11.21. Find the electrical potential ¢ (x,y) inthe disk D: | z| <1 thatsatisfies the 
boundary values 


@ (X,Y) = 80, for x+iy=Z on C= {z=e%?: @<e< Fl; 


@(%y) = @, for x+iy=zonCp={z= et? : Z<e<2n}. 
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Solution. The mapping w = S (z) = oa is a one-to-one conformal mapping of D onto the 


upper half-plane Im (w) > ® with the property that C, is mapped onto the negative u axis and C; is 
mapped onto the positive u axis. The potential S (u, v) in the upper half-plane that satisfies the 
new boundary values 


is given by 


(11-29) & (u, Vv) 
A straightforward calculation shows that 


(1-1) (x+1 y-1) 


(X+1 y-1) 
—  (1-i) (x+i (y-1)) 
(x-1+1y) 
_ (4-2) (X+i (y-1)) (x-1-iy) 
(x-1+Ly) (x-1-1y) 
1-2 x+x?-2 y+y?+i (1-x?-y?) 
1-2 x+x?+y? 
(x-1) 2+ (y-1)?-1+i (1-x?-y?) 
1-2 x+x?+y? 
_ (x1)? 4 (y-1)?2-2 ss 1-x?-y? 
(x-1) +y? Oe) Fay? 


We substitute the real and imaginary parts, u = u (x, y) = Se and 
v=V (x,y) = rating from this equation, into Equation (11-29) to obtain the desired solution: 
_y2_ 2 
’(x%y) = = Arctan ee ; 
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The level curve & (u, v) = a in the upper half-plane is a ray emanating from the origin, and the 
preimage @ (x, y) = a in the unit disk is an arc of a circle that passes through the points 
Z=1 and z = i. Several level curves are illustrated in Figure 11.38. 


J , 


Figure 11.38 The potentials ¢ (x,y) and & (u,v). 


Explore Solution 11.21. 


Example 11.24. Find the complex potential for an ideal fluid flowing from left to right across the 
complex plane and around the unit circle | z | = 1. 
2 


1.5 


bat =2 0 1 2 


Solution. We use the fact that the conformal mapping w = S (z) = z+ = maps the domain 


D = {zZ: |z| <1} one-to-one and onto the w plane slit along the segment -2 < u< 2, v=8. 
The complex potential for a uniform horizontal flow parallel to this slit in the w plane is 


where A is a positive real number. The stream function for the flow in the w plane is © (u,v) = Av 
so that the slit lies along the streamline © (x,y) = @. 


The composite function F2 (z) = Fi (S (z)) determines the fluid flow in the domain D, 
where the complex potential is 
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where A > @. We can use polar coordinates to express F, (z) aS 
ie ie 1 
Fo (Zz) = Fo (ret?) = A(re®?+ — 2) 


= A(rcos@+irsine + | 
rcos@+irsinge 


= A[rcos@ +irsine Bk 
(rcos@+irSine) (rcos@-irsine) 


- A(rcose@+irsine + r (cose arsine) ) 
r2 


= A r+) cosO + LA (r- =) sine 


The streamline vw (r,e@) = A (r = ~) sine = @ consists of the rays 


r>1,e@=0@ and r>1,06=7 


along the x axis and the curve r - = = @, whichis the unit circle | z| = r = 1. Thus the unit 


circle can be considered as a boundary curve for the fluid flow. 


The approximation F2 (z) = A (z + =) = Az is valid for large values of z, so we can 
approximate the flow with a uniform horizontal flow having speed 


are distant from the origin. The streamlines w (x,y) = constant and their images 


constant under the mapping w = S (z) =z + = are illustrated in Figure 11.51. 


| V (x,y) | = A at points that 


© (u,v) = 


Figure 11.51 Fluid flow around a circle. 


Explore Solution 11.24. 


Example 11.27. Use the Schwarz Christoffel formula to verify that w = f (z) = (z?- dis maps 


the upper half plane Im (z) > @ onto the upper half plane Im (w) > @ slit along the line segment 
from w= @ to w. =i. (Use the principal square root throughout.) 
1, xX. = 0, x3 =1 and wy = -d, wp = i, w3 = d, then the formula 


Solution. If we choose x, = 
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BZ) = A (Z~ x4) 8 (Z~ XQ) “2! (Zz ~ x3) -29/" 


A (z= (21) ) "(258)" (2-1) - 3 


- A (z+1)-™/" (Zz) ~02/™ (Z-1) “al 


will determine a mapping w = g (z) fromthe upper half-plane Im (z) > @ onto the portion of the 
upper half-plane Im (w) > @ that lies outside the triangle with vertices w, = -d, w2 = i, w3 =d as 
indicated in Figure 11.73(a). If we letd > @, then wi > @ and ws; > @, and 


1 Fil 
O14 -> A2 > -TT, AZ at 


Figure 11.73 The region with wi > @, w2 = 1, Ww; > @ and 


1 1 
O14 > =, A2 TT, O38 os 


The limiting formula for the derivative g' (z) becomes 
F(Z) Ss AMZ ede gee re tee 


= A (z41)72/™ (2)- 7)" (2-1) 72!” 


I 
> 
N 
N 
N 
| 
ay 
i) 


which will determine a mapping w = f (z) from the upper half-plane Im (z) > @ onto the upper 
half plane Im (w) > ®@ slit along the line segment from w = @ to wp = i as indicated in Figure 
11.73(b). An easy integration reveals that f (z) is given by 


f (z) = a! -— dz 2. B 
( 


and the boundary values f (+1) = @ and f (@) = i lead to system of equations 


A((£1)?-1)2 +B = @ and AlGot)7 48 2 i 
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the solution is easily found to be A = 1 and B = @ and the desired function is 


Explore Solution 11.27. 


Example 11.29. Show that the mapping w = - (z? 1)7 + Log (z+ (z*-1) :)) maps the 


upper half plane Im (z) > @ onto the domain in the w-plane that lies above the boundary curve 
consisting of the rays u < @, v =1 and u= @,v = @and the segment u = 0, -1<v<@ (see Figure 
11.87). 


— 


Figure 11.87 (a) Flow over a step. (b) Flow 
around a blunt object. 


Hint: Set x; = -1,x2=1 and wy = @,w2 = -i. Inthe w-plane w, = 1, w2 = @, and the exterior 
angles are ay = - oe 2 = o and the formula for the derivative f' (z) is 


Fo {2). & Ae aay Ot eos) te 


= A(z-(-1)) 0a) (2-1) GI 


Integrate and get 


= B + A((z2-1)7+Log (z+ (z2-1)2)) 


Solve for the coefficients A and B and obtain 


w= f(z) = - fi qe Log (z+ (z2-1)?)} 
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It maps the upper half-plane Im (z) > @ onto the domain in the w plane that lies above the bound- 
ary curve consisting of the rays u < @,v = 1 and u > 9, v = @ andthe segment u = @,-1<v<@®. 
Furthermore, the image of horizontal streamlines in the z plane are curves in the w plane given by 
the parametric equation 


1 
2 


= 2 (((tsicy?-a)Fatog [tvies ((t+ie)?-1)8| 


1 
2 


1 
2 2 (+? c2-14 i2ct)?+Log (t+ics (t2-c2-14 i2ct) }) 


for —c < t < o. The new flow is that of a step in the bed of a deep stream and is illustrated in 
Figure 11.87(a). The function w = f (z) is also defined for values of z in the lower half-plane, and 
the images of horizontal streamlines that lie above or below the x axis are mapped onto streamlines 
that flow past a long rectangular obstacle, which is illustrated in Figure 11.87(b). 


Explore Solution 11.29. 


Example 11.30. (Source and sink of equal strength) Let a source and sink of unit strength be 
located at the points z; = +1 and zz = -1, respectively. The complex potential for a fluid flowing 
from the source at z; = +1 tothe sink at z2 = -1 is 


F(z) = log (z-1) ~ log (z+1) = log (35). 


Figure 11.95 (a) Source and sink of unit strength. 


The velocity potential and stream function are 


z-1 
Z+1 


o (X,Y) = In | , and 
u (x,y) = arg (22), 


respectively. Solving for the streamline yw (x, y) = c, we start with 
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_ z-1 _ (X+i1 y-1) (x-i y+1) 
- arg Gal = are | (x+i y+1) (x-i y+1) 
_ x24+y2-14 1 2y a x2+y2-14 1 2y 
are ( x?42 x+1+y? = AN (X+1) 2+y? 
= pe see 
= arctan Para 


and obtain the equation 
(tanc) (x*+y*%-1) = 2y. 

A straightforward calculation shows that points on the streamline must satisfy the equation 
x* + (y-cotc)? = 1+ cot?c, 


which is the equation of a circle with center at (@, cot c) that passes through the points 
(+1, @). Several streamlines are indicated in Figure 11.95(a). 


Explore Solution 11.30. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
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11.5 Steady State Temperatures 

In the theory of heat conduction, an assumption is made that heat flows in the direction of 
decreasing temperature. Another assumption is that the time rate at which heat flows across a 
surface area is proportional to the component of the temperature gradient in the direction perpendicu- 
lar to the surface area. If the temperature T (x, y) does not depend on time, then the heat flow at 
the point (x, y) is given by the vector 


V (xy) = -K gradT (x,y) = -K (Tx (XY) + i Ty (%Y)), 


where K is the thermal conductivity of the medium and is assumed to be constant. If Az denotes a 
straight-line segment of length As, then the amount of heat flowing across the segment per unit of 
time is 


(11-19) VeNAs 


where N is a unit vector perpendicular to the segment. 


If we assume that no thermal energy is created or destroyed within the region, then the net 
amount of heat flowing through any small rectangle with sides of length Ax and Ay is identically zero 
(see Figure 11.16(a)). This leads to the conclusion that T (x, y) is a harmonic function. The follow- 
ing heuristic argument is often used to suggest that T (x, y) satisfies Laplace's equation. Using 
Expression (11-19) we find that the amount of heat flowing out of the right edge of the rectangle in 
Figure 11.16(a) is approximately 


(11-20) VieNiAs = -K (Tx (X+ AX, Y) +1 Tx (X+AxX,y)) @ (1401) Ay 
= - KT, (x+Ax, y) Ay 


and the amount of heat flowing out of the left edge is 
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(11-21) Vi eN2As = -K (Tx (XY) +i Tx (X%Y)) © (-14+0i) Ay 


= KT, (x,y) Ay 
If we add the contributions in Equations (11-20) and (11-21), the result is 


(11-22) K (= ere TOY) AX AY = - KTxx (% Y) AX Ay. 
¥ y 
; , SOY, y 
V(x, y + Ay) V(x + Ax, y+ Ay) Heat 
flow 
lines 
V(x, y) Vix + Ax, y) 
T(x, y)=a 
Isothermals 


(a) The direction of heat flow. (b) Heat flow lines and isothermals. 


Figure 11.16 Steady state temperatures. 


Similarly, the contribution for the amount of heat flowing out of the top and bottom edges is 


(11-23) K { ¥ ee MY) \ Ax ay =~ — KTyy (x,y) Ax Ay. 


Adding the quantities in Equations (11-22) and (11-23), we find that the net heat flowing out of the 
rectangle is approximated by the equation 


— K (Txx OGY) + Tyy OG y)) Ax Ay = @, 


which implies that 


Txx (XY) + Tyy (% y) = @. 


Hence T (x, y) satisfies Laplace's equation and is a harmonic function. 


If the domain in which T (x, y) is defined is simply connected, then a conjugate harmonic 
function S (x, y) exists, and 


F(z) = T(%y) + 2S (x%y) 


is an analytic function. The curves T (x, y) = Ki are called isothermals and are lines connecting 
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points of the same temperature. The curves S (x, y) = Kz are called the heat flow lines, and one 
can visualize the heat flowing along these curves from points of higher temperature to points of 
lower temperature. The situation is illustrated in Figure 11.16(b). 


Boundary value problems for steady state temperatures are realizations of the Dirichlet 
problem where the value of the harmonic function T (x, y) is interpreted as the temperature at the 
point (x, y). 

Example 11.14. Suppose that two parallel planes are perpendicular to the z plane and pass 
through the horizontal lines y = a and y = b and that the temperature is held constant at the values 
T (x, a) =T1 and T (x, b) = T2, respectively, on these planes. Then T (x, y) is given by 


T(xXy) = Ti + B22 (ya). 


-3 = =2 0 1 2 3 


Solution. The two-dimensional solution is constructed at points in the horizontal strip 

a < Im (z) < b inthe complex plane. A reasonable assumption is that the temperature at all points 
on the plane passing through the line y = yg is constant. Hence T (x, y) =t (y), wheret (y) isa 
function of y alone. Laplace's equation implies that t'' (y) = @, and an argument similar to that 
in Example 11.1 will show that the solution T (x, y) has the form given in the preceding equation. 


The isothermals T (x, y) =a are easily seen to be horizontal lines. The conjugate har- 
monic function is 


S (xX y) = Ra” x, 


and the heat flow lines S (x, y) = 8 are vertical segments between the horizontal lines. If 
T, > Tz, then the heat flows along these segments from the plane through y = a to the plane 
through y = b, as illustrated in Figure 11.17. 


T(x,b) = T) 


«—— 7(x,y) =a 
isothermals 


S(x,y) =B heat flow lines 


Figure 11.17 The temperature between parallel planes where T, > To. 
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Explore Solution 11.14. 


Example 11.15. Find the temperature T (x, y) at each point in the upper half plane Im (z) >@ , 
if the temperature at points on the x-axis on the boundary satisfy 


T (X,@) =1T1, for x >@; 


T (xX,@) =T2, for x< @. 


ba at =1 0 1 2 3 


Solution. Since T (x, y) is a harmonic function, this problem is an example of a Dirichlet problem. 
From Example 11.2, it follows that the solution is 


T (XY) = T1 + Bh Arg (X+i1y) 


The isotherms T (x,y) = a@ are rays emanating from the origin. The conjugate harmonic function 
is 


S(X%y) = BB In |X+1y |, 


and the heat flow lines S (x, y) = £ are semicircles centered at the origin. If T; > T2, then the 
heat flows counterclockwise along the semicircles, as shown in Figure 11.18. 


3 4 


T(x.) = 0. 
isothermals 


+—— S(x,y) =B 


heat flow lines 


~< >. 
T(x0) — T) for x <0 T(x.0) = T, for x >0O 


Figure 11.18 The temperature T (x, y) in the upper half-plane where Tz > To. 


Explore Solution 11.15. 


Chapter11Section05.nb 
Example 11.16. Find the temperature T (x, y) at each point in the upper half-disk 
H:y>@®, |zJ| <1, ifthe temperature at points on the boundary satisfies 
T (x,y) = 100, for x+iy=e'9, @< 6 <7 ontheuppersemi —circle; 


T (x, 0) = 50, for -1< x <1 onthe diameter. 


-1l -O.5 0 o.5 1 


Solution. As discussed in Example 11.9, the transformation 


2 (1-z)  _ = i (1-x-iy) 
1+z 1+x+iy 


is a one-to-one conformal mapping of the half-disk H onto the first quadrant Q : u > 0, v > @, and 
can be written as 


(11-24) Geary = -Bee ies 
(1+x+i y) (1+x-iy) 


2 y+i (1-x?-y?) 
1+2 x+x?+y? 


2y ea 1-x?-y? 
(x+1)24y2 (x+1) 2+y? 


The conformal map given by Equation (11-24) gives rise to a new problem of finding the tempera- 


ture T* (u, v) that satisfies the boundary conditions 


T* (u,@) = 100, for u>®@; 


T* (0, v) 50, for v>@. 


Il 


If we use Example 11.2, the harmonic function T* (u, v) is given by 


50-100 


(11-25) T* (uv) = 100+ =P arg (u+iv) = 100 - cai 


TT 


Arctan (=p 


Substituting the expressions for u and v from Equation (11-24) into Equation (11-25) yields the 
desired solution: 


_ 100 1-x?-y? 
T(xXy) = 100 - — Arctan (s=*). 


The isothermals T (x, y) = constant are circles that pass through the points +1, as shown in 
Figure 11.19. 


5 
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—1 T(x.0)=50 for -l1<x<1 I 


100 ( 1-x?-y? 


Figure 11.19 The temperature T (x, y) = 100 - — Arctan ina 


half-disk. 


Explore Solution 11.16. 


11.5.1 An Insulated Segment on the Boundary 


We now turn to the problem of finding the steady state temperature function T (x, y) inside 
the simply connected domain D whose boundary consists of three adjacent curves Cy, C2, and Cs, 
where T (x, y) = 11 along Ci; T (x, y) = Tz along C2, and the region is insulated along C3. Zero 
heat flowing across C3 implies that 


V (xy) @N (xy) = -K N(x y) egradT (xy) = 8, 


where N (x, y) iS perpendicular to C3. Thus the direction of heat flow must be parallel to this portion 
of the boundary. In other words, C3 must be part of a heat flow line S (x, y) = constant and the 
isothermals T (x, y) = constant intersect C3 orthogonally. 


We can solve this problem by finding a conformal mapping 
(11-26) w = f(z) = Uu(xX%y) + iv (x%y) 


from D onto the semi-infinite strip G: @<u<1, v>@® so that the image of the curve C; is the ray 
u =, v > @; the image of the curve C; is the ray given by u = 1, v > @; and the thermally insu- 
lated curve C3 is mapped onto the thermally insulated segment @ < u < 1 of the u axis, as shown in 
Figure 11.20. 


The new problem in G is to find the steady state temperature function T* (u, v) so that along 
the rays, we have the boundary values 


(11-27) T* (0,v) =71, for v>@; 


T* (1,v) =T2, for v>@. 


The condition that a segment of the boundary is insulated can be expressed mathematically 
by saying that the normal derivative of T* (u, v) is zero. That is, 
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(11-28) — = Ty (u@) = @ 


where n is a coordinate measured perpendicular to the segment. We can easily verify that the 
function 


T* (u,v) = Ta + (T2-T1) u 


satisfies the conditions stated in Equations (11-27) and (11-28) for region G. Therefore, using 
Equation (11-26), we find that the solution in D is 


T (XY) = T1 + (T2-T1) U(X y). 


The isothermals T (x, y) = constant and their images under w = f (z) are also illustrated in 
Figure 11.20. 


T(x, y) = T; Cc. 


T*(0, v) = T, T*(1, v) =T> 


dT* 6 


dn 


Figure 11.20 Steady state temperatures with one boundary portion 


insulated. 


Example 11.17. Find the temperature T (x, y) for the domain D consisting of the the upper half- 
plane Im (z) > @ where the temperature at points on the boundary satisfies 


T (x,@) = 1, for x > 1; 
T (x,@) =-1, for x< -1; 


oT = Ty (x0) =0, for -1<x<1. 
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“4 -2 0 2 4 


Solution. The mapping w = Arcsin z conformally maps D onto the semi-infinite strip 


v>@, - . <u< a where the new problem is to find the steady state temperature T* (u, v) that 


has the boundary conditions 


T* (eaN) = 1, for v > @; 


Using the result of Example 11.1, we can easily obtain the solution: 


T* (u,v) = =u. 


Therefore the solution in D is 
T(%Yy) = = Re (Arcsinz). 


If an explicit solution is required, then we can use Formula (10-26) to obtain 


V0e2) ry? =f 01)? 
2 


T(X%XYy) = = arcsin 


PAS 


where the function Arcsin t has range values satisfying - S < Arcsint < z: see Figure 11.21. 


=-0.2 
\ 
T=-04 \ 
\ \ 
\ \ 
T=-06 \ \ 
\ : \ 
~\ \ \ 
~\ \ 
\ \ \ 
T=-08 \ \ 
~~ ~ \ 
—~ . \ 
\ \ 
ae 
SN, \ | 
« S11] 
T=-1.0 -l 
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T=02 
/ T=04 
/ ; 
/ T=06 
j / Pi 

(Of T=08 
J 

/f / 

LZ é ee x 
T=1.0 


Figure 11.21 The temperature T (x, y) with Ty (x,@) = for -1<x<1, 


and boundary values T (x, @) = 


Explore Solution 11.17. 


Using Previous Techniques 


-1 for x < -1, andT (x, @) =1 for x >1. 


The techniques of the N-value Dirichlet problem in Sections 11.2 and Poisson's integral 
formula in 11.3 can be used to find steady state temperatures. We recast two previous examples in 


the context of steady state temperatures. 


Revisited Example 11.6. Find the temperature T (x, y) in the upper half-plane Im (z) > @ 
where the temperature at points on the boundary satisfies Figure 11.5. That is 


T (x,0) =4, for x<-1, 
T (x,@) =1, for -1<x<@, 


T (x,@) =3, for O@<x<1, 


1 <x. 


-2 nf 0 1 


Figure 11.5 The Dirichlet solution for the steady state temperatures. 


Solution. This is a four-value Dirichlet problem in the upper half-plane defined by Im (z) >. For 


the z plane, the solution in Equation (11-5) becomes 
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T (X,Y) = a3 + > Dea (@k-1- ak) APE (Z - Xx) 
T(XYy) = a3 + SP Arg (z-x1) + Arg (z- x2) + 2 Arg (z- x3) 
Here we have ag = 4, a1 = 1, a2 = 3, and a3 = 2 and x, = -1, X2 = 9, and x3 = 1, which we substi- 
tute into equation for T (x, y) to obtain 
T(Xy) = 2+ **arg (z- (-1)) + arg (Z -@) + =? arg (z-1) 
= 2 + = arg (Z+1) - = arg (Z) + = arg (Z-1) 
= 2+ 2Arg(x+1+iy) - Arg (x+iy) +=Arg (x-1+iy) 
= 2+ * arctan (a ee = arctan (4) + * arctan (4) 


Explore Revisited Solution 11.6. 


Revisited Example 11.11. Find the temperature T (x, y) in the upper half-plane Im (z) > @, where 
the temperature at points on the boundary satisfies 


T (x,@) =1, for -1< x < 1; 
T (x,@) =0, for |x| >1. 


=z =z 0 1 2 


Solution. Using Equation (11-12), we obtain 


— yt 1 
T (x, y) (Jaane 


Using techniques from calculus we have the integration formula lear 


y? 


dt = Arctan (=). 


We obtain the solution as follows 


t-1 
T (xy) = = (Arctan 2) ail 


- arctan (=) —~ arctan (=) 
a x-1 7 x+1 
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Explore Revisited Solution 11.11. 


Extra Example 1. Find the temperature T (x, y) in the upper half-plane Im (z) > @, where the 
temperature at points on the boundary satisfies 


T (x,@) =1-x*, for -1< x <1; 
T (x, 8) =9@, for |X| >41. 


Explore Extra Solution 1. 
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11.6 Two-Dimensional Electrostatics 
A two-dimensional electrostatic field is produced by a system of charged wires, plates, and 

cylindrical conductors that are perpendicular to the z plane. The wires, plates, and cylinders are 
assumed to be so long that the effects at the ends can be neglected, as mentioned in Section 11.4. 
This assumption results in an electric field E (x, y) that can be interpreted as the force acting on a 
unit positive charge placed at the point (x, y). In the study of electrostatics the vector field 
E (x, y) is shown to be conservative and is derivable from a function @ (x, y), called the electro- 
static potential, expressed as 


E (x,y) = - gradd (x,y) = - ox (xX y) - 2 dy (XY). 
If we make the additional assumption that there are no charges within the domain D, then 
Gauss' Law for electrostatic fields implies that the line integral of the outward normal component of 
E (x, y) taken around any small rectangle lying inside D is identically zero. A heuristic argument 


similar to the one for steady state temperatures with T (x, y) replaced by ¢ (x, y) will show that 
the value of the line integral is 


— [xx (% Y) + dyy (% y) ] Ax Ay. 


This quantity is zero, so we conclude that (x,y) is a harmonic function. If we let w (x, y) be 
the harmonic conjugate, then 


F(z) = @(X%y) + iW (%y) 
is the complex potential (not to be confused with the electrostatic potential). 


The curves ¢ (xX, y) = K, are called the equipotential curves, and the curves yw (x, y) =K2 are 
called the lines of flux. If a small test charge is allowed to move under the influence of the field 
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E (x, y), then it will travel along a line of flux. Boundary value problems for the potential function 
@ (xX, y) are mathematically the same as those for steady state heat flow, and they are realizations 
of the Dirichlet problem where the harmonic function is ¢ (x, y). 


Example 11.18. Consider two parallel conducting planes that pass perpendicular to the z plane 
through the lines x = a and x = b, which are kept at the potentials U; and U2, respectively. Then 
according to the result of Example 11.1, the electrical potential is 


O (xy) = Uy + B= (xa). 


Explore Solution 11.18. 


Example 11.19. Find the electrical potential ¢ (x, y) in the region between two infinite coaxial 
cylinders r =a and r = b, which are kept at potentials U; and U2, respectively. 
2 


log (x+ iy) 


= In|x+ iy] + iarg (x+ iy) 


maps the annular region between the circles r = a and r = b onto the infinite strip 
ln a < _u < 1nb inthe wplane, as shown in Figure 11.36. The potential 5 (u, v) in the infinite 
strip has the boundary values 


& (In a,v) = Uy and & (1nb,v) = Up forall v. 


If we use the result of Example 11.18, the electrical potential @ (u,v) is 


Us - Ui 
Inb- Ina 


G (u,v) = WU 


(u-1n a). 
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Because u = In|x+ iy |, wecanuse this equation to conclude that the potential ¢ (x, y) is 


@(%y) = Ur + ~o (In| x+ iy| - Ina). 


The equipotentials ¢ (x, y) = constant are concentric circles centered on the origin, and the 
lines of flux are portions of rays emanating from the origin. If Uz < Uz, then the situation is as 
illustrated in Figure 11.36. 


w = log z 


Figure 11.36 The electrical field in a coaxial cylinder, where U2 < Uj. 


Explore Solution 11.19. 


Example 11.20. Find the electrical potential ¢ (x, y) produced by two charged half-planes that 
are perpendicular to the z plane and pass through the rays x < -1, y= @ and x > 1, y = 8 where 
the planes are kept at the fixed potentials 


d (X,@) = -300, for x < -1; 
300, for X>1. 


4 


a 

x 
fev) 
I 
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Solution. The result of Example 10.13 shows that the function 
w= U+iVv 
= Arcsin (z) 


Arcsin (x+iy) 


I 


is a conformal mapping of the z plane slit along the two rays x < -1,y = @ and x > 1, y = ® onto 


the vertical strip a5 <u< + The new problem is to find the potential & (u, v) that satisfies the 


boundary values 
& (- a v) = -—300, forall v; 
& (4, v) = 300, forall v. 
From Example 11.1, 
6 (u,v) = = u. 


As in the discussion of Example 11.17, the solution in the z plane is 


’(%Y) = = Re (Arcsin (x+iy)) 
2 2 = 2 2 
= © presin Vl 0e1)2+y ae 1)24y 


Several equipotential curves are shown in Figure 11.37. 


g=-120 g=-60 ¢=0 g=0 @G=120 


 =-180 = 180 


@ =-240 


$ =-300 
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Figure 11.37 The electric field produced by two charged half-planes 
that are perpendicular to the complex plane. 


Explore Solution 11.20. 


Example 11.21. Find the electrical potential ¢ (x,y) inthedisk D: | z| <1 that satisfies the 
boundary values 


¢ (x,y) = 80, for x+iy=z oC ={z=e* : e<e< FI; 


@ OGY) = @, for x+iy=zonCg={zeet?: 2<e<27}. 


Solution. The mapping w = S (z) = as eee is a one-to-one conformal mapping of D onto the 


upper half-plane Im (w) > ® with the property that C, is mapped onto the negative u axis and Cz is 


mapped onto the positive u axis. The potential S (u, v) in the upper half-plane that satisfies the 
new boundary values 


& (u,@) = 80, for u<@, 
& (u,@) = 0, for u>@, 


is given by 


(11-29) B (u,v) = = Arg (w) = “ Arctan (“). 


A straightforward calculation shows that 
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W = U+iv = S(z) oy ee 
(X+1 y-1) 
—  (1-i) (x+i (y-1)) 
(x-1+1y) 
— (4-2) (%+i (y-1)) (x-1-iy) 
(xX-1+iy) (x-1-1y) 
1-2 x+x?-2 y+y?+i (1-x?-y?) 
1-2 x+x?+y? 
(x-1) 2+ (y-1)?-14a (1-x?-y?) 
1-2 x+x?+y? 
_ (x-1) 44+ (y-1)?7-1 A 1-x?-y? 
(x-1) +y? (1) Fay? 


—  (%1)?+(y-1)?-4 


We substitute the real and imaginary parts, u =u (x, y) eer 


and 
1-x?-y? 


VV OY) = Gaye 


from this equation, into Equation (11-29) to obtain the desired solution: 


- 80 1-x?-y? 
@ (XY) = — Arctan haya Gaps |" 


The level curve & (u, v) = a in the upper half-plane is a ray emanating from the origin, and the 
preimage ¢ (x, y) = a inthe unit disk is an arc of a circle that passes through the points 
Z=1 and z = i. Several level curves are illustrated in Figure 11.38. 


Figure 11.38 The potentials ¢ (x,y) and & (u,v). 


Explore Solution 11.21. 


Extra Example 1. Find the electrical potential ¢ (x, y) in the crescent-shaped region that lies 
inside the diskD: | z-2 | < 2 and outside the circle | z-1 = 1 that satisfies the following 
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boundary values shown in Figure 11.41: 


b (X,y) = 100, for | Z-2|=2, 279; 
o (X,y) = 50, for |z-1|=1, 2480. 


0 1 2 3 4 


Solution. The result of Example 10.7 shows that the function 


is a conformal mapping of the crescent-shaped region that lies inside the diskD: | z-2| < 2 and 
outside the circle | z-1| = 1 onto the horizontal strip @ < v < 1. 


a ‘ 


Figure 11.41 The electrical potential ¢ (x, y) insideD: | z-2]| < 2 and outside 
pz2e2) SL 


Revisit and Explore Solution 10.7. 


The new problem in the w plane is to find the potential & (u,v) that satisfies the boundary 


values 


& (u,@) = 100, forall u; 
@ (u,1) = 50, forall u. 


In the w plane the solution is 
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B (u,v) = 100 + <> (v-@) 


= 100 - 50v 


A straightforward calculation shows that 


1 (4-x-1y) (x-1y) 
(X+iy) (x-iy) 


Ay+i (4 x-x?-y?) 
x2 4y? 


_ 4y _ a 4x-x?-y? 
x24y? | x? +y? 


We substitute the imaginary part, v = v (x,y) = or from this equation, into 


& (u,v) = 100 - 5@v to obtain the desired solution: 


o (XY) = 100 59 (4) 


x? +y? 


- 150 - 208 x 


x2 4y? 


Explore Extra Solution 1. 


Extra Example 2. Find the electrical potential ¢ (x, y) in the semi-infinite strip — = <X< a y>@ 
that has the boundary values shown in Figure 11.42: 


¢(Zy) = 9 for y>®, 
@ (y,®@) = 50, for ee Hee 
¢(-Zy) = 100, for y<@. 


0 
“1.5 -1-0.5 0 O.5 1 41.5 


Solution. The result of Example 10.13 shows that the function 


= Sinxcoshy + icosx sinhy 


Chapter11Section06.nb | 9 


is a conformal mapping of the semi-infinite strip — PS <X< os y > ® onto the upper half-plane 
Im (w) > @. 
The new problem in the w plane is to find the electrical potential & (u, v) that satisfies the 


boundary values 


& (u,@) = ®@, for u>1, 
6 (u,@) = 50, for -1<u<1, 
& (u,@) = 100, for u<-1. 


This is a three-value Dirichlet problem in the upper half-plane defined by Im (w) >. For the w 
plane, the solution in Equation (11-5) becomes 


® (UV) = a + = SRy (ak-1- ax) Arg (W- UK) 


& (u,v) = a + oo) Arg (W—Uz) + a2 Arg (W - U2) 


Here we have ag = 100, a, = 50, and a> = © and uj, = -1, and uz = 1, which we substitute into the 


above equation for & (u,v) to obtain 


= arg (u+1+iv) 2 Arg (u-1+iv) 


- 2 arctan (—~) + 2 arctan (~) 
T u+1 Tt u-1 


Now make the substitutions u = u (x,y) = sinxcoshy and v = v (x,y) = cosx sinhy to 
get the solultion ¢ (x, y) inthe z plane 


(X,Y) = Arg (1+sin (xX+iy)) + 2 Arg (-1+sin (X+1y)) 
_ 50 cos x sinhy _ 5@ cos x sinhy 
o (x, y) ~ >, Arctan 1+sinxcoshy 7 Arctan -1+sinxcoshy 


y 


= 100 o=0 


| 
tla 
TE 
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Figure 11.42 The electrical potential ¢ (x, y) in the semi-infinite strip 


as TT 
ae a 52 ¥>®. 


Explore Extra Solution 2. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 


Initialization Cell 


Complex Analysis for Mathematics and Engineering 
by 
John H. Mathews and Russell W. Howell 


Jones and Bartlett Learning 


Prof. John H. Mathews 
Department of Mathematics 
California State University Fullerton 
Fullerton, CA 92634 
mathews@fullerton.edu 


Prof. Russell W. Howell 
Mathematics & Computer Science Department 
Westmont College 
Santa Barbara, CA 93108 
howell@westmont.edu 
11.7 Two-Dimensional Fluid Flow 


Suppose that a fluid flows over the complex plane and that the velocity at the point 
z=xX+iy is given by the velocity vector 


(11-30) V(x%y) = p(%y) + 2q (xX y). 


We also require that the velocity does not depend on time and that the components p (x, y) and 
q (x, y) have continuous partial derivatives. The divergence of the vector field is given by 


divV (x,y) = Px (%Yy) + dy (xy) 


and is a measure of the extent to which the velocity field diverges near the point. We ill consider 
only fluid flows for which the divergence is zero. This is more precisely characterized by requiring 
that the net flow through any simple closed contour be identically zero. 


If we consider the flow out of the small rectangle shown in Figure 11.47, then the rate of 
outward flow equals the line integral of the exterior normal component of V (x, y) taken over the 
sides of the rectangle. The exterior normal component is given by -q (x, y) on the bottom edge, 
p (x, y) on the right edge, q (x, y) on the top edge, and -p (x, y) on the left edge. Integrating 
and setting the resulting net flow to zero yield 


X+AX 


(11-31) SY (p (x4 Ox, t) -p (x% t)) dt + PP (q (ty + ay) -q (t.y)) dt = @ 
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(x, y + Ay) (x + Ax, y + Ay) 


(x+ Ax, y) 


Figure 11.47 A two-dimensional vector field. 


Both p (x, y) and q (x, y) are continuously differentiable, so we can use the mean value 
theorem to show that 


(11-32) p (x+Ax,t) - p (x,t) = Px (%1,y) AX, and 
q (t,y+Ay) -q (t,y) = qy (% yo) Ay, 


where x < x1 < x +Axandy < y2 < y+ Ay. Substitution of the expressions in Equation (11-32) into 
Equation (11-31) and subsequently dividing through by Ax Ay results in 


1 


1 X+AX 
Ay 


AX JX 


we px Oy) dt + gy (X,y2) dt = @ 


We can use the mean value theorem for integrals with this equation to show that 
Px (X1,¥1) + Gy (X2,y2) = 9, 
where y < yi < y+ Ay amd x < x2 < x + Ax. Letting Ax = @ and Ay = @ in this equation yields 
(11-33) Px (%Y) + dy (%Y) = ®, 


which is called the equation of continuity. 


The curl of the vector field in Equation (11-30) has magnitude 


| curlV (x,y) | = qx (%Yy) — Py (%y) 


and is an indication of how the field swirls in the vicinity of a point. Imagine that a "fluid element" at 
the point (x, y) is suddenly frozen and then moves freely in the fluid. The fluid element will rotate 
with an angular velocity given by 


Sax (XY) - Epy (GY) = FE] curlv (xy) |. 


We consider only fluid flows for which the curl is zero. Such fluid flows are called irrota- 
tional. This condition is more precisely characterized by requiring that the line integral of the tangen- 
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tial component of V (x, y) along any simply closed contour be identically zero. If we consider the 
rectangle in Figure 11.47, then the tangential component is given by p (x, y) on the bottom edge, 
q (x, y) on the right edge, -p (x, y) on the top edge, and -q (x, y) on the left edge. Integrating 
and equating the resulting circulation integral to zero yields 


Fg (x + ax, t) - (x, t)) dt - [PM (p (ty +ay) -p (ty)) dt = @ 


As before, we apply the mean value theorem and divide through by Ax Ay , and obtain the 
equation 


wh” ox (Xpy) dt - 2 PP py (x, y2) dt = @ 


Ay Ax Jx 


We can use the mean value for integrals with this equation to deduce that 
dx (X1,¥1) - Py (X2,y2) = @. 
Letting Ax > @ and Ay > @ yields 


dx (XY) - Py (%y) = @. 
Equations (11-33) and this equation show that the complex function 


f(z) = p(xX%y) - iq (%y) 


satisfies the Cauchy-Riemann equations and hence it is an analytic function. If we let F (z) denote 
the antiderivative of f (z), then 


(11-34) F(z) = @(%y) + iv (x%y), 


which is the complex potential of the flow and has the property 


F'(Z) = bx (%Y) - Ux (xy) 
= p(%y) + 1q (xy) 
= V(x y) 
Since ¢, (x,y) =p (x,y) and dy (x,y) =q (x,y), we also have 
gradg (x%y) = p(%y) +iq(%y) = V(x%y), 
so @¢ (x, y) is the velocity potential for the flow, and the curves 
’ (%y) = Ky 


are called equipotentials. The function y~ (x, y) is called the stream function. The curves 
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w (XY) = Ko 


are called streamlines, and describe the paths of the fluid particles. 


To demonstrate this result, we implicitly differentiate y (x, y) = Kz and find that the slope of 
a vector tangent is given by 


dy =u OGY) 


dx by (%y) * 


Using the fact that wy (x,y) = ¢x (x, y) and this equation, we find that the tangent vector to the 
curve is 


T = ox (%Y)- idk (%Y) = p(%Y) + iq (%Yy) = V(x%Yy). 


The main idea of the preceding discussion is the conclusion that, if 
(11-35) F(z) = @(X%y) + iv (X%y), 
is an analytic function, then the family of curves 


{W (% y) = Ka} 


represents the streamlines of a fluid flow. 


The boundary condition for an ideal fluid flow is that V (x, y) should be parallel to the bound- 
ary curve containing the fluid (the fluid flows parallel to the walls of a containing vessel). In other 
words, if Equation (11-35) is the complex potential for the flow, then the boundary curve must be 
given by w (x, y) = K for some constant k; that is, the boundary curve must be a streamline. 


Theorem 11.5 (Invariance of Flow). Let 


Fi (Ww) = &@ (u,v) + 1G (u,v) 


denote the complex potential for a fluid flow in a domain G in the w plane where the velocity is 


If the function w=S (z) = u (x,y) +iv (x,y) is aone-to-one conformal mapping from a 
domain D in the z plane onto G, then the composite function 


Fo (Z) = Fa (S (2)) 


= (u(x y),v (x%y)) + if(u(%y),v (%y)) 
is the complex potential for a fluid flow in D where the velocity is 


V2 (X,y) = F2° (2). 
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The situation is shown in Figure 11.48. 


y Vv 
D 
w = §(z) G 
—_—_—__—> 
Wx, y)=K 
x 
(a) Fluid flow in a plane. (b) Fluid flow in the w plane. 
Figure 11.48 The image of a fluid flow under conformal mapping. 
Proof. 
We note that the functions 
&(X%y) = G (u (xX, y),v (xX, y)), and 
Ww (%y) = uy (u (%Y),V(%Y))>5 
are the new velocity potential and stream function, respectively, for the flow in D. A streamline or 
natural boundary curve 
W (X, y) = Ko 
in the z plane is mapped onto a streamline or natural boundary curve 
(u,v) = Kp 
in the w plane by the transformation w = S (z). One method for finding a flow inside a domain D in 
the z plane is to conformally map D onto a domain G in the w plane in which the flow is known. 
For an ideal fluid with uniform density , the fluid pressure P (x,y) andspeed | V (x,y) | 
are related by the following special case of Bernoulli's equation: 
on + 5 V (x,y) | = constant. 
Note that the pressure is greatest when the speed is least. 
Example 11.22. The complex potential F (z) = (a+ib) z has the velocity potential and stream 


function of 
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@(%Yy) = ax - by and w (x,y) = bx +ay, 


respectively, and gives rise to the fluid flow defined in the entire complex plane that has a uniform 


parallel velocity of 


V(x y) = F' (z) = a+ib = a-ib. 


The streamlines are parallel lines given by the equation bx+ ay = constant and are inclined at 


an angle a = - Arctan (2), as indicated in Figure 11.49. 


¥ 


/; 


Figure 11.49 A uniform parallel flow. 


Solution 11.22. 


Example 11.23. Consider the complex potential F (z) = * z* where A is a positive real number. 


The velocity potential and stream function are given by 
O(%Y) = £ (x?-y?), 
and 


W(X y) = Axy, 


respectively. 


-2 =2 0 1 2 


The streamlines y (x,y) = constant forma family of hyperbolas with asymptotes along the 
coordinate axes. The velocity vector V (x,y) = F' (z) = Az = AZ indicates that in the upper 
half-plane Im (z) > Q, the fluid flows down along the streamlines and spreads out along the x axis, 


as against a wall, as depicted in Figure 11.50. 


Chapter11Section0O7.nb | 7 


Figure 11.50 The fluid flow with complex potential F(z) = * Zz. 


Explore Solution 11.23. 


Extra Example 1. Consider the complex potential F (z) = Az*/? where A is a positive real 
number. The velocity potential and stream function are given by 


@ (xy) = ARe[(x + iy)*/3], 
and 


Ww (%y) = AlIm[ (x + iy)4/3], 


respectively. 


The streamlines y (x, y) = constant forma family of hyperbolas with asymptotes along the 
coordinate axes. The velocity vector V (x,y) = F' (z) = =A (x+ iy)? indicates that in the 


upper half-plane Im (z) > @, the fluid flows down along the streamlines and spreads out along the 
positive x axis and negative y axis, as shown in Figure 11.55. 


Explore Extra Solution 1. 


Example 11.24. Find the complex potential for an ideal fluid flowing from left to right across the 
complex plane and around the unit circle | z | = 1. 
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-2 =Z 0 1 2 


Solution. We use the fact that the conformal mapping w = S (z) = z+ = maps the domain 


D={zZ: |z| <1} one-to-one and onto the w plane slit along the segment -2 < u< 2, v=8. 
The complex potential for a uniform horizontal flow parallel to this slit in the w plane is 


where A is a positive real number. The stream function for the flow in the w plane is © (u,v) = Av 


so that the slit lies along the streamline © (x,y) = @. 


The composite function F, (z) = F, (S (z)) determines the fluid flow in the domain D, 
where the complex potential is 


Fo (Z) = Fi (S(Z)) = A(z+5), 


where A > @. We can use polar coordinates to express F2 (z) as 


Fo (Z) = Fo (rei®) = A (ret?s —.) 


= A(rcos@+irsine + + ___| 
rcos@+irsine 


rcos@- irsine 
(rcose+irSine) (rcose-irsine) 


= A(rcos@+irsine ; 


r(cos@- irsine) ) 


= A(rcos@+irsine + =z 


= A r+ =) cosO + LA (r- =) sine 


The streamline wv (r,e@) = A (r = =) sine = @ consists of the rays 


r>1,e@=0 and r>1,06=7 


along the x axis and the curve r - * = @, whichis the unit circle | z| = r = 1. Thus the unit 
circle can be considered as a boundary curve for the fluid flow. 

The approximation F, (z) = A (z+ =) ~ Az is valid for large values of z, so we can 
approximate the flow with a uniform horizontal flow having speed | V (x,y) | = A at points that 


are distant from the origin. The streamlines wu (x, y) = constant and their images 
© (u,v) = constant under the mapping w = S (z) =z+ = are illustrated in Figure 11.51. 
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Figure 11.51 Fluid flow around a circle. 


Explore Solution 11.24. 


Example 11.25. Find the complex potential for an ideal fluid flowing from left to right across the 
complex plane and around the segment from z = -i to z= -i. 


1.75 
1.5 


4. 1 4. 
w= S(z) = (z44+1)2 = (z+)? (Z-a4)2 
1 1 . @ 
where the branch of the square root of Z= z+i ineachfactoris Zz = R2ze'2, where 
R = |Z|, and © = arg_,,2 (Z), where oh a O< > The transformation 


w=S (Zz) = (z2+1) 5 is a one-to-one conformal mapping of the domain D consisting of the z plane 
slit along the segment x = @, -1 < y < 1 onto the domain G consisting of the w plane slit along the 
segment -1< u<1, v = @. The complex potential for a uniform horizontal flow parallel to the slit in 
the w plane is given by F; (w) = Aw, where for convenience we choose A = 1 and where the slit 
lies along the streamline © (u,v) = c = @. 


The composite function 


a 
2 


Fo (Z) = Fi (S(Z)) = A (z2*+1) 


is the complex potential for a fluid flow in the domain D. The streamlines given by w (x,y) = c for 
the flow in D are obtained by finding the preimage of the streamline & (u,v) = c in Ggiven by the 
parametric equations 


v=cCc and u=t, for -w~<t<o. 
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The corresponding streamline in D is found by solving the equation 


for x and y in terms of t. Squaring both sides of this equation yields 


(t+ ac)* = (x+iy)?4+1 


t?-c* + 2ict = 1+x?-y?+2ixy 


Equating the real and imaginary parts leads to the system of equations 
t?-c* = 1+x?-y? and 2ct = 2xy. 
To eliminate the parameter t in the last two equations, first use the equations 
c* t?-c* = c*+c?x*-c* y? and c* t? = x? y?, 
then get x? y*-c* = c?+c*x?-c?y? which can be rewritten as 
c*y24x*y* = c%+c44 2% x2 
y? (c24+x?) = c* (1+c%+x?) 
yVc24+x2 = cV14c24+x2 


and we can solve for y in terms of x to obtain 


1+¢2+x? 
c2+x? 


y= 


for streamlines in D. For large values of x, this streamline approaches the asymptote y = c and 
approximates a horizontal flow, as shown in Figure 11.52. 


Figure 11.52 Flow around a segment. 
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Explore Solution 11.25. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 


Initialization Cell 


Complex Analysis for Mathematics and Engineering 
by 
John H. Mathews and Russell W. Howell 


Jones and Bartlett Learning 


Prof. John H. Mathews 
Department of Mathematics 
California State University Fullerton 
Fullerton, CA 92634 
mathews@fullerton.edu 


Prof. Russell W. Howell 
Mathematics & Computer Science Department 
Westmont College 
Santa Barbara, CA 93108 

howell@westmont.edu 


11.8 The Joukowski Airfoil 
The Russian scientist Nikolai Egorovich Joukowsky studied the function 


J(zZ) =Z + 


He showed that the image of a circle passing through z; = 1 and containing the point z. = -1is 
mapped onto a curve shaped like the cross section of an airplane wing. We call this curve the 
Joukowski airfoil. If the streamlines for a flow around the circle are known, then their images under 
the mapping w = J (z) will be streamlines for a flow around the Joukowski airfoil, as shown in 
Figure 11.60. 


Figure 11.60 Image of a fluid flow under w = J (z) =z + ~. 

The mapping w = J (z) is two-to-one, because J (z) = J (=), for z + @. The region 
| Z | >1 is mapped one-to-one onto the w plane slit along the segment of the real axis 
-~2<u<2,v-= 9. To visualize this mapping, we investigate the implicit form, which we obtain by 
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using the substitutions 


2... _4)\2 
w-2- 2 24 1 z°-2Z+1 (z-1) and 
Zz Zz Zz 
~ 2 _ 22+2z4+1 (z+)? 
w+2= 2+2+4 : = == 


Forming the quotient of these two quantities results in the relationship 


w-2 (z-1)? (z+1) 2 (z-1) 
w+2 Zz yf z (z+1)? 
The inverse of z = T (w) = a is w = S3(Z) = a. If we use the notation 
Si (Z) = a and S» (z) = z*, then we can express J (z) as the composition of S; (z), 
S2 (z), and S3 (z), thatis 
(11-36) w=J(Z) = S3 (S2 (Si (Z))). 


Which is verified by the calculation 


S3 (S2 (Si (Z))) = Sa (Sz (4)) 


N|[B 


We can easily show thatw = J (z) =z + = maps the four points 
Zi = -1, Z2 = 1, Z3 = i, and Z4 = -1 onto wy = 9, Wo = 2, w3 = @, and Wg = -2, respectively. 
However, the composition functions in Equation (11-36) must be considered in order to visualize the 


geometry involved. First, the bilinear transformation Z = S; (z) = a maps the region 


| Z| >1 onto the right half-plane Re (Z) >, andthe points z1 = -i, Z2 = 1, 23 = i, andZ,4 = -1 

are mapped onto Z, = -i, Z2 = 0, Z3 = i, and Z, = iw, respectively. Second, the function 

W = Sz (Z) = Z? maps the right half plane onto the w plane slit along its negative real axis, and the 

points Z; = -i, Z2 = @, Z3 = 1, and Zq = i w~, are mapped onto WwW, = -1, W3 = @, Ws 1, and Wa = -«, 
2+2W 


respectively. Then the bilinear transformation w = S3 (W) = Ty Maps the latter region onto the 


W plane slit along the portion of the real axis U < - 2, V = @, and the points 
W, = -1, W3 = @, W3 = —1, andWy = -o are mapped onto wy, = @, wo = 2, w3 = @, and wy = -2, respec- 
tively. These three compositions are shown in Figure 11.61. 


Exploration 
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Figure 11.61 The composition mappings for 
w =J (Z) = S3 (S2 (Si (Z)))- 
The circle Cg with center cg = ia onthe imaginary axis passes through the points 
Z2 = 1, and z4 = -1 and has radius rp = V1+ a2. With the restriction that @ < a < 1, then this 


circle intersects the x axis at the point z2 = 1 with angle ae = - Arctan a, with - < Oe < a 


We want to track the image of Cg inthe Z, W, and wplanes. First, the image of this circle Cg under 


Z = Si (Z) = i is the line Lg that passes through the origin and is inclined at the angle ag. 


Second, the function W = Sz (Z) = Z* mapsthe line Lg onto the ray Rg inclined at the angle 


2 ag. Finally, the transformation given by w = S3 (W) = eee maps the ray Re onto the arc of the 
circle Ag that passes through the points wy. = 2, and w, = -2 and intersects the u axis at w2 = 2 with 
angle 2ag, where 7 < 2a@ < 7x. Therestriction on the angle ag, and hence 2 ae, is necessary in 


order for the arc Ag to have a low profile. The arc Ag lies in the center of the Joukowski airfoil and is 
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shown in Figure 11.62. 


Figure 11.62 The images of the circles Cg and C; under the composition mappings for 
w=J(Z) = S3 (Sz (Si (Z)))- 


If we let b be fixed, @ < b < 1, then the larger circle C, with center given by 
Cy = -h+i (1+h) b (justa bit to the left of the imaginary axis) will pass through the points 
Z2 = 1, andz4 = -1-2handhas radius r; = (1+h) V1+b?. The circle C; also intersects the x 
z-1 


axis at the point z2 = 1 atthe angle ag. The image of circle C; under Z = Si (z) = — is the 


circle Ki, which is tangent to Lg at the origin in the z-plane. The function W = S» (Z) = Z? maps 


the circle K, onto the cardioid H, in the W-plane. Finally, w = S3 (W) = a maps the cardioid 


H, onto the Joukowski airfoil A, that passes through the point w2 = 2 and surrounds the point 
W4 = -2, as shown in Figure 11.62. An observer traversing C; counterclockwise will traverse the 
image curves K, and H, clockwise but will traverse A, counterclockwise. Thus the points 

Z4, Z4, Wa, and W, Will always be to the observer's left. 


Now we are ready to visualize the flow around the Joukowski airfoil. We start with the fluid 
flow around a circle (see Figure 11.51). This flow is adjusted with a linear transformation 
z* = az+b so that it flows horizontally around the circle C;, as shown in Figure 11.63. Then the 
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mapping w= J (z) =z* + - 


11.64. 


creates a flow around the Joukowski airfoil, as illustrated in Figure 


Flow around the circle. 


CSS 
SZ 


Figure 11.63 The horizontal flow around the circle C,. 


y 
Flow around the airfoil. 
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Figure 11.64 The horizontal flow around the Joukowski airfoil Ai. 


11.8.1 Flow with Circulation 


k 
27 


potential for a uniform horizontal flow past the unit circle | z | = 1, with circulation strength k and 


The function F (z) = sz + : ; Log z, where s > @ and k is real, is the complex 


velocity at infinity V.. = s. 


For illustrative purposes, we let s = 1 and use the substitution a = ~ Now the complex potential 


has the form 
(11-37) F(z) = z+ +ailogz 
and the corresponding velocity function is 


Vix, ¥) = Ft) 2t-(2)* sean (ry 


We can express the complex potential in F (x+iy) = ¢ (x,y) + iw (x, y) form: 
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F(re®®) = rete 4 — + ai Log (re*®) 
e 


= ret? 4 =e ie + ai(Inr + i6) 


= (r+ ~) cos @ ao 4 i (r ~) sine + alnr 


and we have the formulas for the velocity potential ¢ (x, y) stream function w (x, y) 
@(rcose,rsine) = (r+ ~) cos 6 - a 6, and 


w (rcose,rsine) = (r- ~) sine + alnr. 


For the flow given by w (x, y) = c, where cis a constant, we have 


w (rcose,rsine) = (r- =) sine +alnr = c. (Streamlines.) 


Setting r = 1 in this equation, we get y (cos 6,sine) = (1 = z) sing + alni = @ foralle, 


so the unit circle is a natural boundary curve for the flow. 


Points at which the flow has zero velocity are called stagnation points. To find them we 
solve F' (z) =; forthe function in Equation (11-37) we have 


Multiplying through by z? and rearranging terms gives 
z+aiz-1= 0 


Now we invoke the quadratic equation to obtain 


z= — (stagnation point(s).) 


If @ < | a] < 2, then there are two stagnation points on the unit circle | z | = 1. Ifa = 2, 
then there is one stagnation point on the unit circle. If a > 2, then the stagnation point lies outside 
the unit circle. We are mostly interested in the case with two stagnation points. When a = @, the 
two stagnation points are z = +1, which is the flow discussed in Example 11.25. The cases 
a=1,a= 3 ,a = 2, anda = 2.2 are shown in Figure 11.65. 
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Figure 11.65 Flows past the unit circle with circulation 
a=-1,a=13,a=2, anda = 2.2. 
We are now ready to combine the preceding ideas. For illustrative purposes, we consider a 
C, circle with center cg = -@.15+0.23 i that passes through the points z2 = 1, and zj = -1.3 


and has radius re = 8.23 | = . We use the linear transformation 


Z = S(z) = -@.15 + @.23 i + rez to map the flow with circulation k = - @.52 7 (or 
a= oa = aos = @.26) around | z | = 1 onto the flow around the circle C,, as shown in Figure 


8 | Chapter11Section08.nb 


Flow with circulation. 
ZZ | Ws x 


Figure 11.66 Flow with circulation around Ci. 

Then we use the mapping J (Z) =Z + : to map this flow around the Joukowski airfoil, as 
shown in Figure 11.67 and compare it to the flows shown in Figures 11.63 and 11.64. 
If the second transformation in the composition given by w = J (z) = S3 (Sz (Sz (Z))) is modi- 
fied to be S, (z) = z+-92°, then the image of the flow shown in Figure 11.66 will be the flow 
around the modified airfoil shown in Figure 11.68. The advantage of this latter airfoil is that the 
sides of its tailing edge form an angle of @.15 7 radians, or 27°, which is more realistic than the 
angle of @° of the traditional Joukowski airfoil. 


Flow with circulation around 
a traditional airfoil. 
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Figure 11.67 Flow with circulation around a traditional Joukowski airfoil. 
y 
Flow with circulation around 
a modified airfoil. 
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Figure 11.68 Flow with circulation around a modified Joukowski airfoil. 


The following Mathematica subroutine will form the functions that are needed to graph a Joukowski 
airfoil. 


Z = 0; Remove[Z]; 
Clear[F, F1, F2, F3, F4, dx, dy, r@, w, z, Z]3 
JoukowskiFun [dx_, dy_] := Module| {}, 


re = (1 -dx)*+ (@-dy)* ; 
z+Vz2-4 oo Wire = Zh 
4= — 3 _ 2 = — _ 
2 2 
ama Wr? oh -z+Vz?-4 
Z3 = 3 24 = z) 
2 2 
w[z_] = r@z + dx + idy; 
1 
F[z_] = Z+ 3 


Zz 
F1[z_] = F(w[Zi]]3 F2[z_] = Fl[w[Z21] 
F3[z_] = F(w[Z3]]; F4{z_}] = F(wZall; |; 


Example 1. Fora fixed value dx, increasing the parameter dy will bend the airfoil. 


Explore Solution 1. 


Example 2. For a fixed value dy, increasing the parameter dx will fatten out the airfoil. 
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Explore Solution 2. 


Example 3. Increasing both parameters dx and dy will bend and fatten out the airfoil. 
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Explore Solution 3. 


Example 4. Consider the modified Joukowski airfoil when W = Sz (z) = z1-92° is used to map 
the Z plane onto the W plane. Refer to Figure 11.69 and discuss why the angle of the trailing edge 
of the modified Joukowski airfoil A; forms an angle of @.15 radians. 


u 
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woo dfz) 


W = S{Z) 


Figure 11.69 The images of the circles Cg and C, under the modified 


Joukowski airfoil. 
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Solution 4. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 
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11.9 The Schwarz-Christoffel Transformation 


In Chapter 10 we mentioned the Riemann mapping theorem: If D is any simply connected 
domain in the plane (other than the entire plane itself), then there exists a one-to-one conformal 
mapping w = f (z) that maps D onto the unit disk |w | <1. The Mobius transformation 


w= S (z) = +“) js a one-to-one conformal mapping of the unit disk | z | <1 onto the upper 
i |Z | 


Z 
half-plane Im (w) > @, and the inverse is z = S~* (w) = “= Hence the Riemann mapping theorem 


W+1 


could have been stated: If D is any simply connected domain in the w-plane, then there exists a one- 
to-one conformal mapping w = f (z) that maps the upper half-plane Im (z) > @ onto D. In this 
section we will introduce the Schwarz-Christoffel formula for constructing a conformal mapping from 
the upper half plane onto a region G bounded by a polygonal curve. At the end of this section we 
will introduce the remarkable mappings of the unit disk onto an equilateral triangle and a square. 


SRY 


To proceed further, we must review the rotational effect of a conformal mapping w = f (z) at 
a point Zg. If the contour c has the parameterization z (t) = x (t)+iy (t), thena vector 7 
tangent to c at the point zg = z (tg) is 


T = Z' (te) = x' (te) + iy’ (te). 


The image of Cc is a contour K given by w (t) = u (x (t), y (t)) + iv (x (t),y (t)), anda 
vector T tangent to K at the point we = f (Zag) is 
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T= w' (tg) = fF" (Ze) Zz" (te). 


If the angle of inclination of 7 is 8B = Argz' (te), then the angle of inclination of T is 


ArgT = Arg (f' (Ze) z' (te)) = Argf' (ze) + B. 


Hence the angle of inclination of the tangent 7 to C at zg is rotated through the angle Arg f' (Ze) 
to obtain the angle of inclination of the tangent T to K at the point we. 


Many applications involving conformal mappings require the construction of a one-to-one 
conformal mapping from the upper half plane Im (z) > @ onto a domain G in the w-plane where the 
boundary consists of straight line segments. Let's consider the case where G is the interior of a 
polygon P with vertices wi, W2, ...,W, specified in the positive sense (counterclockwise). We want 
to find a function w = f (z) with the property 


(11-38) we =f (Xn) for k=1,2, ...,n-1, and wy = f (a) 
where 
X14 < Xo <6 - < Xpi1 < @ 


Two German mathematicians Herman Amandus Schwarz (1843-1921) and Elwin Bruno Christoffel 
(1829-1900) independently discovered a method for finding f, and that is our next theorem. 


Theorem 11.6 (Schwarz-Christoffel Formula). Let P be a polygon in the w plane with vertices 

Wi, W2, .--,Wn and exterior angles ai, Q2, ...,Qn, where -7 < a, < a. There exists a one-to-one 
conformal mapping w = f (z) from the upper half plane Im (z) > @ onto G that satisfies the bound- 
ary conditions 


We = Ff (Xx) for kK=1,2, ...,n-1 and wy = f (oo) 


where Xz < X2 <... < Xp14< ©. 
The derivative f' (z) is 
(11-39) f' (z) = A (Z-X1)7%/" (Z = X2) 7?2/" 0. (Z— Xp_g) 7O/™ 
and the function f (z) can be expressed as an indefinite integral, 
(11-40) f(z) = B+ Af (2- x4) 87 (2x2) 8/7 (Z— Kya) “Or dz 


where A and B are suitably chosen constants. Two of the points {x,} may be chosen arbitrarily, 
and the constants A and B determine the size and position of P. 
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Figure 11.71 A Schwarz-Christoffel mapping with n = 5 and az +02+02+0Q4, <7 


Proof. 
Proof of Theorem 11.6 is in the book. 


Equation (11-40) gives a representation for f in terms of an indefinite integral. Note that 
these integrals do not represent elementary functions unless the image is an infinite region. Also, 
the integral will involve a multivalued function, and we must select a specific branch to fit the bound- 
ary values specified in the problem. Table 11.2 is useful for our purposes. 


The following table of integrals is useful for hand computations and are compatible with the 
versions used in the textbook. Occasionally they have been adjusted by a constant of integration 
which could be changed for indefinite integrands. Also, depending on which quadrant you use it 
might be necessary to use various combinations of the branches of the multivalued terms. 
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J +_az = Arcsinz 


| 1 _qaz = Log (z+ (27-1) 


J 1__qz = aArcsinz 


NIB 
ee 
l 

H 
N 
Is 


f 1_@z = Arctanz 


fgqaz = F bos (i) 
J 1 dz = - Arcsin (2) 
J 1 dz = i tog (? « (4-1)'] 


J 1 az = - 2 Arctanh ((z+1) 


z (z+1) 2 


J 1 _az = ig |e) 


& 
Z (z+1)2 1+ (Z+1) 2 


+ ; Arcsinz 


— 
= 
l 
N 
N 
— 
NIB 
Qs 
N 
iT} 
I 
N 
— 
ay 
l 
N 
N 
— 
Nie 


- + Log (z + (z?-1);) 


— 
= 
l 
N 
N 
— 
Nie 
Qa 
N 
iT} 
I 
N 
— 
N 
N 
I 
ay 
—— 
Nie 


Table 11.2 Indefinite integrals. 


Exploration 


Example 11.26. Use the Schwarz-Christoffel formula to verify that w = f (z) = Arcsinz maps 


IT 


the upper half plane Im (z) > @ onto the semi infinite strip Se Us . v > @ shown in Figure 


11.72. 
ae, 
ris Pais 
Be 3 _s a = 
Figure 11.72 The region with w, = - i W2 = > and 4 = oe OA = > 
Solution. If we choose x; = -1, x2 =1, and wy = - oi W2 = F? then the exterior angles are 


4 = i O2 = and Equation (11-39) for f' (z) becomes 
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f'(z) = A 
= A(z- ia (z aya)" 
= A Pa eae ee Ge 
= A 72-1) 72 
= fo" 
(22-4) 


Then, using Table 11.2, the indefinite integral becomes 


AxiArcsinz + B 


“ and f (1) = 


va we obtain the system 


Using the image values f (-1) 
Axi Arcsin (+) + B 


Sa 
2 


Axi Arcsin (>) +B 


as _— 


and simplifies to be 


7 = 7iA +B 
2 
which we can solve to obtain B = @ and A = -i. Hence the required function is 


f(z) = Arcsinz 


f(z) = (22-1)? maps 


Explore Solution 11.26. 


Example 11.27. Use the Schwarz Christoffel formula to verify that w 
the upper half plane Im (z) > @ onto the upper half plane Im (w) > @ slit along the line segment 


(Use the principal square root throughout.) 


from w=@ to w2=i. 
Solution. If we choose x, = -1, x2 = @, x3 = 1 and wy, = -d, Wo = 1, w3 = d, then the formula 
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BZ) = A (Z~ x4) 8 (Z~ XQ) “2! (Zz ~ x3) -29/" 


A (z= (21) ) "(258)" (2-1) - 3 


- A (z+1)-™/" (Zz) ~02/™ (Z-1) “al 


will determine a mapping w = g (z) fromthe upper half-plane Im (z) > @ onto the portion of the 
upper half-plane Im (w) > @ that lies outside the triangle with vertices w, = -d, w2 = i, w3 =d as 
indicated in Figure 11.73(a). If we letd > @, then wi > @ and ws; > @, and 


1 Fil 
O14 -> A2 > -TT, AZ at 


Figure 11.73 The region with wi > @, w2 = 1, Ww; > @ and 


1 1 
O14 > =, A2 TT, O38 os 


The limiting formula for the derivative g' (z) becomes 
F(Z) Ss AMZ ede gee re tee 


= A (z41)72/™ (2)- 7)" (2-1) 72!” 


I 
> 
N 
N 
N 
| 
ay 
i) 


which will determine a mapping w = f (z) from the upper half-plane Im (z) > @ onto the upper 
half plane Im (w) > ®@ slit along the line segment from w = @ to wp = i as indicated in Figure 
11.73(b). An easy integration reveals that f (z) is given by 


f (z) = a! -— dz 2. B 
( 


and the boundary values f (+1) = @ and f (@) = i lead to system of equations 


A((£1)?-1)2 +B = @ and AlGot)7 48 2 i 
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the solution is easily found to be A = 1 and B = @ and the desired function is 


Explore Solution 11.27. 


Example 11.28. Show that w = f (z) = *arcsinz + ~ Arcsin : m 57 maps the upper half 


plane Im (z) > @ onto the right angle channel in the first quadrant, which is bounded by the coordi- 
nate axes and the rays x => @,y =1 and y > 1,x = 1, as depicted in Figure 11.74(b). 


Solution. If we choose x, = -1, x2 = 0, X3 = 1 and wy = @, wo = d, w3 = 1+ 1, then the formula 
g° (2) = Ay (Wom) (2m)? (Pex 
= Py (2 (21)) 9" (258) (2-4) 
S Ry (ee 1) Oe (2) ee ey et 


will determine a mapping w = g (z) of the upper half-plane onto the domain indicated in Figure 


11.74(a). With og = e: we letd > ~, then a2 > 7 and a3 3 - e 


Figure 11.74 The region with w, = 0, w2 = > ~,w3 = 1+ i and 


nm 5 
O1 = 5, 2 > TT, A3 > >" 


The limiting formula for the derivative g' (z) becomes 
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f° (zy = Ay (241)-O"* (2) (251) 


= Ay (242) 727 (2) (2-4) Ca) 


Z (z+1)2 (z-1) 
= ne z-1 
z (22-1): 
- A z-1 
z (1-22)? 
where A = - i Aq, which will determine a mapping w = f (z) from the upper half plane onto the 


channel as indicated in Figure 11.74(b). 


Using integrals in Table 11.2, we obtain 


f(z) = al cn, ae 
z ( 


= A (Arcsin z + Arcsin (=)) +B 


If we use the principal branch of the inverse sine function, then the boundary values 
f (-1) =@ and f (1) = 1+ lead to the system 


A(-2-+*)+B=0 and A(2+47)+B=1+i, 


Tu 
2° 2 


which we can solve to obtain A = : and B = mi. Hence the required solution is 


w= f(Z) = * Arcsin z + = Arcsin : ¢ ee 
Explore Solution 11.28. 
Extra Example 1. Showthat w = f(z) = : (z2 1)? * Log Z+ (z2-1)2 - i maps 


the upper half-plane onto the domain indicated in Figure 11.77. 
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Hint: Set x; = -1,xX2=1 and wy, = 90, w2 = -i. 


Figure 11.77 The region with w, = 9, Ww. = - i and ay = - =< Oz = + 


Solution. The exterior angles are a, = - i QA = a and the formula for the derivative F' (z) is 
AAD) se By (Ao Ry) eo) er 


= A(z (-1)) 3)" (2-1) GN 


= A(z+1)2 (z-1) 2 
- A (24) A (z+) (zea) 
(Z-1) 2 (Z4+1) 2 (z-1)2 
- A Z+1 
(Z+1) 2 (2-1) 2 


integrate and get 


1 
2 


f(z) = A(z?-1)2 + ALog [z+ (z2-1)2 


use the conditions f (-1) = @ and f (1) =-i and solve the resulting system for A and B. The 
desired result is 


Explore Extra Solution 1. 


Extra Example 2. Showthat w = f(z) = = (z?-1)2 4 = arcsin (=) maps the upper half- 


plane onto the domain indicated in Figure 11.78. 


Hint: Set x1 1, x2 = @,x3 =1 and wi = -1,w2 = -id,w3=1 andlet doa 
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Figure 11.78 The region with x; = -1, x2 = 9, x3 = 1 and 


me and the formula for the derivative 


Solution. The exterior angles are a, = e Ap = Tt, 3 = 


f' (z) is 
PZ) ee A(z og Ae (ze) 2 oe) et 
= A(z- (ay nee (z-@)-(")/" (z-1) ( x) /* 
= A 2+1)z (z)7 (2-1): = Az} (z? 1)2 
_ qe og (22a) (2P-a): 
7 z (z?-1)? 
- A ed - A agers 
z (z?-1)2 2? (z?-1)2 
eh] * 264] *5 
(2-1)F (a 4)F a 


integrate and get 


1 


f(z) = A(z?-1)2 + AxArcsin (=) 


use the conditions f (-1) = -1 and f (1) =1 and solve the resulting system for A and B. The 
desired result is 
f(z) = 2 (z2-1)2 2 Arcsin (=) 
Explore Extra Solution 2. 
Extra Example 3. Show that w = f (z) = 4 (z+1)1/4 + log erie + i log ae maps 


the upper half-plane onto the domain indicated in Figure 11.84. 
Hint: Set x. = -1, x2 = @ and wy = i 77, W2 = —d andlet d > o. Use the change of variable z+1 = s* 


in the resulting integral. 
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Figure 11.84 The region with x; = -1, x. = @ anda, = - 7 Q2= 7. 


Solution. The exterior angles are a, = - a 2 = m, and the formula for the derivative Ff ' (z) is 


integrate 


use the substitutions 


and get 
j= dz = {Se 4s3 ds 
s"-1 
4s4 
= fa,ds 
= 4s - 2Arctans + Log (s-1) - Log (s+1) 
Use the identity - 2ArcTans = -2 ; Log (==) = i Log (==) and write the integral as 


faa = 45 4 Log (=) + i Log (==) 


Now use the substitution s > (z+1) z and get 
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(z+1)/4-1 
(z+1) 1/442 


use the conditions f (@) = 0, f (1) = 17 and solve the resulting system for A and B. The 
desired result is 


1/4_4 z+1) 1/4 


z+1) 1/4" 


= 7)\1/4, (2+1) 4 i-( 
f (Z) 4 (1+2Z) + Log a + i Log i 


W/4i4q 


Explore Extra Solution 3. 


Extra Example 4. Showthat w = f(z) = 2: (z- 3) maps the upper half-plane onto the 
domain indicated in Figure 11.85. 


Hint: Set x; = @,x2 =1 and wi = -d,wo = ii andlet d> @. 


Figure 11.85 The region with xi = @, x2 = 1 and a = a 2 = -T. 


Solution. The exterior angles are a, = e 2 = —7, and the formula for the derivative f' (z) is 
F" (Zz) = A(Z=%) * (2-%) 


= A (z-@)72/” (z-1)-(™/n 


So AZ (z-1)1 
= Az 2 (z-1) 
me (z? - z> 


integrate and get 


f(z) = B+ A (2237 22} 


use the conditions f (@) = 0, f (1) = 1 and solve the resulting system for A and B. The desired 
result is 
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Explore Extra Solution 4. 


Extra Example 5. Use the Schwarz Christoffel formula to show that 
a ; dz will map the upper-half-plane onto an equilateral triangle. 


w= f(z) = B+; al 3 
(z+1) 3 (z-1)3 


Hint: For convenience we have chosen x, = -1, X2 = 1. 


Sik 


27 and the formula for 


3. 


Solution. The exterior angles of an equilateral triangle are a, = S, 2 = 
the derivative f' (z) is 


f' (Zz) = A (z-x1)7| 


integrate and get 


Explore Extra Solution 5. 


Extra Example 6. Use the Schwarz Christoffel formula to show that 
: - dz will map the upper-half-plane onto a square. 


w= F(z) = Ba] — 
(Z+1)2 22 (z-1)2 


Hint: For convenience we have chosen x; = 


1,X2 = 0, x3=1. 
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Solution. The exterior angles of a square are a = = Az = 


derivative f' (z) is 


I 
> 
N 
| 
| 
ay 


integrate and get 


Explore Extra Solution 6. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap." The 
following Initialization Cell will load these subroutines. 


Initialization Cell 


Complex Analysis for Mathematics and Engineering 
by 
John H. Mathews and Russell W. Howell 


Jones and Bartlett Learning 


Prof. John H. Mathews 
Department of Mathematics 
California State University Fullerton 
Fullerton, CA 92634 
mathews@fullerton.edu 


Prof. Russell W. Howell 
Mathematics & Computer Science Department 
Westmont College 
Santa Barbara, CA 93108 
howell@westmont.edu 
11.10 Image of a Fluid Flow 


We have already examined several two-dimensional fluid flows and have discovered that the 
image of a flow under a conformal transformation is a flow. The conformal mapping 
w=uU (X,y) + iv (x,y), which is obtained by using the Schwarz-Christoffel formula, allows us to 
find the streamlines for flows in domains in the w plane that are bounded by straight-line segments. 


The first technique is finding the image of a fluid flowing horizontally from left to right across 
the upper half plane Im (z) > @. The image of the streamline -«<t<o, y=c isastreamline 
given by the parametric equations 


u = U(t,C) and, 
v=v(t,c) for -o<t<o. 


and is oriented in the positive sense (counterclockwise). The streamline 
u = u (t,@), v = v (t,@) for -« < t < @ is considered to be the boundary wall for a containing 
vessel for the fluid flow. 


Example 11.29. Show that the mapping w = : 


(z? 1) 2 +Log Z+ (22-1) 2)) maps the 


upper half plane Im (z) > @ onto the domain in the w-plane that lies above the boundary curve 
consisting of the rays u < @,v =1 and u= @,v = @and the segment u = 0, -1<v<@ (see Figure 
11.87). 
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=L 1 
Figure 11.87 (a) Flow over a step. (b) Flow 
around a blunt object. 


Hint: Set x; = -1,x2=1 and wy = @,w2 = -i. Inthe w-plane w, = 1, w2 = @, and the exterior 


angles are aq = - o 2 = and the formula for the derivative f' (z) is 


FZ). RAZ Shay OE (2 ee 


= A(z-(-1)) C2) (2-1) GI 


A (aed): 
(2-1)? 
Integrate and get 
f(z) = B er dz 
(z-1)2 


Solve for the coefficients A and B and obtain 


1 
2 


ae 


w= f(z) = 2 ( (2? 1) Log (z+ (22-1) *)} 


It maps the upper half-plane Im (z) > @ onto the domain in the w plane that lies above the bound- 
ary curve consisting of the rays u < @,v = 1 and u > 9, v = @ andthe segment u = @,-1<v<é®. 
Furthermore, the image of horizontal streamlines in the z plane are curves in the w plane given by 
the parametric equation 
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. 2 [((t+ic)? 1) #4 Log (t+ics ((t+ic)? 1)+)] 


1 
2 


1 
z 2 (+? c2-14 i2ct)?+Log (t+ics (t2-c2-14 i2ct) }) 


for —co < t < o. The new flow is that of a step in the bed of a deep stream and is illustrated in 
Figure 11.87(a). The function w = f (z) is also defined for values of z in the lower half-plane, and 
the images of horizontal streamlines that lie above or below the x axis are mapped onto streamlines 
that flow past a long rectangular obstacle, which is illustrated in Figure 11.87(b). 


Explore Solution 11.29. 


Extra Example 1. Use Figure 11.88 to find the flow over the vertical segment from @ to i. 


=. =1L 1 2 


Figure 11.88 Flow over the vertical segment from @ to i. 


Solution. Set x; = -1, x2 = @, x3 = 1. In the w-plane wy = 9, wo = i, w3 = 9, and the exterior angles 


= Q2 = -Tt, A3 = ai and the formula for the derivative f' (z) is 


are 4 = 


PCa) SOA (ea May ea Ra) eexy) 
2 A (z= (-1)) 4 (z=) -" (z= 1) 7" 
= A (z+1) 7/7 (Zz) ~%2/% (7 ~ 1) -93/7 


rT 


= A pty ae (z)- (mix (z-1) 73" 


Integrate and get 
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Explore Extra Solution 1. 


Extra Example 2. Use Figure 11.89 to find the flow around an infinitely long rectangular barrier. 


Figure 11.89 Flow around an infinitely long rectangular barrier. 


Solution. Set x; = -1, x2 = 1. In the w-plane w; = 1, w2 = -1, and the exterior angles are 


a4 =- | a2 = - a and the formula for the derivative f' (z) is 


f" (z) = A (Z-%) OO" (2-%)) 2 
= A(z- (-1))~%/7 (z-1) -2/7 
= A (2-1) (2-1) ee 


= A(ze1) CPF (z-ay be 


Integrate and get 


f(z) = B+ a | (22-1) Faz 


1 
= By + Ay | (1-22) ?a2 


1 2 = 1 - 
= By + A, ($2 (1 z )2+>Arczinz 
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Solve for the coefficients A, and B, and obtain 


1. 
2 


f(z) = =z (1-z?) = arcsinz 


Explore Extra Solution 2. 


Extra Example 3. Use Figure 11.90 to find the flow around 


1 


Figure 11.90 (a) Flow around one inclined segment in the upper half-plane. 
(b) Flow around two inclined segments forming a "V" in the 
plane. 


Solution. Set x, = =, X2 = @, x3 = 1. In the w-plane w, = @, w2 = e'%”, w3 = @, and the exterior 


angles are a, = az, Q2 = —-7, a3 = (1-a) x, and the formula for the derivative f' (z) is 


FO (Zz) = A (2x1) 8" (z ~ xp) -2/" (z ~ x3) 03!" 


mA (2 (BB) (zy (2 ay 


Integrate and get 


= B+A (-1+2z)?% (z+ =a\e (z atte | 


Solve for the coefficients A and B and obtain 
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Explore Extra Solution 3. 


Extra Example 4. Use Figure 11.91 to find the flow over a dam. 


Figure 11.91 Flow over a dam. 


Solution. Set x, = @, x2 = 1. In the w-plane w, = @, w2 = i, and the exterior angles are 


4 = o Q2 = -7, and the formula for the derivative f' (z) is 


Fae). Se BAG ee (a ky es 


Tt 


= A(z-@)73/" (z-1)-(-/m 


= Az2(z-1)1 
= Az 2 (z-1) 
= A(z? - 22] 


Integrate and get 


Explore Extra Solution 4. 


Extra Example 5. Use Figure 11.92 to find the flow around 
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-2 =1 1 2 


Figure 11.92 (a) Flow up an inclined step 
(b) Flow around a pointed object. 


Solution. Set x1 = @, x2 = 1. In the w-plane w, = —1, w2 = i, and the exterior angles are 


Zi a2 =- a and the formula for the derivative f' (z) is 


O1 = a> 


f' (z) = A (Z-%X1) 7/7 (Z- x2) 72/7 


Integrate and get 


Solve for the coefficients A and B and obtain 


f(z) =i4 


val 


1 
4 (z 1) #z*-2Arctan ((a 2) 5) | Log 1- (1-4) 


Explore Extra Solution 5. 


The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 
following Initialization Cell will load these subroutines. 


Initialization Cell 


Complex Analysis for Mathematics and Engineering 
by 
John H. Mathews and Russell W. Howell 


Jones and Bartlett Learning 


Prof. John H. Mathews 
Department of Mathematics 
California State University Fullerton 
Fullerton, CA 92634 
mathews@fullerton.edu 


Prof. Russell W. Howell 
Mathematics & Computer Science Department 
Westmont College 
Santa Barbara, CA 93108 
howell@westmont.edu 
11.11 Sources and Sinks 


If the two-dimensional motion of an ideal fluid consists of an outward radial flow from a point 
and is symmetrical in all directions, then the point is called a simple source. A source at the origin 
can be considered as a line perpendicular to the z plane along which fluid is being emitted. If the 
rate of emission of volume of fluid per unit length 2 7m, then the origin is said to be a source of 
strength m, the complex potential for the flow is 


F(Z) = mlog (2), 
and the velocity V at the point (x, y) is given by 


V(x; y) = F’ (z) = 


NI 


For fluid flows, a sink is a negative source and is a point of inward radial flow at which the fluid is 
considered to be absorbed or annihilated. Sources and sinks for flows are illustrated in Figure 
11.93. 
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Figure 11.93 Sources and sinks for an ideal fluid. 


11.11.1 Source: A Charged Line 
In the case of electrostatics a source will correspond to a uniformly charged line perpendicu- 


lar to the z-plane at the point zg. We will show that if the line L is located at zg = @ and carries a 
charge density of 4 coulombs per unit length, then the magnitude of the electric field is 


4. Hence E is given by 


| E (x; y) | = 


x24? 
(11-41) BE (Gy) = 7 = ey 
and the complex potential is 
F(z) = -qlog (z), and 
E (x,y) = - F* (z). 


A sink for electrostatics is a negatively charged line perpendicular to the z-plane. The electrostatic 
field for electrostatic problems corresponds to the velocity field for fluid flow problems, except that 


their corresponding potentials differ by a sign change. 
To establish Equation (11-41), we start with Coulomb's law, which states that two particles 
C42 where r is the distance 


with charges q and Q exert a force on one another with magnitude = 
between particles and Cc is a constant that depends on the scientific units. For simplicity, we 
assume that C = 1 and the test particle at the point z has charge Q = 1. 

The contribution AE, induced by the element of charge a along the segment of length Ah 
situated at a height h above the plane has magnitude | AE; | given by 


_ (q/2) ah 
| AE. | = r2h2 


It has the same magnitude as AE, induced by the element an located a distance —-h 
below the plane. From the vertical symmetry involved their sum, AE, + AE2, lies parallel to the 


plane along the ray from the origin, as shown in Figure 11.94. 
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E,+E, 


(0, 0, -h) 9/2 Ah 


Figure 11.94 Contributions to E from the elements of charge = situated at 
(@, 8, +h), above and below the z plane. 
By the principal of superposition, we add all contributions from the elements of charge along 
L to obtain E = >’ AEx. By vertical symmetry, E lies parallel to the complex plane along the ray 
from the origin through the point z. Hence the magnitude of E is the sum of all components 
| AE | cos t that are parallel to the complex plane, where t is the angle between E and the plane. 
Letting Ah > @ in this summation process produces the definite integral 


IE (x,y) | = [2 | AE|costdh = {* (9/2) on dh. 
Next, we use the change of variable h = rtant and dh = rsec*tdt and the trigono- 
metric identity sec*t = a to obtain the equivalent integral: 
/2 2h? /2 
JEQy¥) | = [op ae dt = 3 J", costdt = f. 


Multiplying this magnitude 4 by the unit vector | establishes Formula (11-41). lf q > @, 
then the field is directed away from Ze = @ and, if q < Q, then it is directed toward zg = 8. An electri- 


cal field located at zg + @ is given by 


E (x, y) 


and the corresponding complex potential is 


F(z) = —~q log (z-Ze). 
Example 11.30. (Source and sink of equal strength) Let a source and sink of unit strength be 
located at the points z; = +1 and zz = -1, respectively. The complex potential for a fluid flowing 
from the source at z; = +1 tothe sink at z2 = -1 is 
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F(z) = log (z-1) - log (z+1) = log (=). 


Z- 
Z+1 


Figure 11.95 (a) Source and sink of unit strength. 


The velocity potential and stream function are 


¢ (x,y) = In| z-1 |. and 


2Z+1 
u (x,y) = arg (=>), 


respectively. Solving for the streamline yw (x, y) = c, we start with 


= z-1 _ (X+i y-1) (x-i y+1) 
oS ale Gr = ane (x+i y+1) (x-i y+1) 

_ x24+y2-14 1 2y = x?+y2-14 1 2y 

= ANE ( x742 x+1+y? = ANG (x41) 2+y? 

= a an 

= arctan [ah 


and obtain the equation 
(tanc) (x*+y*-1) = 2y. 

A straightforward calculation shows that points on the streamline must satisfy the equation 
x* + (y-cotc)? = 1 + cot?c, 


which is the equation of a circle with center at (@, cot c) that passes through the points 
(+1, @). Several streamlines are indicated in Figure 11.95(a). 


Explore Solution 11.30. 


Example 11.31. (Two sources of equal strength) Let two sources of unit strength be located at 
the points z; = 1 and z, = -1. The resulting complex potential for a fluid flow is 
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F(z) = log (z-1) + log (z+1) = log (z*-1). 


Figure 11.95 (b) Two sources of unit strength 


The velocity potential and stream function are 


@ (xX; y) = In|z?-1], and 


w (Xs; y) = arg (z*-1), 


respectively. Solving for the streamline yw (x, y) = c, we start with 


c = arg (z?-1) = arg (x?-y*-1+4+ i2xy) 


arctan | oo ] 
x?-y?-1 


and obtain the equation 


x* + 2xycotc - y* = 1. 
If we express this equation in the form (x - ytan$) (x + ycot $) = 1 then we can 
get 
c - a. € c en. AE c 
(xcos > - ysin>) (xsinS +ycos>) = sin> cos 5, or 
c . c a. SG c sinc 
(xcos > - ysin>) (xsinS +ycosS) = =. 


Now use the rotation of axes 
xX* = x cos > + y sin = and 
ae in —& ace 
y* = SUT ay cos 


then the streamlines must satisfy the equation 
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and are rectangular hyperbolas with centers at the origin that pass through the points z = +1. 
Several streamlines are indicated in Figure 11.95(b). 


Explore Solution 11.31. 


Ideal Fluid Flow 


Let an ideal fluid flow in a domain in the z plane be effected by a source located at the point 
Ze. Then the flow at points z, which lie in a small neighborhood of the point Ze, is approximated by 
that of a source with the complex potential 


F(z) = log (z-Zg) + constant. 


If w = S (z) is aconformal mapping and we = S (Ze), then S(z) has a nonzero derivative at zo 
and 


W-We = (Z-Ze) (S' (Ze) + 7 (Z)) 
where 7 (Zz) > @ aS Z-— Zg. Taking logarithms yields 


log (W-We) = log (zZ-Ze) + Log (S' (Ze) + 7 (Z)). 
Because S' (Zg) #9, the term Log (S' (Ze) + 7 (z)) approaches the constant value 
Log (S' (Zg)) aS Z>Zg. AS log (z-Zg) is the complex potential for a source located at the 
point Zg, the image of a source under a conformal mapping is a source. 

We can use the technique of conformal mapping to determine the fluid flow in a domain D in 
the z plane that is produced by sources and sinks. If we can construct a conformal mapping 
w = S (z) so that the image of sources, sinks, and boundary curves for the flow in D are mapped 
onto sources, sinks, and boundary curves in a domain G where the complex potential is known to be 
F, (w) , then the complex potential in D is given by F2 (z) = Fy (S (z)). 
Example 11.32. Suppose that the lines x = + = are considered as walls of a containing vessel for 
a fluid flow produced by a single source of unit strength located at the origin. The conformal map- 
ping w = S (z) = sinz maps the infinite strip bounded by the lines x = + = onto the w plane 
slit along the boundary rays u < -1, v= @ and u=1, v = 8, and the image of the source at 
Zg = 8 is asource located at we = 8. The complex potential 


F, (Ww) = logw 
determines a fluid flow in the w plane past the boundary curves u < -1, v=® and u=1, v=@, 
which lie along streamlines of the flow. Therefore the complex potential for the fluid flow in the 


infinite strip in the z plane is 


Fp (z) = Fy (S (z)) = log (sinz). 
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Several streamlines for the flow are illustrated in Figure 11.96. 


Figure 11.96 A source in the center of a strip. 


Explore Solution 11.32. 


Example 11.33. Suppose that the lines x = + 7 are considered as walls of a containing vessel for 


ae 


the fluid flow produced by a single source of unit strength located at the point z,1 = > anda sink of 


unit strength located at the point z2 = - 4. The conformal mapping w = S (z) = sinz maps 


As 
2 


the infinite strip bounded by the lines x = + onto the w plane slit along the boundary rays 


TT 
2 
Ki:u<-1, v= and K,: u=1, v =. The image of the source at z, = ~ is a source at wi = 1, 


and the image of the sink at z2 = = is a sink at w2 = -1. The potential 


w-1 
w+1 


Fi (w) = log 


determines a fluid flow in the w plane past the boundary curves K, and K2, which lie along stream- 
lines of the flow. Therefore the complex potential for the fluid flow in the infinite strip in the z plane 
is 


Fo (Zz) = Fy (S(z)) = log (2*2-+). 


sinz+1 


Several streamlines for the flow are illustrated in Figure 11.97. 
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Figure 11.97 A source and a sink on the edges of a strip. 


Explore Solution 11.33. 


We can use the technique of transformation of a source to determine the effluence from a 
channel extending from infinity. In this case, we construct a conformal mapping w = S (z) from 
the upper half-plane Im (z) > @ so that the single source located at zg = @ is mapped to the point 
We = - i ~ at infinity that lies along the channel. The streamlines emanating from z, = @ in the upper 
half-plane are mapped onto streamlines issuing from the channel. 


Example 11.34. Consider the conformal mapping 


woe Sz) = SV(z?-1) 4 = arcsin (=), 


which maps the upper half-plane Im (z) > @ onto the domain consisting of the upper half-plane 

Im (w) > @ joined to the channel -1<u<1, v < @. The point zg = @ is mapped onto the point 

We = S (Ze) = S (@) = ~i wand z; = 1is mapped onto w; = S (zi) =S (1) = 1 along the channel. 
Images of the rays r > @, © = a, where ais a constant, are streamlines issuing from the channel 
as indicated in Figure 11.98. 


1 


Figure 11.98 Effluence from a channel into a half-plane. 


Explore Solution 11.34. 


Extra Example 1. Use a Schwarz-Christoffel transformation to show that the conformal mapping 


will map the flow in the upper half-plane from a source at Zg = @ onto the flow from a channel with 
Wg = S (Zg) = -o into the first quadrant, as shown in Figure 11.105. 
Hint: Set x, = -1, x2 = @ and wy = i 7, Wo = -d andlet d > ~. 
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Figure 11.105 Flow from a channel into a quadrant. 


Solution. Using the Schwarz-Christoffel transformation method, the exterior angles are 
Oy = - i Q2 = 7, and the formula for the derivative S' (z) is 


S' (Z) = 


integrate 


Adzo sa) ee ae) 


A (z~- (-1)) 2)" (2-0) -0-9/™ 


use the conditions S (@) = 
desired result is 


$-(Z) = 


ive) 
+ 
> 
———. 

No 
N 

+ 

ry 
Nie 


@, S (1) = iz and solve the resulting system for A and B. The 


Explore Extra Solution 1. 


Extra Example 2. Use a Schwarz-Christoffel transformation to show that the conformal mapping 


S (Z) 


(z+1) 2/4-1 
(z+1) 0/441 


= 4(1+z)/4 4 


Log 
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will map the flow in the upper half-plane from a source at Zg = @ onto the flow from a channel with 


We = S (Zg) = -o into a sector, as shown in Figure 11.106. 
Hint: Set x; = -1, x2 = @ and wy = i, wW2 = -d andlet d > w. Use the change of variable z+1 = s* 


in the resulting integral. 


Figure 11.106 Flow from a channel into a sector in the first quadrant. 


Solution. Using the Schwarz-Christoffel transformation method, the exterior angles are 
ay =- i Q2 = 7, and the formula for the derivative S' (z) is 


SP az). = A Ze sa ee (eke es 


II 


A (z- (-1)) 4)" (2-0) -09/™ 


integrate 


use the substitutions 


and get 
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1 


= 4\ 1/4 
fe dz = {@ 4s3ds 
z s*-1 


- ice ds 


I 


4s - 2Arctans + Log (s-1) - Log (s+1) 


Use the identity - 2ArcTans = -2 >Log (==) = i Log (+=) and write the integral as 


i-s 


fara = 4s 4 Log (==) + i Log ( 


i-s ) 
1+s 


use the conditions S (@) = 0, S (1) = 17 and solve the resulting system for A and B. The 
desired result is 


S$ (z) = 4(14+2)/4+ Log ee . i Log dates 


Z+1) 1/441 z+1)1/4 
Explore Extra Solution 2. 
Extra Example 3. Use a Schwarz-Christoffel transformation to show that the conformal mapping 


Lei 
2 


w= Sizy = LAresing + £Aresin = + 
rie Pit Zz 


will map the flow in the upper half-plane from a source at Zg = @ onto the flow in a right-angled 
channel with we = S (Zg) = -«, as shown in Figure 11.107. 


Figure 11.107 Flow in a right-angled channel. 


Solution. Using the Schwarz-Christoffel transformation method, if we choose 
X1 = -1,X2 = 0, x3 =1 and wy = 8, Wo = d,w3 = 1+ 1, then the formula 
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Bo (Z) = Ag (Z~ x1) AH (Z~ xp) “2! (Z ~ x3) 9!" 
- Ay (z- (-1) ) 1/7 (Z -@)~@2/7 (z-1)-%/7 
a Ag (B+ 1) PO 2 ye {7 By ett 


will determine a mapping w = g (z) of the upper half-plane onto the domain indicated in Figure 


11.74(a). With og = os we letd > ~, then a2 > 7 and a3 3 - oe 


The limiting formula for the derivative g' (z) becomes 
SZ) ee By (2 Lyre (zyme! (z= Ty ae 


= Ay (244) (zy (z-ay al? 


Z (zZ+1) 2 (z-1) 
a Re z-1 
z (22-1); 
- A z-1 
z (1-22)? 
where A = - i Aq, which will determine a mapping w = S (z) from the upper half plane onto the 


channel as indicated in Figure 11.74(b) and Figure 11.107. 


Using integrals in Table 11.2, we obtain 


= A (Arcsin z + 1 Arcsin (=)) +B 


If we use the principal branch of the inverse sine function, then the boundary values 
S (-1) =@ and S (1) = 1+i lead to the system 
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A(-2-+)+B=0 and A(z++) /B=1+i, 


which we can solve to obtain A = + and B = +*+. Hence the required solution is 
2 


TT 


1+a 


w= S(z) = LArcsinz + Arcsin? + 
Tv TT Z 


Explore Extra Solution 3. 


Extra Example 4. Use a Schwarz-Christoffel transformation to show that the conformal mapping 


w = S(z) = 2(z+1)1/? - Log (pense) 
will map the flow in the upper half-plane onto the flow from a channel back into a quadrant, as 


shown in Figure 11.108, 
where zi = @, Z2 = 1 and wy = ©, wi = S$ (1) = 2V2 -im-2Log (V2 -1). 


Figure 11.108 Flow from a channel back into the first quadrant. 


Explore Extra Solution 4. 
The "legacy version" being used to implement the commands "CartesianMap and PolarMap.”" The 


following Initialization Cell will load these subroutines. 


Initialization Cell 
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Chapter 12 Fourier Series and the Laplace Transform 
12.1 Fourier Series 


Overview 


In this chapter we show how Fourier Series, the Fourier Transform, and the Laplace Trans- 
form are related to the study of complex analysis. We develop the Fourier series representation of a 
real-valued function U (t) of the real variable t. We then discuss complex Fourier series and 
Fourier transforms. Finally, we develop the Laplace transform and the complex variable technique 
for finding its inverse. In this chapter we focus on applying these ideas to solving problems involving 
real-valued functions, so many of the theorems throughout are stated without proof. 


Let U (t) be a real-valued function that is periodic with period 2 7, that is 


U (t+277) =U (t) forall t. 
One such function is s = U (t) = sin (t- 4) +4 cos (2t-7-%) +2. Its graph is obtained by 


repeating the portion of the graph in any interval of length 2 7, as shown in Figure 12.1. 


Ss S =UtiL 


Pp p 
Figure 12.1. A function U (t) with period 2 7. 
Exploration. 


Familiar examples of real functions that have period 2 7, are cos (nt) and sin (nt), 
where n is an integer. These examples raise the question of whether any periodic function can be 
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represented by a sum of terms involving a, cos (nt) and b, sin (nt), where a, and by are real 
constants. As we soon demonstrate, the answer to this question is often yes. 


Definition 12.1 (Piecewise Continuous). The function U (t) is piecewise continuous on the closed 

interval [a,b], if there exists values tg, ti, ..., t, witha = tg < ti <... < t, = b such that U is 

continuous in each of the open intervals t,_1 < t < ty, fork = 1, 2, ..., n and has left-hand and 
right-hand limits at each of the values ty, fork = @, 1, 2, ..., n. 


We use the symbols U (a~) and U (a*) forthe left-hand and right-hand limit, respectively, 
of a function U (a) as t approaches the point a. The graph of a piecewise continuous function is 
illustrated in Figure 12.2, where the function U (a) is 


Site) oe 4 wie Bete? 
3 2 4 
2- (t-2)? , when 2 <t <3, 
Vary = t-3 
Lea , when 3<t <4, 
2- (t-5)3 , when 4<t <6. 


The left-hand and right-hand limits at tg = 2, t1 = 3, and t2 =4 are easily determined: 
ee ee e . 2 1\2 1 2 1\2 1 7, 
At to = 2, the left-hand limit is U (2-) = Lim [= (t-5)°+2] = = (2-5): 
and the right-hand limit is U (2*) = lim [ (t-2)?] ; 957)% = 2. 


to2 


At t; = 3, the left-hand limit is U (3-) = lim |2- (t-2)?] = : (3-2)2 = 2 


5 
2 
and the right-hand limit is U (3°) = lim [1+] = 1+ 7% = 1. 


At t2 = 4, the left-hand limitis U (4-) = lim [1+5*] =1+74 = 2 


toa 4 4 ; 

: bene ey “TS 6 3 6 3 _ i 

and the right-hand limit is U (4*) = Lim [ (t-5)3] = ~- (4-5)3 = 3. 
Ss Ss =UHL 


t 


Figure 12.2. A piecewise continuous function U (t) over the interval [1, 6]. 


Exploration. 


Definition 12.2 (Fourier Series). If U (t) is periodic with period 2 7 and is piecewise continuous 
on[-7, 7], then the Fourier Series S (t) forU (t) is 


(12-1) S(t) = 2+ DR, (aj cos (jt) +b; sin (jt)), 


where the coefficients aj; and bj; are given by the so-called Euler's formulae: 
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(12-2) aj = = f"u (t) cos (jt) dt forj=0,1, ..., 
and 
(12-3) b; = = fru (t) sin (jt) dt forj =1, 2, 


ae 


We introduced the factor ; in the constant term > on the right side of Equation (12-1) for 


convenience so that we can obtain ag from the general formula in Equation (12-1) by setting j = @. 
We explain the reasons for this strategy shortly. Theorem 12.1 deals with convergence of the 
Fourier series. 


Theorem 12.1 (Fourier Expansion). Assume that S (t) is the Fourier Series for U (t). If 
U (t) andU' (t) are piecewise continuous on [-7, 7], then S (t) is convergent for all 


te[-7, 7]. 


The relation U (t) = S (t) holds for all t e[—7, 7] where U is continuous. If t = a is a point of 
discontinuity of U, then 


where U (a~) andU (a*) denote the left-hand and right-hand limits, respectively. With this under- 
standing, we have the Fourier Series expansion: 


U(t) = 2+)>p4 (ajycos (jt) +bjsin (jt)). 


Proof. 


Method I. Fourier Series - Trigonometric Polynomials. Execute the following sells to set up the 
procedure S[n,t] for finding the Fourier Series - Trigonometric Polynomial of degree n. 


Clear[a, b, j, n, t, uJ]; 


1 7 
a[j_] = aal u[t] Cos[jt] dt; 
Ae 


=I 


1 7 
bli_l = = u[t] Sin[jt] at; 
v0 -1 
a[Q@] u : : peer 
FS[n_, t_] := © (EE Ges rele 2.3 EG ery: 
j=1 
Print[" a, = ", a[j]]3 
Print[" b, = ", b[j]]5 
a[@] 


+)\(alj]Cos[j t]+b[j]Sin[j t]"]5 
j=1 


Print["S,[t] = 


Example 12.1. The function U (t) = 5 for — 7 < t <7, extended periodically by the equation 


U (t+27) =U (t), has the Fourier series expansion 


U(t) = £ = Spa 2 sin (jt). 
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Solution. 


Using Equation (12-2) and integrating by parts, we obtain 


: . : . t=7¢ : 
aj = =|" =Cos[jt] dt = <a , err ee fot {= 1,2; 
Then using Equation (12-3) we get 
be = 1 t sin[jt] dt ( tCos[jt] , ade | ter Cos[jz] _ (-1)34 
De ea J 2nj "275? es j j 
ne 1mm t +2 t= 
We compute the coefficient ag by ag = =| 8 dt = (=) | = @ 
t=-7 


Substituting the coefficients aj; and bj into Equation (12.1) produces the required solution. The 
graphs of U (t) = = and the first three partialsums S, (t) = sin (t), 


S2 (t) = sin (t) - > sin (2t), and S3 (t) = sin (t) - > sin ti 4 5 sin (3t) are shown 


in Figure 11.3. 
RB 
t 
5 p 
Figure 12.3. The function U (t) = -, and the approximations S; (t), Sz (t), and 
$3 (£). 


Explore Solution 12.1. 


Theorem 12.2. If U (t) and V (t) have Fourier series representations, then their sum 
W (t) =U (t) +V (t) has a Fourier series representation, and the Fourier coefficients of W are 
obtained by adding the corresponding coefficients of U and V. 


Proof. 


Theorem 12.3 (Fourier Cosine Series). Assume that U (t) is an even function and has period 
27. IfU (t) andU' (t) are piecewise continuous, the Fourier series for U (t) involves only the 
cosine terms, (i.e. bj = @ forall j), and we write 


U (t) = 2 + DP 1 ay cos (jt), 


“U (t) cos (jt) dt for j=, 1, 
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Theorem 12.4 (Fourier Sine Series). Assume that U (t) is an odd function and has period 2 7. If 
U (t) andU' (t) are piecewise continuous, the Fourier series for U (t) involves only the sine 
terms, (i.e. aj = 9 forall j), and we write 


U (t) = 291 bj sin (jt), 
where bj = = fu (t) sin (jt) dt for j =1, 2, 
Proof. 
Theorem 12.5 (Termwise Integration). Assume that U (t) has the Fourier series representation 


U (t) = 2+ DF (aj cos (jt) +b; sin (jt)). 


Then the integral of U (t) has a Fourier series representation which can be obtained by termwise 
integration of the Fourier series of U (t), thatis 


Gu (t) av = py (SEP) sin (5 t) - Hos (jt), 


2 = j+1 
where we have used the expansion = =e, a a 


sin (jt). 


Proof. 


Theorem 12.6 (Termwise Differentiation). Assume that both U (t) and U' (t) have Fourier 
series representation and that 


U (t) = 2+ >P4 (aj cos (jt) +b; sin (jt)). 
Then U' (t) can be obtained by termwise differentiation of U (t), that is 


U' (t) = DF (j bj cos (jt) -jajsin (jt)). 
Proof. 


Method Il. Fourier Series - Trigonometric Polynomials. Modify procedure S[n,t] for finding the 
Fourier Series - Trigonometric Polynomial of degree n to the case of a piecewise continuous func- 
tion on the subintervals [- 7 , 8) and (@ , 7]. 
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Clear[a, b, j, n, t, ul, u2]; 


1) 7 
i) u2[t] Cos[jt] dt “| ul[t] Cos[jt] dt 


a e 


a[j_] = 


b[j_] = 


a ]PaAa [Rh 


1) 7 
Uf u2[t] Sin[jt] dt “| ul[t] Sin[jt] at] 3 


7 e 


a[@] a . 
TP[n_, t_] := = 8) (GE Cos [jt] +b[j] Sin[jt]); 
j=1 


Print[" a, = ", a[j]]3 
Print[" bp = ", b[j]]; 


@ n 
Print["T,[t] = atl. (ald Cos 3 t]+b[j]Sin[j t])"]; 
j=1 
Example 12.2. The function U (t) = | t | for -72<t< 7, extended periodically by the equation 


U (t+27) =U (t), has the Fourier series expansion 


7 1 4 Cos[(2j-1) t] 
U (t) ~ | t | 2 — )j-4 (2j-1)2 . 


Solution. 


The function U (t) is an even function; hence we can use Theorem 11.3 to conclude that 
bj; = @ forall j and that 


_. 2 . _ {2Cos[jt] , 2tSin[jt] tx — 2cCos[jm]-2 _ 2(-1))-2 

aj = —[{tCos[jt] dt Ge ae le a a er 
JS dy. 25. ein, V 
We compute the coefficient ag by 

ao 2 pat (2) "= n 

a= ole = ae tgig = 
Therefore, we have the found the Fourier series expansion 

2 -1))-1 . 
U(t) = | t| = 5+ 2p. cosiit, 


we leave it for the reader to show that this is equivalent to 


1 4 Cos[(2j-1) t] 
U (t) = | t | — )5-1 (25-1)? 


Using the a; and Theorem 12.3 produces the required solution. The graphs of U (t) = | t | and 


the first two partial sums T, (t) = = - “cos (t), 


and T; (t) = 2-+4cos (t) - + cos (3t) are shown in figure below. 
2 TT 97 9g 
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t 
Pp - p 


Figure. The function U (t) = | t |, and the approximations T; (t), and T3 (t). 


Explore Solution 12.2. 
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12.2 The Dirichlet Problem for the Unit Disk 


The Dirichlet problem for the closed unit diskD: | z | < 1is to find a real-valued function 
u (x, y) that is harmonic in the unit disk D and that takes on the boundary values 


(12-10) u (cos@6, sing) =U (8) for -m<7n<7, 


at points z = (cos 6, sine) onthe unitcircle C: | z | = 1. 


Theorem 12.7 (The Dirichlet problem in D). If U (t) has period 2 7 and has the Fourier series 
representation 


U(t) = 2 + DP, (ajcos (jt) +bjsin (jt)), 


then the solution to the Dirichlet problem in the unit disk D is 
(12-11) u(rcos6,rsing) = - + DP (agricos (je) +bjrisin (je)), 


where x + i y = re*® denotes a complex number in the closed disk | z | < 1. 
Proof. 


The series representation in Equation (12-11) for u takes on the prescribed boundary values 
in Equation (12-10) at points on the unit circleC : | z | = 1. Eachterm, a; rj cos (j@) and 
b; rj sin (j 6), in the series in Equation (12-11) is harmonic, so it is reasonable to conclude that 
the infinite series representing u will also be harmonic. The proof follows the proof of Theorem 12.8. 


Theorem 12.8, which is attributed to the French mathematician Siméon Poisson, gives an 
integral representation for a function u (x, y) that is harmonic in a domain containing the closed 
unit disk. The result is the analog to Poisson's integral formula for the upper half-plane. 


Theorem 12.8 (Poisson Integral Formula for the Unit Disk). Let u (x, y) bea function that is 
harmonic in a simply connected domain that contains the closed unit diskD: | z| < 1. If 


2 | Chapter12Section02.nb 


u (xX, y) takes on the boundary values 


u(rcos6,rsine) = U (8) for -m™<O<7, 


then u (x, y) has the integral representation 


(1- r?) U (t) 
-01+r?-2rcos (t-6) 


u(rcos@,rsine) = dt, 


which is valid for | zj| < 1. 
Proof. 
Example 12.3. Find the function u (x, y) that is harmonic in the unit disk D: | z | < 1 and takes 
on the boundary values u (cos 6, sin@) =U (6) = = for -71<O<7. 
Solution. 
Using Example 12.1, we write the Fourier series for U (t): 


U(t) = ye, <2" sin (nt). 


n 


Using Equation (12-11) for the solution of the Dirichlet problem, we obtain 


(-1) n+1 
n 


u(rcose6,rsine) = Py r sin (nt). 


This series representation of u (r cos 6, rsin@) takes on the prescribed boundary 
values at points where U (t) is continuous. 
The boundary function U (t) is discontinuous at z = —1, which corresponds to 6 = +7; which are 
points where U (t) was not prescribed. 
Graphs of the approximations U; (t) and 


uy (xX, y) = Uy (Pcos@, rsine) = 57, cu rk sin (n@), which involve the first seven terms 


in the preceding two equations, are shown in Figure 12.13. 
Ss 


B 
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Figure 12.13. The functions U7 (t) and 


uz (rcos@, rsine) = a ee sin (née). 


Explore Solution 12.3. 
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12.3 Vibrations in Mechanical Systems 


Consider a spring that resists compression as well as extension, that is suspended vertically 
from a fixed support, and a body of mass m that is attached at the lower end of the spring. We 
make the assumption that the mass m is much larger than the mass of the spring so that we can 
neglect the mass of the spring. If there is no motion then the system is in static equilibrium, as 
illustrated in Figure 12.17(a). If the mass is pulled down further and released, then it will undergo an 
oscillatory motion. 


F, =k F, = ks ,—k U(t) 
F, =me 4 
F,=mg 

(a) System in static equilibrium. (b) System in motion. 


Figure 12.17. The spring-mass system. 


We will determine the Simple Harmonic Motion of this mechanical system by considering the 
forces acting on the mass during the motion. For details see Section 12.3 in the textbook. 
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If there is no friction to slow the motion of the mass, then we say that the system is 
undamped. We determine the motion of this mechanical system by considering the forces acting on 
the mass during the motion. Doing so leads to a differential equation relating the displacement as a 
function of time. The most obvious force is that of gravitational attraction acting on the mass m and 
given by 


Fi = mg, 


where g is the acceleration of gravity. 


The next force to be considered is the spring force acting on the mass and directed upward 
if the spring is stretched and downward if it is compressed. It obeys Hooke's law, 


where s is the amount the spring is stretched when s > @ and is the amount it is compressed when 
s<@. 


When the system is in static equilibrium and the spring is stretched by the amount sg, the 
resultant of the spring force and the gravitational force is zero, which is expressed by the equation 


mg-kSg = @. 


We let s = U (t) denote the displacement from static equilibrium with the positive s direction 
pointed downward, as indicated in Figure 12.17(b), and write the spring force as 


Fo = —- k[Se+U (t) J = —~ kS@ -~ kU (t). 


The resultant force Fe is 


(12-16) Fr = Fy +Fo2 = mg k So kU (t) = —~ kU (t). 


We obtain the differential equation for motion by using Newton's second law, which states that the 
resultant of the forces acting on the mass at any instant satisfies 


(12-17) Fp = ma. 
The distance from equilibrium at time t is measured by U (t) , so the acceleration a is given by 
a = U'' (t). Applying Equations (12-16) and (12-17) yields 


Pe eee RU eye 


Hence the undamped mechanical system is governed by the linear differential equation 
mU'' (t) + kU (t) = @, 


and the general solution to this D. E. is known to be 
U (t) = Acos (wt) +Bsin (wt), where w= | x. 


12.3.1 Damped Systems 


Chapter12Section03.nb | 3 


If we consider frictional forces that slow the motion of the mass, then we say that the sys- 
tem is damped. To help visualize this situation, we connect a dashpot to the mass, as indicated in 
Figure 12.18. For small velocities we assume that the frictional force F3 is proportional to the veloc- 
ity; that is, 


Fz; = —cU' (t) 
> 
ee 
—_~< 
k <i >< Spri 
———~ Spring 
——_< 
SS —>< 
care S 
=. 
a \ > Mass 
mY \ A 
rs —________» 
a i 
——__|_ —| 
a [ eam Dashpot 


Figure 12.18. The spring-mass-dashpot system. 


The damping constant c must be positive, for if U' (t) > @, then the mass is moving 
downward and hence F3 must point upward, which requires that F3 be negative. The result of the 
three forces acting on the mass is given by 


Fy +Fo+F3 = -kU(t) - cU' (t) = mU'' (t) = Fr. (Fordetails see 
Section 12.3 in the textbook.) 


Hence the Damped Mechanical Motion is governed by the linear differential equation 


mU"* (t) + cU” (t) + kU ft} = @ 
12.3.2 Forced Vibrations 


The vibrations discussed earlier are called free vibrations because all the forces that affect 
the motion of the system are internal to the system. We extend our analysis to cover the case in 
which an external force F, = F (t) acts on the mass, as depicted in Figure 12.19. Such a force 
might occur from vibrations of the support to which the top of the spring is attached or from the 
effect of a magnetic field on a mass made of iron. As before, we sum the forces F4, F2, F3, and Fy 
and set this sum equal to the resultant force Fr, obtaining 


Fy +Fo+F3+Fq = Fr = KU (t) -cU' (t) +F (t) = mU'"' (t). 
Therefore the forced motion of the mechanical system satisfies the nonhomogenous linear differen- 
tial equation 


(12.18) mU'" (t) + cU" (t) + kU (t) = F (t). 


The function F (t) is called the input, or driving force, and the solution U (t) is called the output, or 
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response. Of particular interest are periodic inputs F (t) that can be represented by Fourier series. 


F, = —ks— kU(t) 


External force. 


F, = mg 


Figure 12.19. The spring-mass-dashpot system with an external force. 


For damped mechanical systems that are driven by a periodic input F(t), the general solu- 
tion involves a transient part that vanishes as t > +0, anda steady state part that is periodic. We 
find the transient part of the solution Up, (t) is found by solving the homogeneous differential 
equation 


mU,  (t) + cU, (t) + KU, (t) = @. 


This homogeneous equation has the characteristic equation mA* + cA + k = @, and it's roots are 


-c +c? - 4mk 
Mz 
2m 


consider. 


. The constants m,c, and k are all positive, and there are three cases to 


Case 1. If c2 - 4mk > @, then the roots are real and distinct, and since Vc* - 4mk <c, it 
follows that the roots A; and 2 are negative real numbers. Thus for this case we have 


Un (t) = Az et + Ap et, and lime... Un (t) = 2. 


Case 2. If c? - 4mk = @, then the roots are real and equal, A, = Az = A, where 2 is a negative 
real number, and for this case we have 


Un (t) = Ay et + Art et, and lime... Un (t) = @. 


Case 3. If c? - 4mk < @, then the roots are complex conjugates, A = - a + iB, where 
a and £ are positive real number, and it follows that 
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Un (t) = Are “tcos (Bt) + Age %tsin (Bt), and 
Limy 5 +. Un (t) = 0. 


In all three cases, the homogeneous solution U, (t) decaysto 0 as t > +o. 


We obtain the steady state solution U, (t) by representing U, (t) by its Fourier series, 
substituting U,' (t), U, (t), and Up (t) into the nonhomogeneous differential equation and 
solving the resulting system for the Fourier coefficients of Up (t). The general solution to the 


nonhomogeneous linear differential equation is 


U (t) = Un (t) + Up (t). 
Example 12.4 (a). Find the general solution to 
U'' (t) +2U" (t)+U(t) = Tey" sin (nt). 


Solution 12.4 (a). 


Example 12.4 (b). Find the general solution to 


sin (**) 


U'' (t)+2U'" (t)+U(t) = dha 2“ cos (nt). 


n 


Solution 12.4 (b). 


Example 12.4 (c). Find the general solution to 
4sin (%) 


Ue ell eee) = Sey sin (nt). 


n? 7 


Solution 12.4 (c). 


Example 12.4 (d). Find the general solution to 


U'' (t) +2U" (t) +U (t) © 4 yey SCN" cos (nt). 


Solution 12.4 (d). 


Example 12.4 (e). Find the general solution to 


U'' (t)+2U' (t)+U(t) = Sea = cos (nt). 


Solution 12.4 (e). 


Example 12.4 (f). Find the general solution to 
U'' (t) +2U" (t)+U(t) = 2+2 yp, S42 cos (nt). 


1-n? 


Solution 12.4 (f). 
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12.4 The Fourier Transform 


In this section we develop the complex Fourier transform of the function U (t), we will use 
ideas that were introduced in Section 12.1. 


If we let U (t) be a real-valued function with period 2 7, which is piecewise continuous such that 
U' (t) also exists and is piecewise continuous, 


then U (t) has the complex Fourier series representation 


it) = etre 
where 
Cn = =f" U (t) eit at, forall n. 


ae IT 


The coefficients {c,} are complex numbers. Previously, we expressed U (t) as the real trigonomet- 
ric series 
(12.19) U (t) = B+ Dia (An COS (nt) +b, sin (nt)). 
Hence a relationship between the coefficients is 
an = Cnt Cons for n= 0, 1, 2, 


and 


bh = i (Cn-C_n), for n=1, 2, 3, 


We can easily establish these relations. We start by writing 


(12.20) 
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U (t) = Cg + yea Cn eint, pie rene e-int 
= Cg + Dn-1Cn (COS (Nt) +i2Sin (nt)) + DP4C-» (cos (nt) -i1 Sin (nt) ) 


= Cg + Dne1 [(Cn+C_n) COS (Nt) +i (Cp»-C_,) Sin (nt) ] 
Comparing Equations (12.20) and (12.19), we see that ag = 29, an = Cn+C-n, and 
bn = i (Cn-C_n). 


If U (t) and U' (t) are piecewise continuous and have period 2 L, then U (t) has the complex 
Fourier series representation 


(12.21) U (t) = SP pcp et TAT/L, 
where 
ear + {iu (t) et 7t/t qt, forall n. 


We've shown how periodic functions are represented by trigonometric series, but many 
practical problems involve nonperiodic functions. 


A representation analogous to a Fourier series for a nonperiodic function U (t) is obtained by 
considering the Fourier series of U (t) for -L<t<L 


and then taking the limit as L — «. The result is known as the Fourier transform of U (t). 


We start with the nonperiodic function U (t) and consider the periodic function U, (t) with 
period 2 L, where 


UL (t) = U (t), for -L<t<lL, 
and 
UL (t) = UL (t+2L), forall t. 


Then U, (t) has the complex Fourier series representation 


(12.23) Ut) = See 

We need to introduce some terminology in order to discuss the terms in Equation (12.23). 
First 
(12.24) Wn = ou 


is called the frequency. If t denotes time, then the units for w, are radians per unit time. The set of 
all possible frequencies is called the frequency spectrum, that is, 


37 27 a @ 7 27 37 
eee L? L? tL? “2 [? 71? Hy ase} 


Note that, as L increases, the spectrum becomes finer and approaches a continuous spectrum of 
frequencies. It is reasonable to expect that the summation in the 


Fourier series for U, (t) will give rise to an integral over [—<, o]. This result is stated in Theo- 
rem 12.9. 
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Theorem 12.9 (Fourier Transform) . LetU (t) and U' (t) be piecewise continuous, and 
fe, | U (t) | dt <M, 


for some positive constant M. The angular frequency Fourier transform F (w) of U (t) is defined 
as 


(12.25) F(w) = [© U(t) eft dt. 


At points of continuity, U (t) has the integral representation 
U (t) = =f. F (w) ef “t du. 


U (a) +U (a*) 


Ata point t = a of discontinuity of U (t), this integral converges to 5 


The fact that U (t) is transformed into F (w) is commonly expressed by the operator notation 


F (U (t)) =F (). 
Proof. 


Computer Software Remarks. Alternative definitions for the Fourier transform can be made in 
Mathematica by using subroutine call 


FourierTransform | f[t], t, w, FourierParameters — {a, b} ie 


where the Fourier transform with parameters a and b is computed using the formula 


|b | 
(2m) +4 


[oF te Pe de. 


Formula (12.25) in Theorem 12.9 is computed in Mathematica by setting a = 1 and b = -1 and 
using the option FourierParameters — {1, -1}. 


Table 12.1 gives some important properties of the Fourier transform. 
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Linearity F (aU, (t) +bUz (t)) = aF (Uy (t)) +bF (U2 (t)) 
Symmetry If F (U(t)) =F (w), then ¥ (F (t)) = 27U (-w). 
Time Scaling F (U(at)) = = F (¢} 
Time Shifting F (U (t-te)) = efter (w) 
Frequency Shifting F (e“tU(t)) = F (w-we) 
Time Differentiation F (U' (t)) = iwF (w) 
Frequency Differentiation a =F (@) =F ((-it}™uU (t)) 
Moment Theorem If My, = f@ t"U (t) dt, then (-i)"M, = F(” (0). 


Table 12.1 Properties of the Fourier transform. 


2 


1l+o 


Example 12.5. Show that ¥ (e"!t!) = 


>: 
Solution. 


Using formula (12.25), we obtain 


Pilg) = | ell eter at 


ii eltiei#tat + se e-It| etet qt 


_ fr e(l-ielt gt 4 Get tat 


= 1 uf 
~  d-iw 1+iw 
_ 2 

~ 14 w 


establishing the result. 


Explore Solution 12.5. 


Example 12.6. Show that ¢ (—~) = 7 ell. 


Solution. 
Using the result of Example 12.5 and the symmetry property, we obtain 


F (7) = 2ne ll 


1+t? 


We use the linearity property and multiply each term by ; and get 


Then rewrite this in the form 


ail eer = mel! 


establishing the result. 


Explore Solution 12.6. 
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12.5 The Laplace Transform 
In this section we investigate the Laplace transform, which is a very powerful tool for engi- 

neering applications. It's discovery is attributed to the French mathematician Pierre-Simon Laplace 
(1749-1827). The background we introduced in Section 12.4 regarding the Fourier transform in 
important for our approach to the theory of the Laplace transform. 


12.5.1. From the Fourier Transform to the Laplace Transform 


We have shown that certain real-valued functions f (t) have a Fourier transform and that the 
integral 


e(w) = [ f(t) e?? at, 


defines the complex function g (w) of the real variable w. If we multiply the integrand f (t) e*’t 
by e°t, then we create a complex function G (c+ iw) of the complex variable o+ iw: 


B(oyid) = [ F(t)e ote (tat = (F(t) eo) eat 


The function G (o+ iw) is called the two-sided Laplace transform of f (t), (or bilateral Laplace 
transform of f (t)), and it exists when the Fourier transform of the function f (t) e-°t exists. 
From Fourier transform theory, a sufficient condition for G (0+ iw) to existis that 


f }Ftty[lertat <=, 
For a function f (t), this integral is finite for values of o that lie in some interval a < o < b. 


The two-sided Laplace transform has the lower limit of integration t = - oo and hence 
requires a knowledge of the past history of the function f (t) (i.e., when t < @). For most physical 
applications, we are interested in the behavior of a system only for @ < t. The initial conditions 
f (0), f' (0), f'' (®), ... area consequence of the past history of the system and are often 
all that we know. For this reason, it is useful to define the one-sided Laplace transform of f (t) , 
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which is commonly referred to simply as the Laplace transform of f (t), which is also defined as an 
integral: 


(12-28) £ (Ff (t)) = F(s) = fF f(t) est dt, 


where s = 0+ iw. Ifthe integral in Equation (12-28) for the Laplace transform exists for 
Se = 09+ iw, then values of o with o > og imply that e-°t < et and so that 


i Pr 4t): | ee at-< i | CE) |e ett ie as, 


from which it follows that F (s) exists fors = 0+ iw. Therefore the Laplace transform £ (f (t)) is 
defined for all points s in the right half-plane Re (s) > og. 


Another way to view the relationship between the Fourier transform and the Laplace trans- 
form is to consider the function U (t) given by 


f (t), for @<t; 


u(t =a 
(t) Q, for t< @ 


Then the Fourier transform theory, in Section 12.4, shows that 
tty = =f. [[P, U (t) etetat] ett du, 

and, because the integrand U (t) is zero for t < @, we can write this equation as 
f(t) = | [FP Ff (t) ett at] eft da. 


27 (2) 


Now use the change of variable s = 0+ iw andhold o > og fixed. We have ds = @+ i dw and 
dw = S. Then the new limits of integration are from s = o-iw to s = 0+ iw. The resulting 
equation is 


Pt) == 


2m Jo-iw 


[Jo f (t) estdt] estds. 


Definition (Laplace Transform). Therefore the Laplace transform is as the integral: 


L(G) ys FG) 2 fe) eo at 


where s = 0+ iw, and the inverse Laplace transform is given by: 


(12.29) £4 (F(s)) = £ (t) = Z(°" F (s) eStds. 


12.5.2 Properties of the Laplace Transform 


Although a function f (t) may be defined for all values of t, it's Laplace transform is not 
influenced by values of f (t), when t < @. The Laplace transform of f (t) is actually defined for 
the function U (t) given in the last section by 


f (t) for t=0, 


U (t) = 
ae ie for t<@. 
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A sufficient condition for the existence of the Laplace transform is that | f (t) | does not grow too 
rapidly as t > +a. We say thatthe function f (t) is of exponential order if there exists real 
constants M>@ and K such that 


| f(t) | <Me* holds forall t = @. 


All functions in this chapter are assumed to be of exponential order. Theorem 12.10 shows that the 
Laplace transform F (s) = F (o + it) exists for values of s = o + it inadomain that includes 
the right half-plane Re (s) > K. 


Theorem 12.10 (Laplace Transform). If f (t) is of exponential order, then its Laplace Trans- 
form L£ (f (t)) =F (s) exists and is given by 


F(s) = it (t) e St dt, 


where s = o+1i 7. The defining integral for F (s) exists at points s = 0+ i 7 inthe right half 
plane o> K. 


Proof. 


Remark 12.1. The domain of definition of the defining integral for the Laplace transform L (f (t) ) 
seems to be restricted to a half plane. However, the resulting formula F (s) might have a domain 
much larger than this half plane. Later we will show that F (s) is an analytic function of the complex 


variable s. For most applications involving Laplace transforms that we present, the Laplace trans- 
P (s) 
Q (s) 
other important applications, the functions take the form = on 


forms are rational functions that take the form 


, where P (s) and Q (s) are polynomials; in 


Theorem 12.11 (Linearity of the Laplace Transform). Let f (t) and g (t) have Laplace 
transforms F (s) andG (s), respectively. If a and b are constants, then 


L£ (af (t)+bg(t)) = aF(s) + bG(s). 
Proof. 


Theorem 12.12 (Uniqueness of the Laplace Transform). Let f (t) and g (t) have Laplace 
transforms F (s) andG (s), respectively. 


If F (s) =G(s), then f (t) =g (t). 
Proof. 


Table 12.2 gives the Laplace transforms of some well-known functions, and Table 12.3 
highlights some important properties of Laplace transforms. (see below) 


Example 12.7. Show that the Laplace transform of the step function given by 


1, fo O@<t<c; 


ea te for c <t. 


Solution. 
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Using the integral definition for £ (f (t) ), we obtain 


LiF Gy) =] ft ee" at 


crc 


= Jgl*xestdt + fo @«estdt 


Explore Solution 12.7. 


Example 12.8. Show that £ (e©?*) = =. where a isa real constant. 


Solution. 


We actually show that the integral defining £ (e#*) equals the formula F (s) = =~ for 


values of s with Re (s) > a and that the extension to other values of s is inferred by our knowledge 
about the domain of a rational function. Using straightforward integration techniques gives 


L£ (e8t) = fp ettestdt _ ff er) tat 
= Lim Felts)tat 


@ (as) @ 


R>0 a-s a-s 


Lets = 0+ it be fixed, or where o > a. Then, as a - cis a negative real number, we have 
lim | e(@-s)R | = lim ef) R 


R->co R-co 


= @, which implies that Lim e(a-s)R — @ and use this expres- 
sion in the preceding equation to obtain £ (et) = =. 


Explore Solution 12.8. 


We can use the property of linearity to find new Laplace transforms from known transforms. 
Example 12.9. Show that £ (sinh (at) ) = —= 


~ g2- a2" 


Solution. 


Because sinh (at) can be written as the linear combination 


sinh (at) = = eat - seat, we obtain 


Chapter12Section05.nb | 5 


£ (sinh (at)) = £ (3 eat 1 goat) 


1 #1 1 #1 

2 s-a 2 sta 
_ a 

s? - at 


Explore Solution 12.9. 


Integration by parts is also helpful in finding new Laplace transforms. 
Example 12.10. Show that £(t) = 


s?° 


Solution. 


Integration by parts yields 
L(t) = Io testdt 


= lim i testdt 


Roo 


= lim (= est- 5 est) 


Reco 


= lim (Ses®¥-Fes®) +045 
00 

1 1 
(-@-@)+0+4- 3 


For values of s in the right half-plane Re (s) > @, an argument similar to that in Example 12.8 
shows that the limit approaches zero, establishing the result. 


Explore Solution 12.10. 


Extra Example 1. Show that £(t?) = 3 


Explore Solution for Extra Example 1. 
Example 12.11. Show that £ (cos (bt) ) = 


s*+ b?* 


Solution. 


A direct approach using the definition is tedious. Instead, let's assume that the complex 
constants + i b are permitted and hence that the following Laplace transforms exist: 


L£ (etPt) = —*—_ and £ (ett) = — 


ib s+ib’ 


Recall that cos (b t) can be written as the linear combination cos (bt) = ; eibty ; gQ tbe 


Using the linearity of the Laplace transform, we have 
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a ee _1 1 
2s-ib | 2 s+ib 

ey kate 

~ 52 + b2 


Explore Solution 12.11. 


Example 12.12. Find the inverse Laplace transform £71 ( 


=5** | 
s2?49 


Solution. 


Using linearity and lines 6 and 7 of Table 11.2, we obtain 


SB 2° (2) see) 


S249 5249 


aac. | +207 (Sa) 


s 
52432 $2432 


= 3cos (3t) + 2sin (3t) 


Explore Solution 12.12. 


Inverting the Laplace transform is usually accomplished with the aid of a table of known 
Laplace transforms and the technique of partial fraction expansion. Tablel2.2 gives the Laplace 
transforms of some well-known functions, and Table 12.3 highlights some important properties of 
Laplace transforms. 


E(t) F(s) = [,f£(t)e**at 
1 1 a 
s 
1 
2 t = 
2: 
3 +" 23 
3: 
4 t? = 
5 t™ at 
6 Up (t) 2 
ett 
7 itt) = 
3 e2t 1 
s-a 
9g t e2t 1 
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Table 12.2 Table of Laplace Transforms. 


Definition 


First Derivative 


£ (f (t)) 
£(f£' (t)) =sF (s) -f (0) 
Second Derivative £(f'' (t)) = s*F(s) -sf (0) -f£' (0) 
Integral L£ (f,£09 dc) = atEt 
Multiplication by t £ (tf (t)) = -F' (s) 
Division by t £ AM) = JL F (o) do 
s - axis shifting £ (e®* f (t)) = F (s-a) 
t - axis shifting £ (Uz (t) f (t-a)) = e@ FSF (s) 
Convolution £(h (t)) =F (s)G(s), where 
h (t) = 


(f*g) (t) = fP f(r) g(t - 1) at 


Table 12.3 Properties of Laplace Transforms. 
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12.6 Laplace Transforms of Derivatives and Integrals 
This section is a continuation of our development of the Laplace Transform in Section 12.5. 


Theorem 12.13 (Differentiation of f(t) ). Let f (t) and ' (t) be continuous for t = 9, and of 
exponential order. Then 


£ (f" (t)) = SF (s) -Ff (8), 


where F (s) = £ (f (t)). 
Proof. 


Corollary 12.1 (Differentiation of f(t) ). If f (t), f' (t) and f'' (t) are of exponential 
order, then 


£(f'' (t)) = s?F (s)-sf (0) -f' (@). 


Proof. 

Example 12.13. Show that L (cos? (t)) = = = 7 

Solution. 

If we let f (t) = cos? (t), then f (@) =1 and f' (t) = - 2 sin (t) cos (t) = - sin (2t), 
and F (s) = L (cos? (t)) is tobe determined. Because L£ (sin (2t)) = won = = we 


have L (-sin (2t)) = -sh, and Theorem 12.13 implies that 
2 : 
aa = al, (-sin (2t)) 
= SF (s) -f (@) 
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Thus, we have s £ (cos? (t)) -1 = -—sy and s £ (cos? (t)) = - ay +1 from which it 
follows that 
, 2 eee s?+2 
£ (cos* (t)) s (s?+4) "Ss s (s? +4) 


Explore Solution 12.13. 


Theorem 12.14 (Integration of f(t) ). Let  (t) be continuous for @ < t, and of exponential order 
and £ (f (t)) =F (s), then 


L£( ff (rc) dr) =F, 


Proof. 


Example 12.14. (a) Show that £ (t?) = 2, (b) Showthat £ (t3?) = > 


a 
Solution. 

Part (a). Use the fact that L(t) = > and apply Theorem 12.14, with f (t) =2+t and 
L£ (f (t)) =F (s) = 3, 


then obtain 
24e) ei Peds etree oes &, 


Part (b). Now we can use this first result as a fact, £ (t?) = 
12.14, with f (t) =3t2 and £(3t?2) =F (s) = 2 


and obtain 
£(t?) = £(fp3t2dc) =2F(s) = 25 = 2. 
Explore Solution 12.14 (a). Find x (t*) ; 


Explore Solution 12.14 (b). Find < (t?) ; 


One of the main uses of the Laplace transform is its role in the solution of differential equa- 
tions. The utility of the Laplace transform lies in the fact that the transform of the derivative f' (t) 
corresponds to multiplication of the transform F (s) by s and then the subtraction of f (@). This 


permits us to replace the calculus operation of differentiation with simple algebraic operations on 
transforms. 


This idea is used to develop a method for solving linear differential equations with constant 
coefficients. Let's consider the initial value problem 


y'" (t)+ay’ (t)+by (t) = f(t), 


with initial conditions y (@) = ye and y' (@) = dg. Wecan use the linearity property of the Laplace 
transform to obtain 
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L£iy'' (t)) +a (y' (t)) +bZ£ (y (t)) = L£ (F (t)). 
If we letY (s) = L(y (t)) andF (s) = L (f (t)) and apply Theorem 12.13 and Corollary 12.1 
then we have 

(s?¥ (s) -sy (@) -y" (@)) +a (SY (s) -y (@)) +bY(s) = F (s). 


this in turn can be rearranged to obtain the form 


(12-30) s?Y¥ (s)+asY(s)+bY(s) = F(s)+sy (@)+y' (0) +ay (@). 


The Laplace transform Y (s) of the solution y (t) is easily found to be 


(12-31) Y (Ss) = F(s) +sy (@) +y" (8) +ay (@) 


s?+as+b 


For many physical problems involving mechanical systems and electrical circuits, the trans- 
form F (s) is known, and the inverse of Y (s) can easily be computed. This process is referred to 
as operational calculus and has the advantage of changing problems in differential equations into 
problems in algebra. Then the solution obtained will satisfy the specific initial conditions. 


Example 12.15. Solve the initial value problem 


y'' (t) +y (t) =@ 
with 
y (®) =2, and y' (@) =3 


A graph of the solution. 
Solution. 


The right side of the differential equation is f (t) = 0, sowe have F (s) = @. The initial conditions 
yield £(y'' (t)) = s*¥ (s) -2s-3 and Equation (12-30) 


becomes s?Y (s) +@x*S«Y(s)+Y(S) = F (Ss) +S*2+3+0x2 which simplifies, and we get 


s*Y (s) + Y(s) = 2843. 
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28+3 
s2+1° 


Solving we get Y (s) = 


We then solve y (t) with the help of Table 12.2 to compute 


y (t) = £4 (23*3) 


) 3.04 (stp) 


s?+1? 


re ee 


s 
s?2+1? 
= 2cos (t) + 3Ssin (t) 


Explore Solution 12.15. 


Example 12.16. Solve the initial value problem 


y'' (t) +y' (t) - 2y (t) =@ 
with 
y (®) =1, and y' (@) =4 


A graph of the solution. 


Solution. 

As in Example 12.15, the right side of the differential equation is f (t) = 0, so we have F (s) = 92. 
The initial conditions yield £ (y'' (t)) = s*Y¥ (s) -1*s-4 and Z (y' (t)) =sY(s) -1, and 
Equation (12-30) becomes (s*Y (s) -s-4) + (sY(s) -1) -2Y(s) = ®, which can be rewrit- 
tenas s*Y (s) +sY(s) -2Y(s) = $+4+1 which simplifies, and we get 

Y (s) (s?+5 -2) = s+5. 
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This time we use Equation (12-31) and obtain Y (s) = © eae Ou 3y oy a Ea 1 

which simplifies, and we get Y (s) = Ss = Ste . Now use the partial fraction expansion 
s+5 2 1 : 

Y (Ss) ETRE <a ~ <5 10 get the solution 


y(t) = £*(—s4 —_) 


Explore Solution 12.16. 
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12.7 Laplace Transform Shifting Theorems and the Step Function 


This section is a continuation of our development of the Laplace Transforms in Section 12.5 
and Section 12.6. 


We have shown how to use the Laplace transform to solve linear differential equations. 
Familiar functions that arise in solutions to differential equations are et cos (bt) and 
e*t sin (bt). Theorem 12.15 (the first shifting theorem) shows how their transforms are related to 
those of cos (bt) and sin (bt) by shifting the variable s in F (s). A companion result, called 
the second shifting theorem, Theorem 12.16, shows how the transform of f (t —- a) can be obtained 
by multiplying F (s) by e- 2%. Loosely speaking, these results show that multiplication of f (t) by 
e*t corresponds to shifting F (s — a), and that shifting f (t - a) corresponds to multiplication of 
the transform F (s) by e 75. 


Theorem 12.15 (Shifting the Variable s). If F (s) is the Laplace transform of f (t), then 


£ (e't f (t)) = F (s-a). 
Proof. 
Definition 12.3 (The Unit Step Function). Let a > @. Then, the unit step function U, (t) is 


fee for t<a, 
1, for t>a. 
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Figure 12.22. The graph of the unit step function y = U, (t). 


Theorem 12.16 (Shifting the Variable t). If F (s) is the Laplace transform of f (t), and a = 8, 
then 


2 Uatt) t (Cea) ) se? PF (s), 
where f (t) and U, (t) f (t-a) are illustrated in Figure 12.23. 


y =(flittaL, 


t 


Figure 12.23. Comparison of the functions y = f (t) and 
y = U, (t) Ff (t-a). 


Proof. 


Example 12.17. Show that £ es eat) = ne 


(s-a)nt- 


Solution. 


If we let f (t) = t", then F (s) = L(t") = wa and if we apply Theorem 12.15, we obtain the 
desired result: 
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Explore Solution 12.17. 


Example 12.18. Show that £ (U, (t)) = © 


Solution. 
If set f (t) = 1, and then set F (s) = =. We apply Theorem 12.16 to get 
£ (Uc (t)) = L (Uc (t) * 1) 
= £ (Uc (t) F (t)) 


= e °SF (s) 


Explore Solution 12.18. 


Extra Example 1. Use Theorem 12.16 and find £ (U, (t) cos (t-c)). 


Explore Solution for Extra Example 1. 


Example 12.19. Find £ (f (t)) if f (t) is as given in Figure 12.24. 
y 


y =, 


Figure 12.24. The function y = f (t). 
Solution. 
We represent f (t) in terms of step functions 


f (t) = 1-Uyz (t) +Uz (t) — U3 (t) +U, (t) —Us (t). Using the result of Example 12.18 and 
linearity, we obtain 
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Explore Solution 12.19. 


Example 12.20. Solve the initial value problem 


y'* (t) + y(t) = U, (t) 
with 
y (@) =, and y' (0) =@ 


A graph of the solution. 
Solution. 


As usual, we let Y (s) denote the Laplace transform of y (t). The right hand side of the D.E. is 
f (t) =U, (t) and F(s) = £— 


Taking Laplace transforms we write s? Y (s) -sy (@) -y' (@) +Y(s) = F (s). Using the initial 
conditions y (@) = @,y' (®@) =@andF (s) = © weget 


s 


-1S 


s?¥ (s) +¥(s) = * 


es 


Solving for Y (s) yields 


Use the facts that £ (1) = 2, L (cos (t)) = s+ andget £+ (2) =1, £7 (34,) = cos (t), 


1 s?41 
respectively. Then we will apply Theorem 12.16. We compute the solution, y (t), as 
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I 
| 
ay 
— 
0} 

\ 
| 
wv 

— 
vie 
| 
wv 
ae 
— 


= U, (t) - U, (t) cos (t-7) 


= U, (t) + U, (t) cos (t- 7) 


Then using the trigonometric identity cos (t - 77) = -cos (t) we can write this in a more familiar 
form 
Q, for t < 7; 
Vevey = eee (t), for t > 7. 


Explore Solution 12.20. 
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12.8 Laplace Transforms: Multiplication and Division by t 


This section is a continuation of our development of the Laplace Transforms in Sections 
12.5-7. 


Sometimes the solutions to nonhomogeneous linear differential equations with constant 
coefficients involve the functions t cos (bt), t sin (bt), or t" e?* as part of the solution. We 


now show how the Laplace transforms of t f (t) and ne are related to the Laplace transform 
of f (t). The transform of t f (t) will be obtained via differentiation and the transform of ae 
will be obtained via integration. To be precise, we present Theorems 12.17 and 12.18. 


Theorem 12.17 (Multiplication by t). If F (s) is the Laplace transform of f (t), then 


L (tf (t)) = -F' (s). 
Proof. 


Theorem 12.18 (Division by t). Let both f (t) and ae have Laplace transforms and let 


F (s) denote the Laplace transform of f (t). If limo: f(t) exists then 
£( 42) = fF (0) do. 
Proof. 
Example 12.21. Show that £ (tCos (bt)) = ee 
+S 
Solution. 
If we let f (t) = cos (bt), thenF (s) = £ (cos (bt)) = ae Hence we can differentiate 


F (s) to obtain the desired result: 


2 
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£ (tCos (bt)) = - F' (s) 


ie lane) 


1 (s?+b?) - (25+8) s 


(b2+s?)* 


s2 _ b2 
(b?+s?) 2 


Explore Solution 12.21. 


Example 12.22. Show that £ (="") = arctan (=). 


t 


Solution. 


We let f (t) = sin (t), then F (s) = L (sin (t)) = >+,. Because Lim sn) = 1, we can 


s2 


integrate F (s) to obtain the desired result: 


I 
| 
> 
s 
fa} 
ct 
mw 
S 
Q|[rR 
ae 


= - Arctan (@) + Arctan (=) 
= Arctan (=) 


Explore Solution 12.22. 


Some types of differential equations involve the terms ty' (t) or ty'' (t). Wecanuse 
Laplace transforms to find the solution if we use the additional substitutions 


(12-32) £(ty' (t)) = -sY' (s) -Y(s), 
and 
(12-33) £(ty'' (t)) = -s?¥" (s) -2sY(s) +y (8). 


Example 12.23. Use Laplace transforms to solve the initial value problem 


ty" () =] ty" 4k) yy = @ 
with 
y (0) =0 
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=—Al 
Some of the functions in the family of solutions. 
Solution. 


If we let Y (s) denote the Laplace transform of y (t) and substitute Equations (12-32) and (12-33) 
into the preceding equation, we get 


-s*Y' (s) -2sSY(s)+@+SY' (S) +Y¥(s) -Y (Ss) = 9, which can be simplifies as 
~s?Y¥' (s) -2sY(s)+sSY' (Ss) = @ and then rewritten in the form 


(12-34) (s-1)Y' (s)+2Y(s) = @ 


Equation (12-34) involves Y' (s) and can be written as a first-order linear differential equation 


(12-35) ¥" (Ss) 4 =Y (s) = ®@. 


The integrating factor for the differential equation is 


po = Exp (44s) = e2in(s-1) = @ln((s-1)?) _ (s—1)2. 


Multiplying Equation (12-35) by produces 

(s-1)*Y' (s) +2 (s-1) Y(s) = @, 
which in turn can be written as 

=| (s-1)?¥ (s)] = @ 
Now integrate both sides and obtain fz (s-1)?Y(s)| ds = [@ds which yields 


(s-1)*Y (s) = Cy 


where C is the constant of integration. Hence the solution to Equation (12-35) is 


Thus y (t) = £1 (Y¥(s)) = cL£t . in this equation is the desired solution: 
(s-1)? 


y (t) = Ctet. 


Remark. For this differential equation there is a family of solutions. 
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Explore Solution 12.23. 
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12.9 Inverting the Laplace Transform 


This section is a continuation of our development of the Laplace Transforms in Sections 
12.5-8. 


So far, most of the applications involving the Laplace transform involves a transform (or part 
of a transform) that is expressed by 


(12.36) Y (s) = 24) 


where P (s) and Q (s) are polynomials that have no common factors. The inverse of Y (s) is 
found by using its partial fraction representation and referring to Table 11.2. We now show how the 
theory of complex variables can be used systematically to find the partial fraction representation. 
Theorem 11.19 is an extension of Example 8.7 to n linear factors. We leave the proof to you. 


Theorem 12.19 (Nonrepeated Linear Factors). Let P (s) be a polynomial of degree at most n - 1. 


If Q (s) has degree n, and has distinct complex roots aj, a2, ..., an, then equation (12.36) 
becomes 
—, PAS) P (s) 7 Res [Y, ax] 
(12.37) VAS) Soe taj Gas es = st 
Proof. 


Theorem 12.20 (A Repeated Linear Factors). If P (s) andQ (s) are polynomials of degree 
Land vy, respectively and u < v+n and Q (a) # @, then equation (12.36) becomes 


(12.38) Y (s) = orn + Sie a RS, 


where R (s) is the sum of all partial fractions that do not involve factors of the form (s - a)). 
Furthermore, the coefficients A, can be computed with the formula 


: 1 : ak P(s) = 
Ax = Ter Lissa gare ota for k=1, 2, ...,n. 
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Proof. 


sS-4s+1 
s (s—2)7 ~ 


Example 12.24. Let Y (s) = Find £7 (Y (s)). 


Solution. 


From Equations (12-37) and (12-37) we write 


s?-4s+1 _ A3 A2 _ Ar, Ba 
s (s-1)3 (s-1)3— 


We calculate the coefficient B, = -1 by 


. s?-A4s+1 
B, = Res[Y, 0] = Lim Sfeas 
. s?-4s+1 @-0+1 
on (s-1)3 (-1)3 : 


We find the coefficients A; = 2, A> = 1, and A3 = -2 by using Theorem 12.20. 


se-4s+1 


In this case a = 1 and _ = =~, and we get 
3 
i= Jan 22 = tig 
so1 Q(s) sol s 
- 1-4+1 2 9 
1 
3 
he's 1 fim 2 PS. = Tin 4 je Ae td) 
1! ‘ss1 ds Q(s) soi ds s 
7 . d 2 ‘ 1 
ee ee) eee) 
= (2-1) =1 
A . d P(s) _ 1 . d2 s3-4s+1 
Ra oy AM gs) g Lin Ge ( s 
_ 14; d? 2 1 1 4; d 1 
2 Lim ds? (s a z) 2 Lim ds (2s =| 
* 1 
= > lim (2 =) (242) = 2 
Now substitute these values into the formula Y (s) = = an aa 
partial fraction representation for Y (s): 
_ s?-4s+1 2 1 2 1 
VAS) s(s-1)3 (s-1)3 (s-1)? s-1 s’ 


The solution y (t) = £°+ (Y (s)) is found with the computation 


=, and get the 
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= t2et+tet+2et-1 


Explore Solution 12.24. 


Theorem 12.21 (Irreducible Quadratic Factors). Let P (s) andQ (s) be polynomials with real 
coefficients such that the degree of P (s) is at most 1 larger than the degree of Q (s). If T (s) 
does not have a factor of the form (s-a)?+b?, then 


ao (PAS, P (s) _ 2A(s-a)-2Bb , 
. (S) Q(s) [(s-a)?+b?] T (s) (S-a)?2+b? R (Ss), 
where 
(12.21) A+iB- pee) 
Q' (a+ ib) 
Proof. 


Example 12.25. Let Y (s) = 


Solution. 


This solution is a little tedious and illustrates how Theorem 12.21 is applied to obtain the 
partial fraction expansion of Y (s) when two irreducible quadratic factors are involved. 


Here we have P (s) = 5sandQ(s) = (s? + 4) (s* +9) = s*+13s?+4 36, and the roots of 


| 3 


Q (s) occur at@+2iand@+3 i. Thederivative of Q(s) isQ' (s) = 4s?+26s. Computing the 


residues at at 2 i and 3 i yields 


Res[Y, 2i] = | P (24) ] = Bias) ae 10 i 7 a 
Q' (2i) 4 (2i)3+26 (2 i) -32 +522 2 
and 
Res [Y, 34] = oS _ BEES e 15 i ss _1 
Q' (34) 4 (3 i) 3+26 (3 i) -108 1+78 i 2 


The above residues are used to determine the values in Equation (12-21), and we get 


nee: . By _ Ea _ ae _ 1 OL 
Q' (ai+i bi) Q' (21) 2 
and 
Ay + iB, = Plait) _ PGi) _ 1,94 
Q' (az2+i b2) Q' (32) 2 


We find that A; + i By = + +@iand A+ iB, = ~>+@ i, which correspond to a; + iby = 0+2i 


and a2 + i bz = @+3 i, respectively. Applying the formula in Theorem 12.21 we obtain 


¥is) = 2 (Ar) (S— a1) —2 (Bi) (b1) | 2A2 (S~— az) - 2 (B2) (ba) 
(s—a1)? + (b1)? (S = ag)? + (bz)? 


which becomes 
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ae 2 (=) (s-@) -2 (2) (2) 2 (-=) (s-@) - 2 (@) (3) 
(Ss) (s—@)? + (2)? ; (s—@)? + (3)? 
and is simplified as 
a8 
Y (S) ~ §244 52190 


Finally + (Y (s) )is found with the calculation 


= £9 (sta) - £4 (at) 


57422 57432 


cos (2t) - cos (3t) 


Explore Solution 12.25. 


Example 12.26. Let Y (s) = =*2%-8*4 Find £7 (y (s)). 


s (s +1)? (s?+1) 


Solution. 


This solution is a little tedious and illustrates how Theorems 12.20 and 12.21 are applied to 
obtain the partial fraction expansion of Y (s). 


The partial fraction expression for Y (s) has the form 


DD. a , C2 _ 2A (s-@)-2B 
Y (s) s | stl (+1)? (8-0) 2422 


First, we calculate the coefficient D = 1. In the denominator of Y (s) the linear factor (s) is nonre- 
peated, so we have 


D=Res[Y (Ss), @] = lim [s 2oo 4 


S38 s (s+1)? (s?+1) 


ee ae $343 s?-s+1 — 04340-0112 _ 4 
s3@ \ (s+1)? (s?+1) (@+1)? (+1) 


Second, we calculate the coefficients C; = -2, and C, = -2 by using Theorem 12.20. In this case 
P(s) _ s3+3s*%-s+1 
Q (s) s (s?+1) 


factor, so we have 


a =-1and 


In the denominator of Y (s) the term (s +1)? is a repeated 
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Cy Ss RESTY ($)4 547 2 2 din 2 Ee 
1 [Y (S)5 ] De eel ae oe 
= lim d /{s3+3s%-sil 
s3-1 ds s (s*+1) 
= lim -3s4+453-1 
So-1 5? (s?+ 1)? 
_ anes - _2 
1 (141) 
+ P (Ss) 
Co = Res[(s+1)Y(s), -1] = lim 
s>-1 Q(s) 
= lim s?+3s?-si1 
s3-1 s (s?+1) 
= -1+34+14+1 ares) 
-1 (1+1) 
Third, we calculate the coefficients A = > and B= -+ by using Theorem 12.21. Here we have 
P (s) = s3+3s%-s+1, Q(s) =5 (S+1)? (s%+1), and 
Q' (s) = (s+1) (5574+3s5%+35+1). Inthe denominator of Y (s) the factor (s2+1) isan 
irreducible quadratic, with roots @ + i, so that 
. P (i) 
Res[Y, i] = ( 
[Ys 4] Q" (4) 
w34+322-ai4+1 
(441) (5 13+3 4243 +1) 
7 -i-3i-a+1 
(14+1) (-5 1-3 14+31+1) 
ee ee 
~ 641i 2 
Hence we have A+iB = 1. Or if you prefer taking limits then we can use the calculation 
: 3 2 
ALG. B SRS ty; 1) 3 in 
soi Ss (S+1)* (S+1i) 
$34342-241  _ -i-3-i+1 
i (i +1)? (i +i) i (i +1)? (i +i) 
_  -2-24 0 1H 
~~ Tear SS 2 
Either way, we obtain A = > and B = ->. 
Now substitute these values into the formula Y (s) = 2+ “ + —2~ + 24'8-®)-28 and get the 
s s+1 (s+1)? (s-@) 2412 


partial fraction representation for Y (s): 
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1 1 
Y(s) = 1+ 2 = 2} (s-#)-2(-5) 
s s+1 (s+1)2 (s-@) 2412 
1 2 2 s 1 
s s+1 (s+1)? s?4+1? s?4+1? 
Now we use Table 12.2 to get 
-1 _ p-1 {1 2 2 os, 1 
LW sy). = (2 a woe See sa! 


= 1-2et-2tet + cos (t) + sin (t) 


Explore Solution 12.26. 


Example 12.27. Use Laplace transforms to solve the system 


y' (t)= y(t) - x(t) with y (@) =1; 


x< 
= 
Il 


5y (t) -3x (t) and X (@) = 2. 


A graph of the solution. 
Solution. 


We let Y (s) and X (s) denote the Laplace transforms of y (t) and x (t), respectively. Taking the 
transforms of the two differential equations gives 


sY (s) -1 
and 


sX (s) -2 = 5Y(s) -3X(S). 


iT 
< 
un 
<a 
| 
x< 
wn 
—_ 


which can be written as 
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We use Cramer's rule to solve for Y (s) and X (s) : 


1 1 
-2 -(S+3) | _ —(8+3) - (-2) _ s+1 
YS) kes, 1 | -(S-1) (s+3) -5 (S41) 741 
5 -(S+3) 
[eee 1 | 
_ 5 =) 7 -2 (s-1) -5 _ 25+3 
X (s) ee 1 | -(S-1) (s+3) -5 (Ss+1) 741 
5 —(S+3) 


We obtain the desired solution by computing the inverse transforms: 


_ -1 2 (S+1)+1 
* (t) ~ L | os | 


= 2£% (; a oe Fe 


S+1) 2412 2412 


= 2etcos (t) + et sin (t) 


Explore Solution 12.27. 


According to Equation (12-29), the inverse Laplace transform is given by the integral formula 


f(t) = £7 G6) soar Peet as, 
where og is any suitably chosen large positive constant. This improper integral is a contour integral 
taken along the vertical line s = og + i t in the complex s = o + 1 t plane. We use the residue 
theory in Chapter 8 to evaluate it. We leave the cases in which the integrand has either infinitely 
many poles or branch points for you to research in advanced texts. We state the following more 


elementary theorem. 


P( 
Q( 


polynomials of degree m and n, respectively, and n > m. The inverse Laplace transform of F (s) is 


Theorem 12.22 (Inverse Laplace Transform). Let F (s) = ~ , where P (S) andQ (S) are 


given by 
# (ty = 0+ (Fish) =p Res (PF (s).e%*; Sa, 


where the sum is taken over all the residues of the complex function F (s) e$t. 


Proof. 


Using the residue calculus, the English mathematician Oliver Heaviside discovered a 
method for inverting the Laplace transform. 


Theorem 12.23 (Heaviside Expansion Theorem). Let P (s) and Q (s) be polynomials of degree 


m and n, respectively, where n > m. IfQ (s) has n distinct simple zeros at the points s1, So, ..., Sn, 


P (Ss 


then oh is the Laplace transform of the function f (t) given by 
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_ p-1 | P(s) = P (Sk) t 
(12.44) f(t) =<L (Et) Thea esr et, 
Proof. 
Example 12.28. Let Y (s) = 273. Find £-* (Y (s)). 


Solution. 


Here we have P (s) = 4s+3 and Q(s) =s?+2s%+5+2= (s+2) (s?+1) sothatQ (s) has 
simple zeros located at the points s; = -2, s2 = i, and s3 = -i. When we use 
Q' (s) = 3s*+4s+1, calculation reveals that 


= d ae | 
Q' (s1) Q' (-2) 3 (-2)? +4 (-2) +1 5 
P (S2) P (i) 4 (i) +3 
Q' (s2) Q’ (4) 3 (i)? +4 (i) +1 
oe = 1 i. 
-2+41 2 
P (s3) P (-1) = 4 (-1) +3 
Q' (ss) Q' (-i) 3 (-i)?+4 (-i) +1 
ciel = Lada 
-2-41 2 
Applying Equation (12-44) in Theorem 12.23 gives f (t) = >R.4 Eos eskt as 
k 
oe P (84) esit 4 P {S2) es2t 4 P (s3) est 
se Q* (S21) Q' (s2) Q' (ss) 
= (-1) e7t4 (>-ai) eit + (++i) ett 
2t eitye it eit_eit 
~ © | 2 2 2a 


= ~e*t + cos (t) + 2sin (t) 


Solution 12.28. 
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12.10 Convolution for the Laplace Transform 


This section is a continuation of our development of the Laplace Transforms in Sections 
12.5-9. 


If we let F (s) and G(s) denote the transforms of f (t) and g (t), respectively, then 
the inverse of the product F (s) G(s) is given by the function h (t) = (f*g) (t). Itis called 
the convolution of f (t) and g (t) andcan be regarded as s generalized product of 
f (t) and g (t). Convolution will assist us in solving integral equations. 


Theorem 12.24 (Convolution Theorem). Let F (s) and G (s) denote the Laplace transforms of 
f (t) and g (t), respectively. Then the product H (s) = F (s) G(s) is the Laplace transform of 
the convolution of f (t) and g (t), and is denoted by h (t) = (f«g) (t), and has the integral 


representation 
h(t) = (f#g) (t) = § f(t) g (t-c) dr 
or 
h(t) = (eet) (t) = 0 ge (ey Ff (t=z) de 
Proof. 
Example 12.29. Show that £-2 . 2 Lette: 
Solution. 
Ifwelet F (s) = =: and G(s) = aT then f(t) = £7 (=) = sin (t), 


and g(t) = £1 ( = ) = 2cos (t), respectively. Now, applying the convolution theorem, we 


s?4+1 


get 
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= ff sin (t-c) 2cos (t) dt 
= i (cos (tv) Sin (t) -cos (t) sin (t)) 2cos (t) dt 


= i (2 cos? (t) sin (t) -2cos (t) cos (t) sin (t)) dt 


= (sin (t) (c+cos (ct) sin (t)) -cos (t) sin* (rc) ) 


= sin (t) (t + cos (t) sin (t)) - cos (t) sin? (t) 
= Sint): +.cos (t) sin’ (tb) = cos-(t)-sin® Ct) 
= tsin (t) 


Explore Solution 12.29. 


Example 12.30. Use the convolution theorem to solve the integral equation 
f(t) 2 2c0s.(t) = (Pox) Fey ac 


A graph of the solution. 
Solution. 
Letting F (s) = £(f (t)) andusing G(s) = £(t) = = in the convolution theorem, 


we obtain 
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F(s) = = *>- SF (s) 
Solving for F (s), we have F (s) + =F (s) = ae and then F (s) (1 + 5) = =+., and 
then F (s) ne = =+., and then we get 


Pts) 2s3 _ 2s 2s 


(s?+1)* st+1 (s?+1)? ; 


Finally, the solution f (t) is obtained using facts from Table 12.2: £-1 (=) = 2cos (t) and 


oe | 2] = tsin (t), and the computation 
se + 


= 2cos (t) - tsin (t) 


Explore Solution 12.30. 


Engineers and physicists sometimes consider forces that produce large effects but that are 
applied over a very short time interval. The force acting at the time an earthquake starts is an 
example. This phenomenon leads to the idea of a unit impulse function 5 (t). Let's consider the 
small positive constan a. The function 6, (t) is defined by 


1 for@<t<a 


5a (t) = { 


@ otherwise 


The unit impulse function is obtained by letting the interval width go to zero, or 


6 (t) = lima. da (t). 

Figure 11.29 shows the graph y = 6, (t) for a= 10, 40, 100. Although 6 (t) is called 
the Dirac Delta function, it is not an ordinary function. To be precise it is a distribution, and the 
theory of distributions permits manipulations of 6 (t) as though it were a function. Here, we will 
treat 6 (t) as a function and investigate its properties. 
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Figure 12.29. Graphs of y = 6, (t) for a= 10, 40, 100. 
Example 12.31. Show that £ (6 (t)) = 1. 


Solution. 


By definition, the Laplace transform of 6, (t) is 


£ (6a (t)) = fF 6a (t) estat 


=.) ~estdt + [P @xestdt 


Pa 


1-¢@ 35 
as 


Letting a -—@ in the above equation and using L'H6pital's rule, we obtain 


£ (6 (t)) = Lim L (da (t)) 


= Lin 
a+@ as 

- lim @+se 45 
a-@ s 

= lim e345 
a0 

= ee 2 4 


Explore Solution 12.31. 


We now turn to the unit impulse function. First, we consider the function £, (t) obtained 
by integrating 6, (t): 
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6, for t<@; 
fa (t) = [6a (t) dt = { Es for @<t<a; 
1 


» fora<t. 


Taking the limit as a-—@ results in the important fact that 


Up (t) = lim £, (t), 
a0 


where Ug (t) = { 2) ores is the unit step function that was introduced in Section 12.7. The 
1, fo t>0 ae 
situation is illustrated in Figure 12.30. 
y - 
y= a 


t t 
Figure 12.30. The integral of 6, (t) is fg (t), which becomes Us, (t) when for 
a-@. 
We demonstrate the response of a system to the unit impulse function in Example 12.32. 


Example 12.32. Solve the initial value problem 


y'' (t) + 4y" (t) + 1By (t) = 36 (t) 
with 
y (8) =@ and y' (@) =@. 

Solution. 


Taking transforms results in (s*+4s+13) Y (s) = 3L£ (6 (t)) = 3 sothat 


_ 3 _ 3 
s?+45+13 (S+2)2 + 3?’ 


Y (s) 


and the solution is 


= e?*tsin (3t) 
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Figure 12.31. A graph of the solution y = y (t). 


Remark. The condition y' (@-) = @ is not satisfied by the "solution" y (t). Recall that all solu- 
tions involving the use of the Laplace transform are to be considered zero for values of t < Q, 
hence the graph of y (t) is given above in Figure 12.31. Note that y' (t) has ajump discontinu- 
ity of magnitude +3 atthe origin. This discontinuity occurs because either y (t) ory’ (t) must 
have a jump discontinuity at the origin whenever the Dirac delta function, 5 (t) , occurs as part of 
the input or driving function. 


Explore Solution 12.32. 


The convolution method can be used to solve initial value problems. The tedious mechani- 
cal details of problem solving can be facilitated with computer software such as Maple ™, Mat- 
lab ™, or Mathematica ™, 


Theorem 12.25 (Initial value Problem - IVP convolution method). The unique solution to the 
initial value problem 


ay'' (t) + by® (t) + cy (t) = g(t), 
with y (8) = ye and y' (@) =yz, is given by 

y (t) = u(t) + (hg) (t), 
where u (t) is the solution to the homogeneous equation 

au'' (t) + bu' (t) +cu(t) = 8, 


with u (@) = ye, and u' (@) =yi, and 


nD 
as*+bs+c’ 


h (t) has the Laplace transform given by H (s) = 
Proof. 
Proof of Theorem 12.25 is in the book. 


Example 12.33. Use convolution to solve the initial value problem 
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y** (t) + y(t) = tan (t) 
with 
y (@) =1 and y' (@) =2. 


A graph of the solution. 


Solution. 

First, we obtain the portion u (t) of the solution by solving u'' (t) +u (t) = @ with 
u (@) = 1andu' (@) = 2. Taking the Laplace transform yields s*U (s) -s-2+U (s) = 9, and 
we can rearrange the terms to obtain U (s) (s?+1) = s+2. Solving for U (s) gives 


U(s) = $4 = 5. + 2 =4,, andit follows that 
-1 s+2 -1 s -1 1 
u (t) =<L (35) =< fa qe eacdl 
= cos (t) + 2sin (t) 
Second, we observe that H (s) = y and h @) =? (s+) = sin (t), and also that 


g (t) = tan (t). Wecompute the portion v (t) of the solution with a convolution: 


v(t) = (heg) (t) = [fF sin (t- rc) tan (ct) dt 


= cos (t) In| os] + sin (t) 
1+ sin (t) 


Now we can compute the solution using the convolution method in Theorem 12.25: 
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y (t) = u(t) +v(t) = u(t) + (hxg) (t) 


- . cos (t) . 
= cos (t) + 2sin (t) + cos (t) In| | + Sin (t) 


cos (t) | 
1+ sin (t) 


= cos (t) + 3sin (t) + cos (t) In| 


Explore Solution 12.33. 


